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In this paper, we study the Bogdanov–Takens singularity in the Hindmarsh–Rose neu- 

ron model with time delay. We use the center manifold reduction and the normal form 

method, by means of which the dynamics near this nonhyperbolic equilibrium can be re- 

duced to the study of the dynamics of the corresponding normal form restricted to the as- 

sociated two-dimensional center manifold. We show that changes in the time delay length 

can lead to the saddle-node bifurcation, to the Hopf bifurcation, and to the homoclinic 

bifurcation. 
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1. Introduction 

As one of the most potential research directions in the 21st century, dynamics of phenomenological neuron models have

been studied extensively [1–11] . The Hindmarsh–Rose model for the action potential, an improved FitzHugh’s model, was

given as a mathematical description of bursting dynamics of neurons [12] . The Hindmarsh–Rose Neuron models [12,13] may

be the derivation of the FitzHugh’s model [14] or the realistic Hodgkin–Huxley model [15] . The study of Hindmarsh–Rose

Neuron models is still an important and yet difficult role in nonlinear dynamic system theory [16–22] . 

Time delay is a common and important factor in bursting processes, which causes the neural models more intricate,

realistic and meaningful. The analysis of time delay neural models has been widely concerned whether single neuron or

multiple neurons [2,23–25] . In neural processing information, Ma and Feng considered a time-delayed signal as feedback

mechanism in classic Hindmarsh–Rose model and obtained the following delayed model [26] { 

˙ x = y + ax (t − τ ) 2 − bx 3 − cz + I app , 

˙ y = c − y − dx 2 , 
˙ z = rs (x − x̄ ) − rz, 

(1.1) 

where x , y , z , I app , τ means membrane potential, a recovery variable, varying hyperpolarizing current, applied current and the

synaptic transmission delay, respectively. r affects the variable speed of the variable z . All parameters are real and positive

constants. In 2017, Lakshmanan et al. [27] introduced time delays into the slow oscillation state of z , and obtained the result
∗ Corresponding authors. 
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of Hopf bifurcation for the following model { 

x ′ = y + ax 2 − bx 3 − z(t − τ ) + I ext , 

y ′ = c − y − dx 2 , 
z ′ = rs (x − x̄ ) − rz. 

(1.2)

Time delay τ affects the firing process so that the dynamics of the simple delayed neuron will be more complicated. Laksh-

manan et al. mentioned in [27] that it is necessary for us to further study the codimension-two bifurcations for obtaining

some deep information if two parameters are simultaneously varied in system (1.2) . 

As we know, the global bifurcation in Hindmarsh–Rose model will be important in more biophysical research. For exam-

ple, studying and selecting different parameters in modeling can reflect different types of electrophysiological behavior. In

this paper, we aim to derive topological normal form for the relevant bifurcations of (1.2) that two separate parameters are

required for singularity analysis. In particular, as a very important codimension two bifurcation, Bogdanov–Takens bifurca-

tion is studied from the tangent points of Hopf and saddle-node bifurcation curves and has been studied in many literatures

[2,23,28,29] . By the normal form method [30] , we obtain the families of saddle-node, Hopf and homoclinic bifurcation curve.

This article is organized as follows. The distribution of eigenvalues and existence of Bogdanov–Takens bifurcation are

discussed in Section 2 . In Section 3 the transverse expansion of Bogdanov–Takens bifurcation is obtained. These paradigms

are used to predict Bogdanov–Takens bifurcation graphs in Section 4 . Finally, Section 5 gives the conclusion. 

2. Eigenvalue analysis of equilibrium 

Now we first consider the distribution of eigenvalues of (1.2) at equilibrium and then make a thorough inquiry about

existence of Bogdanov–Takens bifurcation, which requires that the corresponding characteristic equation has a zero root of

multiplicity two, and no other roots with zero real parts. 

Let the equilibrium of the (1.2) is E 0 = (x 0 , y 0 , z 0 ) , which satisfies the following equation { 

y − bx 3 + ax 2 − z(t − τ ) + I ext = 0 , 

c − dx 2 − y = 0 , 

r(s (x − x̄ ) − z) = 0 . 

(2.1)

It means that 

bx 3 0 + (d − a ) x 2 0 + sx 0 − (s ̄x + c + I ext ) = 0 , 

y 0 = c − dx 2 0 , 

z 0 = s (x 0 − x̄ ) . 

Letting ˜ x = x + x 0 , ˜ y = y + y 0 and ˜ z = z + z 0 , it follows from (1.2) that (omitting the tilde) { 

˙ x = y − 3 bx 2 0 x + 2 ax 0 x − z(t − τ ) − bx 3 − 3 bx 0 x 
2 + ax 2 , 

˙ y = −2 dx 0 x − y − dx 2 , 
˙ z = rsx − rz. 

(2.2)

and the equilibrium E 0 is shifted to the origin (0,0,0). It is easy to obtain the characteristic equation of system (2.2) at

equilibrium (0,0,0) is 

F (λ) = | λI − A 1 − B 1 e 
−λτ | = λ3 + P 1 λ

2 + P 2 λ + P 3 + (P 4 λ + P 4 ) e 
−λτ = 0 , (2.3)

where 

P 1 = 3 bx 2 0 − 2 ax 0 + r + 1 , 

P 2 = 3 b(r + 1) x 2 0 + 2(d − ar − a ) x 0 + r, 

P 3 = 3 br x 2 0 − 2 ar x 0 + 2 dr x 0 , 

P 4 = rs, 

A 1 = 

( 

2 ax 0 − 3 bx 2 0 1 0 

−2 dx 0 −1 0 

rs 0 −r 

) 

, B 1 = 

( 

0 0 −1 

0 0 0 

0 0 0 

) 

. 

By the Routh–Hurwitz Theorem, we get that for τ = 0 , the roots of (2.3) have negative real parts if and only if 

P 1 > 0 , P 3 > 0 , P 1 P 2 + P 1 P 4 − P 3 − P 4 > 0 . 

Next we will consider the case for τ > 0. 

Theorem 2.1. Denoting P 1 = 3 bx 2 0 − 2 ax 0 + r + 1 , P 2 = 3 b(r + 1) x 2 0 + 2(d − ar − a ) x 0 + r, P 3 = 3 brx 2 0 − 2 arx 0 + 2 drx 0 , P 4 = rs and

M 1 = P 2 
1 

− 2 P 2 , M 2 = P 2 
2 

− 2 P 1 P 3 − P 2 
4 

. Suppose s 0 = −3 bx 2 
0 

+ 2 ax 0 − 2 dx 0 > 0 , r − s 0 − 2 drx 0 > 0 , and P 1 > 0 . Then we get the

following results for (2.3) . 
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(i) Eq. (2.3) has a single root λ = 0 if and only if τ � = τ 0 ; 

(ii) Eq. (2.3) has a double zero root λ = 0 if and only if τ = τ0 ; 

(iii) Eq. (2.3) does not have purely imaginary roots ± i ω( ω > 0) if one of the following two conditions meets; 

(a): M 1 ≥ 0 and M 2 ≥ 0 ; (b): M 

2 
1 

− 4 M 2 < 0 

(iv) all the roots of Eq. (2.3) have negative real parts except 0. 

Proof. If F (0) = 0 , s = s 0 in (2.3) and 

P 3 = P 4 , 

F ′ (λ) = 3 λ2 + 2 P 1 λ + P 2 + (P 4 − τ (P 4 λ + P 4 )) e 
−λτ , 

F ′′ (λ) = 6 λ + 2 P 1 + (−2 τP 4 + τ 2 P 4 λ + τ 2 P 4 ) e 
−λτ . 

Hence, when τ0 = 

r −s 0 −2 dr x 0 
rs 0 

, we obtain that 

F ′ (λ) | s = s 0 ,τ= τ0 
= 0 , F ′′ (λ) | s = s 0 ,τ= τ0 

= 

(r − s 0 − 2 dx 0 ) 
2 

rs 0 
+ 2 > 0 . 

Conclusions (i) and (ii) will be established. 

When s = s 0 , we assume that λ = iω(ω > 0) is a root of (2.3) , and combine (2.3) , which yields 

−iω 

3 − P 1 ω 

2 + iP 2 ω + P 3 + (iP 4 ω + P 4 )( cos (ωτ ) − i sin (ωτ )) = 0 . (2.4) 

Then we have 

−P 1 ω 

2 + P 3 + P 4 ω sin (ωτ ) + P 4 cos (ωτ ) = 0 , 

−ω 

3 + P 2 ω − P 4 sin (ωτ ) + P 4 ω cos (ωτ ) = 0 , 

resulting in 

sin (ωτ ) = 

ω (P 1 ω 

2 − P 3 ) − (ω 

3 − P 2 ω) 

P 4 ω 

2 + P 4 
, 

cos (ωτ ) = 

ω (ω 

3 − P 2 ω ) + (P 1 ω 

2 − P 3 ) 

P 4 ω 

2 + P 4 
. (2.5) 

Considering P 3 = P 4 and sin 

2 (ωτ ) + cos 2 (ωτ ) = 1 , we have 

ω 

4 + M 1 ω 

2 + M 2 = 0 , (2.6) 

where M 1 = P 2 1 − 2 P 2 , M 2 = P 2 2 − 2 P 1 P 3 − P 2 4 . If one of the following two conditions meets; 

(a): M 1 ≥ 0 and M 2 ≥ 0 ; (b): M 

2 
1 

− 4 M 2 < 0 , 

Eq. (2.3) does not have pure imaginary roots ± i ω( ω > 0). 

Let s = s 0 , for τ = 0 , 

F (λ) = λ(λ2 + P 1 λ + P 2 + P 4 ) 

= λ(λ2 + (3 bx 2 0 + r + 1 − 2 ax 0 ) λ + r − s 0 − 2 drx 0 ) = 0 . 

If P 1 = 3 bx 2 
0 

+ r − 1 − 2 ax 0 > 0 , r − s 0 − 2 drx 0 > 0 , based on the Lemma 2 in [31] , we know the result (iv) is established. �

3. Normal form and unfolding for Bogdanov–Takens bifurcation 

In this section, Bogdanov–Takens bifurcation will be investigated by considering s and τ as bifurcation parameter. If

s = s 0 , τ = τ0 , the characteristic Eq. (2.3) at the equilibrium E 0 has a double zero root from Theorem 2.1 . 

Taking t = 

t 
τ into system (2.2) , we have { 

x ′ = τ ((2 ax 0 − 3 bx 2 0 ) x + y − z(t − 1)) + τ ((a − 3 bx 0 ) x 
2 − bx 3 ) , 

y ′ = τ (−2 dx 0 x − y ) − τdx 2 , 
z ′ = τ (rsx − rz) . 

(3.1) 

Let s = s 0 + μ1 , τ = τ0 + μ2 , we have { 

x ′ = (τ0 + μ2 )((2 ax 0 − 3 bx 2 0 ) x + y − z(t − 1)) + τ0 ((a − 3 bx 0 ) x 
2 − bx 3 ) , 

y ′ = (τ0 + μ2 )(−2 dx 0 x − y ) − τ0 dx 2 , 
z ′ = (τ0 + μ2 )(rs 0 x − rz) + τ0 rμ1 x. 

(3.2) 

We choose the Banach space C = C([ −1 , 0] ; R 

3 ) and define X t = X(t + θ ) and ‖ x ‖ = sup −1 <θ< 0 | x (θ ) | for ∀ x ∈ C . Hence, we

rewrite (3.2) as the following form 

˙ X = UX t + V X t , (3.3) 
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where X = (x, y, z) T , U and V are operators 

U ϕ = ϕ 

′ , D (U ) = 

{
ϕ ∈ C 1 

(
[0 , 1] ; R 

3 
)

: ϕ 

′ (0) = 

∫ 0 

−1 

dη(θ ) ϕ(−θ ) 

}
, 

and 

dη(θ ) = (P δ(θ ) + Qδ(θ + 1)) dθ, 

with δ( θ ) be the Dirac-delta function, and 

P = 

( 

(2 ax 0 − 3 bx 2 0 ) τ0 τ0 0 

−2 dx 0 τ0 −τ0 0 

rs 0 τ0 0 −rτ0 

) 

, Q = 

( 

0 0 −τ0 

0 0 0 

0 0 0 

) 

, 

V X t = 

{
0 , −1 ≤ θ < 0 ;
L 1 (μ) X t + G (X t , μ) , θ = 0 , 

where 

L 1 (μ) = 

⎛ 

⎝ 

(2 ax 0 − 3 bx 2 0 ) μ2 x (0) + μ2 y (0) − μ2 z(−1) 

−2 dx 0 μ2 x (0) − μ2 y (0) 

rs 0 μ2 x (0) − rμ2 z(0) + rτ0 μ1 x (0) 

⎞ 

⎠ , 

G (X t , μ) = 

⎛ 

⎝ 

(a − 3 bx 0 ) τ0 x 
2 (0) − bτ0 x 

3 (0) 

−dτ0 x 
2 (0) 

0 

⎞ 

⎠ . 

From Theorem 2.1 , if s 0 = −3 bx 2 
0 

+ 2 ax 0 − 2 dx 0 > 0 and τ0 = 

r −s 0 −2 dr x 0 
rs 0 

> 0 , besides a double zero root, the eigenvalues

of the characteristic Eq. (2.3) all have negative real parts. Let 	 be the set of eigenvalues have zero real part. Hence, C can

be decomposed by C = M 

⊕ 

N where M is the generalized eigenvalue space of 	 and N = { ϕ ∈ C : 〈 ϕ, ψ〉 = 0 , ∀ ϕ ∈ M 

∗} , and

M 

∗ is the space adjoint of M . Next, we define 

U 

∗ψ = −ψ 

′ , D (U 

∗) = 

{
ψ ∈ C 1 ([0 , 1] , R 

3 ∗) : ψ 

′ (0) = −
∫ 0 

−1 

dη(θ ) ψ(−θ ) 

}
, 

where U 

∗ is the dual operator of U , and 

〈 ψ, ϕ〉 = ψ(0) ϕ(0) −
∫ 0 

−1 

∫ θ

0 

ψ(ξ − θ ) dη(θ ) ϕ(ξ ) dξ , ∀ ψ ∈ N, ∀ ϕ ∈ C. 

Lemma 3.1 [2,32] . M and M 

∗ have these properties as follows 

M = span � and M 

∗ = span , 

where �(θ ) = (ϕ 1 (θ ) , ϕ 2 (θ )) for −1 ≤ θ ≤ 0 , (ω) = col(ψ 1 (ω) , ψ 2 (ω)) for 0 ≤ω ≤ 1, ϕ 1 (θ ) = ϕ 

0 
1 

∈ R n \ { 0 } , ϕ 2 (θ ) = ϕ 

0 
2 

+
ϕ 

0 
1 
θ, ϕ 

0 
2 

∈ R n , and ψ 2 (ω) = ψ 

0 
2 

∈ R n ∗ \ { 0 } , ψ 1 (ω ) = ψ 

0 
1 

− ω ψ 

0 
2 
, ψ 

0 
1 

∈ R n ∗, which satisfy 

(i ) (A + B ) ϕ 

0 
1 = 0 ;

(ii ) (A + B ) ϕ 

0 
2 = (B + I) ϕ 

0 
1 ;

(iii ) ψ 

0 
2 (A + B ) = 0 ;

(i v ) ψ 

0 
1 (A + B ) = ψ 

0 
2 (B + I) ;

(v ) ψ 

0 
2 ϕ 

0 
2 −

1 

2 

ψ 

0 
2 Bϕ 

0 
1 + ψ 

0 
2 Bϕ 

0 
2 = 1 ;

(v i ) ψ 

0 
1 ϕ 

0 
2 −

1 

2 

ψ 

0 
1 Bϕ 

0 
1 + ψ 

0 
1 Bϕ 

0 
2 + 

1 

6 

ψ 

0 
2 Bϕ 

0 
1 −

1 

2 

ψ 

0 
2 Bϕ 

0 
2 = 0 . 

We can get 

�(θ ) = 

⎛ 

⎝ 

1 −1 + θ

−2 dx 0 (1 + 

1 
τ0 

)2 dx 0 − 2 dx 0 θ

s 0 
2 dx 0 −1 

τ0 
+ s 0 θ

⎞ 

⎠ , 

(ω) = 

(
1 
τ0 

− rω 

1 −r 
τ0 

− rω 1 + ω 

r r −1 

)
, 
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which meet ˙ � = �J, ˙  = −J, and 〈 , �〉 = I, where 

J = 

(
0 1 

0 0 

)
. 

Let X = �Z + Y, where Z ∈ R 2 , Y ∈ Q , namely 

x (θ ) = Z 1 + (−1 + θ ) Z 2 + Y 1 (θ ) , 

y (θ ) = −2 d x 0 Z 1 + 

(
(1 + 

1 

τ0 

)2 d x 0 − 2 d x 0 θ
)

Z 2 + Y 2 ( θ ) , 

z(θ ) = s 0 Z 1 + 

(
2 dx 0 − 1 

τ0 

+ s 0 θ

)
Z 2 + Y 3 (θ ) . 

Based on the results in [30,33,34] , (3.2) can be written as {
˙ Z 1 = Z 2 + 

1 
τ0 

F 1 2 + 

1 −r 
τ0 

F 2 2 + F 3 2 , 

˙ Z 2 = r F 1 2 + r F 2 2 − F 3 2 , 
(3.4) 

where 

F 1 2 = 

1 

τ0 

μ2 Z 2 + (a − 3 bx 0 ) τ0 (Z 1 − Z 2 ) 
2 − bτ0 (Z 1 − Z 2 ) 

3 , 

F 2 2 = − 2 dx 0 
τ0 

μ2 Z 2 − dτ0 (Z 1 − Z 2 ) 
2 , 

F 3 2 = rτ0 μ1 Z 1 + ( 
s 0 
τ0 

μ2 − rτ0 μ1 ) Z 2 . 

Next we have the normal form with versal unfolding from (3.4) , {
˙ Z 1 = Z 2 , 
˙ Z 2 = λ1 Z 1 + λ2 Z 2 + η1 Z 

2 
1 + η2 Z 1 Z 2 + h.o.t, 

(3.5) 

where 

λ1 = −rτ0 μ1 , λ2 = 2 r τ0 μ1 + r s 0 μ2 , 

η1 = −rτ0 (3 bx 0 − a + d) , η2 = 2 rτ0 (3 bx 0 − a + d) − 2(3 bx 0 − a + d − dr) . 

Since (
∂(λ1 , λ2 ) 

∂(μ1 , μ2 ) 

)∣∣∣
μ=0 

= −r 2 s 0 τ0 � = 0 , (3.6) 

the map ( μ1 , μ2 ) �→ ( λ1 , λ2 ) is regular, and η1 ·η2 > 0, we get the following theorem. 

Theorem 3.1. Under condition (3.6) , if η1 � = 0, η2 � = 0, (3.2) is indeed equivalent to the normal form (3.5) , where η1 ·η2 > 0 . 

4. Bifurcation diagrams of system (1.2) on the center manifold 

In this part, we will further analyze the dynamics for the following second order truncated normal form of system (3) {
˙ Z 1 = Z 2 , 
˙ Z 2 = λ1 Z 1 + λ2 Z 2 + η1 Z 

2 
1 + η2 Z 1 Z 2 . 

(4.1) 

Case A: The first time rescaling and coordinate transformation 

Let 

Z 1 = 

η1 

η2 
2 

ξ1 − λ2 

η2 

, Z 2 = 

η1 | η1 | 
η3 

2 

ξ2 , t = 

η2 

| η1 | τ, 

system (4.1) becomes (still using Z 1 , Z 2 for simplicity) {
˙ Z 1 = Z 2 , 
˙ Z 2 = u 1 + u 2 Z 1 + Z 2 1 + sZ 1 Z 2 , 

(4.2) 

where 
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s = ±1 , 

u 1 = 

η2 
2 

η2 
1 

(k 2 μ1 + k 3 μ2 ) 
[ (

k 2 − η2 

η1 

k 1 

)
μ1 + k 3 μ2 

] 
, 

u 2 = 

η2 

η1 

[ (
η2 

η1 

k 1 − 2 k 2 

)
μ1 − 2 k 3 μ2 

] 
, 

k 1 = −rτ0 , k 2 = 2 rτ0 , k 3 = rs 0 . 

For s = −1 , complete bifurcation diagrams of (4.2) can be obtained in [2,5,33–35] . Hence, we briefly give following bifurca-

tion curves. 

Theorem 4.1. Under condition (3.6) , if η1 � = 0, η2 � = 0, and μ1 , μ2 are sufficiently small, 

(1) system (1.2) have a saddle-node bifurcation on the set 

S = 

{
(μ1 , μ2 ) : 4(k 2 μ1 + k 3 μ2 ) 

(
(k 2 − η2 

η1 

k 1 ) μ1 + k 3 μ2 

)
= 

(
( 
η2 

η1 

k 1 − 2 k 2 ) μ1 − 2 k 3 μ2 

)2 
}

, 

(2) system (1.2) have a stable Hopf bifurcation on the set 

H = 

{ 

(μ1 , μ2 ) : 
(
−η2 

η1 

k 1 + k 2 

)
μ1 + k 3 μ2 = 0 , 

(
η2 

η1 

k 1 − 2 k 2 

)
μ1 < 2 k 3 μ2 

} 

, 

(3) system (1.2) have a saddle homoclinic bifurcation on the set 

T = 

{
(μ1 , μ2 ) : (k 2 μ1 + k 3 μ2 ) 

[ (
k 2 − η2 

η1 

k 1 

)
μ1 + k 3 μ2 

] 

= − 6 

25 

[ (
η2 

η1 

k 1 − 2 k 2 

)
μ1 − 2 k 3 μ2 

] 2 
, 

(
η2 

η1 

k 1 − 2 k 2 

)
μ1 < 2 k 3 μ2 

}
. 

We can handle this situation s = 1 similarly for t → −t, η2 → −η2 . But the cycle from the Bogdanov–Takens bifurcation

will become unstable. 

Case B: The second time rescaling and coordinate transformation 

Let 

Z 1 = 

η1 

η2 
2 

ξ1 − λ1 

2 η1 

, Z 2 = 

η1 | η1 | 
η3 

2 

ξ2 , t = 

η2 

| η1 | τ, 

then, system (4.1) becomes (still using Z 1 , Z 2 for simplicity) {
˙ Z 1 = Z 2 , 
˙ Z 2 = u 1 + u 2 Z 2 + Z 2 1 + sZ 1 Z 2 , 

(4.3)

where 

s = ±1 , u 1 = −λ2 
1 η

4 
2 

4 η4 
, u 2 = λ2 

η2 

| η1 | − λ1 

η2 
2 

2 η1 | η1 | . 
1 
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+ η2 , ̄x = 0 . 1 , I = 0 . 2 , r = 0 . 2 . 
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Fig. 3. Bifurcation diagram of system (1.2) : a = 2 . 25 , b = 0 . 5 , c = 1 . 75 , d = 5 , τ = 

16 
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+ η2 , ̄x = 0 . 1 , I = 0 . 2 , r = 0 . 2 and s ∈ [2.8, 5.5]. 

 
For s = 1 , bifurcation diagrams of (4.3) can be obtained in [33–35] . Hence, we also briefly give following bifurcation curves.

Theorem 4.2. Under condition (3.6) , if η1 � = 0, η2 � = 0, and μ1 , μ2 are sufficiently small, 

(1) system (1.2) have a saddle-node bifurcation on the set 

S = { (μ1 , μ2 ) : μ1 = 0 } , 
(2) system (1.2) have an unstable Hopf bifurcation on the set 

H = 

{
(μ1 , μ2 ) : 

k 2 1 η
2 
2 μ

2 
1 

2 η2 
1 

= 

((
k 2 − η2 

2 η1 

k 1 

)
μ1 + k 3 μ2 

)2 
}

, 

(3) system (1.2) have a saddle homoclinic bifurcation on the set 

T = 

{
(μ1 , μ2 ) : 

k 2 1 η
2 
2 μ

2 
1 

4 η2 
1 

= 

49 

25 

((
k 2 − η2 

2 η1 

k 1 

)
μ1 + k 3 μ2 

)2 
}

. 
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We can handle this situation s = −1 similarly. 

Considering the following parameter set for system (1.2) : a = 2 . 25 , b = 0 . 5 , c = 1 . 75 , d = 5 , s = 3 , ̄x = 0 . 1 , I = 0 . 2 , r = 0 . 2 ,

which can meet the conditions in Theorem 2.1 , we can calculate the values for the Bogdanov–Takens bifurcation points

(s 0 , τ0 ) = (3 , 16 
3 ) directly. When s < s 0 and τ = τ0 , the orbit eventually converges to a stable equilibrium point in Fig. 1 .

As shown in Theorem 4.1 , we can obtain existence of Hopf, pitchfork, homoclinic and double cycle bifurcation. The neigh-

borhood of the Bogdanov–Takens bifurcation is divided into different complex dynamic regions. By choosing parametric

pairs from (η1 , η2 ) = (−0 . 021 , 0 . 11) , numerical graphs are illustrated in Fig. 2 . In Fig. 3 , the chaotic attractor will occurs by

choosing s as a varied parameter, which is a classic mechanism for the system (1.2) to enter the chaotic region. 

5. Conclusion 

In the paper, the dynamic behavior near the Bogdanov–Takens bifurcation point of the Hindmarsh–Rose neuron with

time delay is discussed. When the two parameters of the Hindmarsh–Rose neuron with time delay change simultaneously,

the codimension-two bifurcation analysis has been studied. Applying classic normal form method and center manifold, we

studied the existence conditions of some typical bifurcations. The forthcoming study will provide a deeper discussion and

good results. 

Acknowledgements 

This work was supported by the National Natural Science Foundation of China (grant nos. 11772306 , 11832002 , 11705122 ),

Guangxi Natural Science Foundation (grant no. 2018GXNSFDA281028 ), Shandong Provincial Natural Science Foundation ,

China (grant no. ZR2018MA025 ), the Guangxi University High Level Innovation Team and Distinguished Scholars Program

of China (document no. 2018 35 ), and by the Slovenian Research Agency (grants J4-9302 , J1-9112 and P1-0403 ). 

References 

[1] L. Wang , H.A. Shi , A gradual noisy chaotic neural network for solving the broadcast scheduling problem in packet radio networks, IEEE Trans. Neural

Netw. Learn. Syst. 17 (2006) 989–1000 . 
[2] X. He , C.D. Li , Bogdanov–Takens singularity in tri-neuron network with time delay, IEEE Trans. Neural Netw. Learn. Syst. 24 (2013) 1001–1007 . 

[3] H. Wang , Q. Wang , Q. Lu , Y. Zheng , Equilibrium analysis and phase synchronization of two coupled HR neurons with gap junction, Cognitive Neurodyn.
7 (2013) 121–131 . 

[4] Z. Song , J. Xu , Codimension-two bursting analysis in the delayed neural system with external stimulations, Nonlinear Dyn. 67 (2012) 309–328 . 
[5] X. Liu , S. Liu , Codimension-two bifurcation analysis in two-dimensional Hindmarsh–Rose model, Nonlinear Dyn. 67 (2012) 847–857 . 

[6] P. Orio , M. Gatica , R. Herzog , J.P. Maidana , S. Castrol , K.S. Xu , Chaos versus noise as drivers of multistability in neural networks, Chaos 28 (2018)
106321 . 

[7] M. Perc , Thoughts out of noise, European Journal of Physics 27 (2006) 451–460 . 

[8] Q.Y. Wang , M. Perc , Z.S. Duan , G.R. Chen , Delay-induced multiple stochastic resonances on scale-free neuronal networks, Chaos 19 (2009) 023112 . 
[9] D.Q. Guo , M. Perc , T.J. Liu , D.Z. Yao , Functional importance of noise in neuronal information processing, Europhys. Lett. 124 (2018) 50 0 01 . 

[10] Z.C. Wei , F. Parastesh , H. Azarnoush , S. Jafari , D. Ghosh , M. Perc , M. Slavinec , Nonstationary chimeras in a neuronal network, Europhys. Lett. 123 (2018)
48003 . 

[11] X.J. Sun , M. Perc , J. Kurths , Q.S. Lu , Fast regular firings induced by intra- and inter-time delays in two clustered neuronal networks, Chaos 28 (2018)
106310 . 

[12] J.L. Hindmarsh , R.M. Rose , A model of the nerve impulse using two first-order differential equations, Nature 296 (1982) 162–164 . 

[13] J.L. Hindmarsh , R.M. Rose , A model of neuronal bursting using three coupled first order differential equations, Philos. Trans. R. Soc. B 221 (1984)
87–102 . 

[14] R. FitzHugh , Impulses and physiological states in theoretical models of nerve membrane, Biophys. J. 1 (1961) 445–466 . 
[15] A .L. Hodgkin , A .F. Huxley , A quantitative description of membrane current and its application to conduction and excitation in nerve, Bull. Math. Biol.

117 (1952) 500–544 . 
[16] A. Bandyopadhyay , S. Kar , Impact of network structure on synchronization of Hindmarsh–Rose neurons coupled in structured network, Appl. Math.

Comput. 333 (2018) 194–212 . 

[17] C.B. Bao , A.H. Hu , Q. Xu , AC-induced coexisting asymmetric bursters in the improved Hindmarsh–Rose model, Nonlinear Dyn. 92 (2018) 1695–1706 . 
[18] H. Bao , W.B. Liu , A.H. Hu , Coexisting multiple firing patterns in two adjacent neurons coupled by memristive electromagnetic induction, Nonlinear

Dyn. 95 (2019) 43–56 . 
[19] C.B. Bao , A.H. Hu , H. Bao , Three-dimensional memristive Hindmarsh–Rose neuron model with hidden coexisting asymmetric behaviors, Complexity

2018 (2008) 11 . 3872573. 
[20] I.T. Hettiarachchi , S. Lakshmanan , A. Bhatti , Chaotic synchronization of time-delay coupled Hindmarsh–Rose neurons via nonlinear control, Nonlinear

Dyn. 86 (2016) 1249–1262 . 

[21] S.R.D. Djeundam , R. Yamapi , T.C. Kofane , M.A. Aziz-Alaoui , Deterministic and stochastic bifurcations in the Hindmarsh–Rose neuronal model, Chaos 23
(2013) 033125 . 

[22] J.M. Gonzalez-Miranda , Complex bifurcation structures in the Hindmarsh–Rose neuron model, Int. J. Bifur. Chaos 12 (2007) 3071–3083 . 
[23] X. He , C.D. Li , Y.L. Shu , Bogdanov–Takens bifurcation in a single inertial neuron model with delay, Neurocomputing 89 (2012) 193–201 . 

[24] X. He , C.D. Li , T.W. Huang , M. Peng , Codimension two bifurcation in a simple delayed neuron model, Neural Comput. Appl. 23 (2013) 2295–2300 . 
[25] K. Pakdaman , C. Grotta-Ragazzo , C.P. Malta , Transient regime duration in continuous-time neural networks with delay, Phys. Rev. E 58 (1998) 

3623–3627 . 

[26] S.Q. Ma , Z.S. Feng , Fold-hopf bifurcations of the Rose–Hindmarsh model with time delay, Int. J. Bifurc. Chaos 21 (2011) 437–452 . 
[27] S. Lakshmanan , C.P. Lim , S. Nahavandi , M. Prakash , P. Balasubramaniam , Dynamical analysis of the Hindmarsh–Rose neuron with time delays, IEEE

Trans. Neural Netw. Learn. Syst. 28 (2017) 1953–1958 . 
[28] J. Jiang , Y.L. Song , Bogdanov–Takens bifurcation in an oscillator with negative damping and delayed position feedback, Appl. Math. Model. 37 (2013)

8091–8105 . 
[29] X. He , C.D. Li , T.W. Huang , M. Peng , Codimension two bifurcation in a simple delayed neuron model, Neural Comput. Appl. 23 (2013) 2295–2300 . 

https://doi.org/10.13039/501100001809
https://doi.org/10.13039/100012547
https://doi.org/10.13039/501100007129
https://doi.org/10.13039/501100012253
https://doi.org/10.13039/501100004329
http://refhub.elsevier.com/S0096-3003(19)30150-X/sbref0001
http://refhub.elsevier.com/S0096-3003(19)30150-X/sbref0001
http://refhub.elsevier.com/S0096-3003(19)30150-X/sbref0001
http://refhub.elsevier.com/S0096-3003(19)30150-X/sbref0002
http://refhub.elsevier.com/S0096-3003(19)30150-X/sbref0002
http://refhub.elsevier.com/S0096-3003(19)30150-X/sbref0002
http://refhub.elsevier.com/S0096-3003(19)30150-X/sbref0003
http://refhub.elsevier.com/S0096-3003(19)30150-X/sbref0003
http://refhub.elsevier.com/S0096-3003(19)30150-X/sbref0003
http://refhub.elsevier.com/S0096-3003(19)30150-X/sbref0003
http://refhub.elsevier.com/S0096-3003(19)30150-X/sbref0003
http://refhub.elsevier.com/S0096-3003(19)30150-X/sbref0004
http://refhub.elsevier.com/S0096-3003(19)30150-X/sbref0004
http://refhub.elsevier.com/S0096-3003(19)30150-X/sbref0004
http://refhub.elsevier.com/S0096-3003(19)30150-X/sbref0005
http://refhub.elsevier.com/S0096-3003(19)30150-X/sbref0005
http://refhub.elsevier.com/S0096-3003(19)30150-X/sbref0005
http://refhub.elsevier.com/S0096-3003(19)30150-X/sbref0006
http://refhub.elsevier.com/S0096-3003(19)30150-X/sbref0006
http://refhub.elsevier.com/S0096-3003(19)30150-X/sbref0006
http://refhub.elsevier.com/S0096-3003(19)30150-X/sbref0006
http://refhub.elsevier.com/S0096-3003(19)30150-X/sbref0006
http://refhub.elsevier.com/S0096-3003(19)30150-X/sbref0006
http://refhub.elsevier.com/S0096-3003(19)30150-X/sbref0006
http://refhub.elsevier.com/S0096-3003(19)30150-X/sbref0007
http://refhub.elsevier.com/S0096-3003(19)30150-X/sbref0007
http://refhub.elsevier.com/S0096-3003(19)30150-X/sbref0008
http://refhub.elsevier.com/S0096-3003(19)30150-X/sbref0008
http://refhub.elsevier.com/S0096-3003(19)30150-X/sbref0008
http://refhub.elsevier.com/S0096-3003(19)30150-X/sbref0008
http://refhub.elsevier.com/S0096-3003(19)30150-X/sbref0008
http://refhub.elsevier.com/S0096-3003(19)30150-X/sbref0009
http://refhub.elsevier.com/S0096-3003(19)30150-X/sbref0009
http://refhub.elsevier.com/S0096-3003(19)30150-X/sbref0009
http://refhub.elsevier.com/S0096-3003(19)30150-X/sbref0009
http://refhub.elsevier.com/S0096-3003(19)30150-X/sbref0009
http://refhub.elsevier.com/S0096-3003(19)30150-X/sbref0010
http://refhub.elsevier.com/S0096-3003(19)30150-X/sbref0010
http://refhub.elsevier.com/S0096-3003(19)30150-X/sbref0010
http://refhub.elsevier.com/S0096-3003(19)30150-X/sbref0010
http://refhub.elsevier.com/S0096-3003(19)30150-X/sbref0010
http://refhub.elsevier.com/S0096-3003(19)30150-X/sbref0010
http://refhub.elsevier.com/S0096-3003(19)30150-X/sbref0010
http://refhub.elsevier.com/S0096-3003(19)30150-X/sbref0010
http://refhub.elsevier.com/S0096-3003(19)30150-X/sbref0011
http://refhub.elsevier.com/S0096-3003(19)30150-X/sbref0011
http://refhub.elsevier.com/S0096-3003(19)30150-X/sbref0011
http://refhub.elsevier.com/S0096-3003(19)30150-X/sbref0011
http://refhub.elsevier.com/S0096-3003(19)30150-X/sbref0011
http://refhub.elsevier.com/S0096-3003(19)30150-X/sbref0012
http://refhub.elsevier.com/S0096-3003(19)30150-X/sbref0012
http://refhub.elsevier.com/S0096-3003(19)30150-X/sbref0012
http://refhub.elsevier.com/S0096-3003(19)30150-X/sbref0013
http://refhub.elsevier.com/S0096-3003(19)30150-X/sbref0013
http://refhub.elsevier.com/S0096-3003(19)30150-X/sbref0013
http://refhub.elsevier.com/S0096-3003(19)30150-X/sbref0014
http://refhub.elsevier.com/S0096-3003(19)30150-X/sbref0014
http://refhub.elsevier.com/S0096-3003(19)30150-X/sbref0015
http://refhub.elsevier.com/S0096-3003(19)30150-X/sbref0015
http://refhub.elsevier.com/S0096-3003(19)30150-X/sbref0015
http://refhub.elsevier.com/S0096-3003(19)30150-X/sbref0016
http://refhub.elsevier.com/S0096-3003(19)30150-X/sbref0016
http://refhub.elsevier.com/S0096-3003(19)30150-X/sbref0016
http://refhub.elsevier.com/S0096-3003(19)30150-X/sbref0017
http://refhub.elsevier.com/S0096-3003(19)30150-X/sbref0017
http://refhub.elsevier.com/S0096-3003(19)30150-X/sbref0017
http://refhub.elsevier.com/S0096-3003(19)30150-X/sbref0017
http://refhub.elsevier.com/S0096-3003(19)30150-X/sbref0018
http://refhub.elsevier.com/S0096-3003(19)30150-X/sbref0018
http://refhub.elsevier.com/S0096-3003(19)30150-X/sbref0018
http://refhub.elsevier.com/S0096-3003(19)30150-X/sbref0018
http://refhub.elsevier.com/S0096-3003(19)30150-X/sbref0019
http://refhub.elsevier.com/S0096-3003(19)30150-X/sbref0019
http://refhub.elsevier.com/S0096-3003(19)30150-X/sbref0019
http://refhub.elsevier.com/S0096-3003(19)30150-X/sbref0019
http://refhub.elsevier.com/S0096-3003(19)30150-X/sbref0019
http://refhub.elsevier.com/S0096-3003(19)30150-X/sbref0020
http://refhub.elsevier.com/S0096-3003(19)30150-X/sbref0020
http://refhub.elsevier.com/S0096-3003(19)30150-X/sbref0020
http://refhub.elsevier.com/S0096-3003(19)30150-X/sbref0020
http://refhub.elsevier.com/S0096-3003(19)30150-X/sbref0021
http://refhub.elsevier.com/S0096-3003(19)30150-X/sbref0021
http://refhub.elsevier.com/S0096-3003(19)30150-X/sbref0021
http://refhub.elsevier.com/S0096-3003(19)30150-X/sbref0021
http://refhub.elsevier.com/S0096-3003(19)30150-X/sbref0021
http://refhub.elsevier.com/S0096-3003(19)30150-X/sbref0022
http://refhub.elsevier.com/S0096-3003(19)30150-X/sbref0022
http://refhub.elsevier.com/S0096-3003(19)30150-X/sbref0023
http://refhub.elsevier.com/S0096-3003(19)30150-X/sbref0023
http://refhub.elsevier.com/S0096-3003(19)30150-X/sbref0023
http://refhub.elsevier.com/S0096-3003(19)30150-X/sbref0023
http://refhub.elsevier.com/S0096-3003(19)30150-X/sbref0024
http://refhub.elsevier.com/S0096-3003(19)30150-X/sbref0024
http://refhub.elsevier.com/S0096-3003(19)30150-X/sbref0024
http://refhub.elsevier.com/S0096-3003(19)30150-X/sbref0024
http://refhub.elsevier.com/S0096-3003(19)30150-X/sbref0024
http://refhub.elsevier.com/S0096-3003(19)30150-X/sbref0025
http://refhub.elsevier.com/S0096-3003(19)30150-X/sbref0025
http://refhub.elsevier.com/S0096-3003(19)30150-X/sbref0025
http://refhub.elsevier.com/S0096-3003(19)30150-X/sbref0025
http://refhub.elsevier.com/S0096-3003(19)30150-X/sbref0026
http://refhub.elsevier.com/S0096-3003(19)30150-X/sbref0026
http://refhub.elsevier.com/S0096-3003(19)30150-X/sbref0026
http://refhub.elsevier.com/S0096-3003(19)30150-X/sbref0027
http://refhub.elsevier.com/S0096-3003(19)30150-X/sbref0027
http://refhub.elsevier.com/S0096-3003(19)30150-X/sbref0027
http://refhub.elsevier.com/S0096-3003(19)30150-X/sbref0027
http://refhub.elsevier.com/S0096-3003(19)30150-X/sbref0027
http://refhub.elsevier.com/S0096-3003(19)30150-X/sbref0027
http://refhub.elsevier.com/S0096-3003(19)30150-X/sbref0028
http://refhub.elsevier.com/S0096-3003(19)30150-X/sbref0028
http://refhub.elsevier.com/S0096-3003(19)30150-X/sbref0028
http://refhub.elsevier.com/S0096-3003(19)30150-X/sbref0029
http://refhub.elsevier.com/S0096-3003(19)30150-X/sbref0029
http://refhub.elsevier.com/S0096-3003(19)30150-X/sbref0029
http://refhub.elsevier.com/S0096-3003(19)30150-X/sbref0029
http://refhub.elsevier.com/S0096-3003(19)30150-X/sbref0029


188 Y. Li, Z. Wei and W. Zhang et al. / Applied Mathematics and Computation 354 (2019) 180–188 
[30] S. Wiggins , Introduction to Applied Nonlinear Dynamical Systems and Chaos, Springer, New York, 1990 . 
[31] T. Dong , X.F. Liao , Bogdanov–Takens bifurcation in a tri-neuron BAM neural network model with multiple delays, Nonlinear Dyn. 71 (2013) 583–595 . 

[32] Y.X. Xu , M.Y. Huang , Homoclinic orbits and hopf bifurcations in delay differential systems with t-b singularity, J. Differ. Eq. 244 (2008) 582–598 . 
[33] Y. Kuznetsov , Kuznetsov Elements of Applied Bifurcation Theory, Springer, New York, 1995 . 

[34] S.N. Chow , C. Li , D. Wang , Normal Forms and Bifurcation of Planar Vector Fields, Cambridge University Press, 1994 . 
[35] J. Guckenheimer , P. Holmes , Nonlinear Oscillations, Dynamical Systems, and Bifurcations of Vector Fields, Springer, New York, 1983 . 

http://refhub.elsevier.com/S0096-3003(19)30150-X/sbref0030
http://refhub.elsevier.com/S0096-3003(19)30150-X/sbref0030
http://refhub.elsevier.com/S0096-3003(19)30150-X/sbref0031
http://refhub.elsevier.com/S0096-3003(19)30150-X/sbref0031
http://refhub.elsevier.com/S0096-3003(19)30150-X/sbref0031
http://refhub.elsevier.com/S0096-3003(19)30150-X/sbref0032
http://refhub.elsevier.com/S0096-3003(19)30150-X/sbref0032
http://refhub.elsevier.com/S0096-3003(19)30150-X/sbref0032
http://refhub.elsevier.com/S0096-3003(19)30150-X/sbref0033
http://refhub.elsevier.com/S0096-3003(19)30150-X/sbref0033
http://refhub.elsevier.com/S0096-3003(19)30150-X/sbref0034
http://refhub.elsevier.com/S0096-3003(19)30150-X/sbref0034
http://refhub.elsevier.com/S0096-3003(19)30150-X/sbref0034
http://refhub.elsevier.com/S0096-3003(19)30150-X/sbref0034
http://refhub.elsevier.com/S0096-3003(19)30150-X/sbref0035
http://refhub.elsevier.com/S0096-3003(19)30150-X/sbref0035
http://refhub.elsevier.com/S0096-3003(19)30150-X/sbref0035

	Bogdanov-Takens singularity in the Hindmarsh-Rose neuron with time delay
	1 Introduction
	2 Eigenvalue analysis of equilibrium
	3 Normal form and unfolding for Bogdanov-Takens bifurcation
	4 Bifurcation diagrams of system (1.2) on the center manifold
	5 Conclusion
	Acknowledgements
	References


