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a b s t r a c t
We study the synchronization of coupled identical circulant and non-circulant oscillators
using single variable and different multi-variable coupling schemes. We use the master
stability function to determine conditions for synchronization, in particular the necessary
coupling parameter that ensures a stable synchronization manifold. We show that for circulant oscillators, the smallest coupling parameter for synchronization is needed when
multi-variable coupling with the same coupling coeﬃcients is applied. Conversely, for noncirculant oscillators, no such general conclusions are attainable in that the smallest coupling parameter cannot be attributed to a particular coupling setup.
© 2020 Elsevier Inc. All rights reserved.

1. Introduction
Chaos is a challenging behavior in dynamical systems [1,2]. Many studies aim to understand the generation process of
chaotic dynamics and investigate the properties of chaotic ﬂows. Chaotic dynamics are studied in different ﬁelds of science.
For example, emergence of chimera states in a chaotic neural network was discussed in [3]. FPGA realization of a chaotic
system was studied in [4]. In [5], fractional-order chaotic dynamics were discussed. A fractional-order memristive chaotic
circuit was investigated in [6]. Control of chaotic systems is essential [7]. The sliding mode control of a fractional-order
chaotic system is also studied in [8].
Dynamical networks and their properties are vital in the study of complex dynamics [9,10]. The study of epidemic spread
and its vaccination is one such examples [11]. Also, it can be used to study the nonlinear interactions between the dynamical
process of climate events [12]. Investigating the dynamical properties of the brain as a neural network can be considered
as another application of dynamical networks [13]. Synchronization is one of the most important behaviors in complex
dynamical networks [14]. Investigating the dynamical network’s synchronization can be more challenging if the dynamics of
the oscillators in each node of the network are chaotic. Many studies have been done on the subject of synchronization of
the dynamical networks [15–17]. This phenomenon is considered as an appropriate tool in the study of dynamical networks
∗
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[18]. Synchronization can be affected by different factors of dynamical networks such as coupling parameters, the dynamical
oscillator in each node, and the topology of the networks. For example, the effect of different coupling structures (such as
coupling through various variables) on the synchronization is analyzed in dynamical networks with the same topology [19].
Field coupling synchronization was studied in memristive chaotic systems in [20]. Furthermore, the synchronization of a
network with fractional-order systems in each node has been investigated [21]. The emergence of synchronized dynamics in
coupled Rössler oscillators was discussed in [22]. Also, the synchronization of neural networks has received much attention
from the biological perspective [23]. The effect of the electromagnetic ﬁeld on the synchronization of the Hindmarsh-Rose
neural network was studied in [24].
The ﬁrst step in investigating the synchronizability of the network is to ﬁnd the proper conditions for the incidence of
the stable synchronization manifold. Most of the research in the literature tries to understand the fundamental interaction
between network topology and synchronization. For example, in 1996, Wu and Chua advanced a conjecture, which can be
considered as an important milestone in this ﬁeld of research [25]. They claimed that the proper coupling parameter for
synchronization can be scaled by the second largest eigenvalue of the connectivity matrix. However, two years later, Pecora
and Carroll revealed that this conjecture is not always true. Instead, they proposed a new approach called Master Stability
Function (MSF), which investigates the necessary condition of the local synchronization for identical networks [26]. After
that, the MSF method was developed for a complex network with time-varying coupling [27] and multi-layer networks
[28] or even for non-identical networks [29].
There are different types of coupling structures that can be added to each variable of the coupled oscillators. To emphasize and investigate just the effect of the coupling structure on the network’s synchronizability, authors in [19] have
suggested that it is better to use two coupled circulant oscillators. Circulant oscillators have been used in some references
[30,31]. Circulant refers to a dynamical system with cyclically symmetric states but with the same functional form [32]. For
example, a circulant oscillator can be formulated as:

x˙ = f (x, y, z )
y˙ = f (y, z, x )
z˙ = f (z, x, y )

(1)

The results showed that multi-variable coupling has better synchronizability than single-variable coupling. In this paper,
some multi-variable couplings with different coupling coeﬃcients are compared with previous cases to ﬁnd the best coupling cases for synchronization. Also, the results of circulant and non-circulant oscillators are compared.
2. Proposed method
It has been shown that identical networks with a speciﬁc oscillator in each node share the different zero-crossing points
in the MSF diagram when the coupling is applied to different variables (states) [33]. In this study, a different way of dividing
the coupling parameter among various links and states, which affects the synchronization, is investigated. For the sake of
simplicity, in each case, we consider a network consisting of only a pair of oscillators. Various couplings are deﬁned as
follows,

x˙1 = f1 (x1 , y1 , z1 ) + dα1 (x2 − x1 )
y˙1 = f2 (x1 , y1 , z1 ) + dα2 (y2 − y1 )
z˙1 = f3 (x1 , y1 , z1 ) + dα3 (z2 − z1 )

x˙2 = f1 (x2 , y2 , z2 ) + dα1 (x1 − x2 )
y˙2 = f2 (x2 , y2 , z2 ) + dα2 (y1 − y2 )
z˙2 = f3 (x2 , y2 , z2 ) + dα3 (z1 − z2 )

(2)

where the αi coeﬃcients affect the strength of the coupling in the various cases. To keep the sum of all coupling parameters
equal to d, the following condition is assumed:

α1 + α2 + α3 = 1.

(3)

Thus the coupling vector is

V ecd = (dα1 , dα2 , dα3 )T

(4)

In this study, seven coupled oscillators consisting of seven different oscillators are studied to investigate the effect of coupling on various variables. The ﬁrst four coupled oscillators consist of circulant oscillators, and the others consist of noncirculant oscillators. In circulant oscillators, all the states have the same dynamical properties. The studied oscillators are
discussed in the following.
1) Piecewise linear: This oscillator has a chaotic solution for initial conditions (x0 , y0 , z0 ) = (0.4, 0, 0 ).

x˙ = 1 − x − y − 4|y|
y˙ = 1 − y − z − 4|z|
z˙ = 1 − z − x − 4|x|

(5)

2) Cubic: This oscillator has a chaotic attractor for initial conditions (x0 , y0 , z0 ) = (−0.77, 0.35, 1.13 ).

x˙ = y3 − z
y˙ = z3 − x
z˙ = x3 − y

(6)
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Fig. 1. The different projection of state space for a circulant system. Circulant oscillators show symmetric state space.

Fig. 2. The different projection of state space for a non-circulant system. Non-circulant oscillators show asymmetric state space.

3) Quadratic: For initial conditions (x0 , y0 , z0 ) = (0.7, 0.6, 1.2 ) this oscillator has a chaotic attractor.

x˙ = y2 − z
y˙ = z2 − x
z˙ = x2 − y

(7)

4) Thomas: This oscillator has a chaotic attractor for (x0 , y0 , z0 ) = (0.4, 0, 0 ).

x˙ = −x + 4y − y3
y˙ = −y + 4z − z3
z˙ = −z + 4x − x3

(8)

5) Lorenz: This oscillator is investigated with random initial conditions for the parameters s = 10, r = 28, b = 2.

x˙ = s(y − x )
y˙ = x(r − z ) − y
z˙ = xy − bz

(9)

6) Rössler: This oscillator is studied for the parameters a = 0.2, b = 0, c = 4 and random initial conditions.

x˙ = −y − z
y˙ = x + ay
z˙ = b + z(x − c )

(10)

7) Hindmarsh-Rose neuron (HR): This oscillator is investigated for I = 3.2, r = 0.006, s = 4, and random initial conditions.

x˙ = y + 3x2 − x3 − z + I
y˙ = 1 − 5x2 − y
z˙ = −rz + rs(x + 1.6 )

(11)

Circulant systems have a special form in which the variables are cyclically symmetric. The different projections in state space
help to show the difference between the circulant and non-circulant oscillators graphically (Figs. 1 and 2).
For each coupled oscillator, several cases are deﬁned to study the effect of the structure of couplings on the synchronization of the coupled oscillators. In other words, we want to ﬁnd the best distribution of couplings to have the synchronization
3
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Fig. 3. The chaotic synchronization manifold of identical network consist of Lorenz oscillators (s(t )).

manifold with the smallest coupling parameter d. To ﬁnd the optimum coupling parameter, which makes the two coupled
oscillators synchronized, the MSF approach is used.
The MSF approach checks the synchronizability of identical networks, which consist of diffusely coupled dynamical oscillators [26]. At ﬁrst, undirected and unweighted identical networks with N individual oscillators are considered as follows:

x˙ i = F (xi ) − 

N


gi j H ( x j )

(12)

j=1

where xi and F (. ) show the variable vector and dynamics of each oscillator, respectively. The parameter  is a coupling
parameter, and the Laplacian matrix of G = [gi j ]N×N reveals the topological connection matrix of the network. The projection
matrix H determines the coupling types of the network. The s(t ) is the synchronization manifold of the network, which can
be deﬁned as:

s˙ (t ) = F (s(t ))

(13)

where s(t ) = x1 (t ) = x2 (t ) = · · · = xN (t ). For example, the synchronization manifold of the dynamical network consisting of
Lorenz oscillators is represented in Fig. 3. To investigate the stability of the synchronization manifold s(t ) of this network,
the stability of the block diagonalized variational equation of the network is analyzed,

η˙ i = DF (s )ηi − λi DH (s )ηi

i = 1, · · · , N

(14)

where DF and DH are the Jacobian matrixes, and λi s are the eigenvalues of the connection matrix G, which are ordered
as λ1 = 0 < λ2 <= · · · <= λN . To unify the notation of the whole paper, di = λi is used as a new notation of the coupling
parameter in the rest of the paper. MSF is the largest Lyapunov exponent of Eq. (12). The network can be synchronized in
the negative range of the MSF, and the zero-crossings of the MSF diagram can be considered as the minimum value of the
coupling parameter of the network required for synchronization.
The previous study of circulant oscillators has shown that the multi-variable case with equal coupling coeﬃcients has
the minimum coupling parameter for zero crossings of the MSF compared to the cases with the coupling parameter for each
variable separately [19]. In this study, we divide our interests into two groups. In the ﬁrst group, single variable couplings
and various multi-variable couplings with different coupling coeﬃcients are used, and the results are investigated for the
circulant oscillators. In the second group, non-circulant oscillators are studied to show the effect of the type of coupling on
the synchronization of the two coupled oscillators.
3. Results
In each coupled oscillator, we deﬁne some coupling cases with various αi s, which can test the strength of various couplings in the synchronization. The results of various coupled oscillators are discussed in the following.
In all the coupled circulant oscillators, ﬁve cases are used, which are shown in Table 1. The ﬁrst case is coupling of the
x variable. The others are coupling on x, y, z variables unequally, and equally, respectively. For example, Fig. 4 shows the
MSF of various cases for the piecewise linear oscillator. The minimum coupling parameter for full synchronization is found
in each case. The results in Table 2 show that in all cases, the smallest zero crossings of the MSF function is in case 5 in
which all variables are coupled equally with the same coupling coeﬃcient of 0.3333. In the following, the results are just
summarized in the tables.
Now the question is what happens if non-circulant oscillators are tested. For that, three coupled oscillators consisting
of Lorenz, Rössler, and Hindmarsh-Rose neuron oscillators, were tested. In each of these three coupled oscillators, some
4
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Fig. 4. The MSF of ﬁve cases for coupled piecewise linear oscillator; a) case 1-Table 1; b) case 2-Table 1; c) case 3-Table 1; d) case 4-Table 1; e) case
5-Table 1; The smallest zero crossings of the MSF function is in case 5 in which all variables are coupled equally with the same coupling coeﬃcient 0.3333.

Table 1
Five different cases for the coupling structures in
circulant oscillators.
Case1
Case2
Case3
Case4
Case5

Vecd
Vecd
Vecd
Vecd
Vecd

= d ∗ ( 1, 0, 0 )T
= d ∗ ( 0.6, 0.2, 0.2 ) T
= d ∗ (0.4, 0.33, 0.27 )T
= d ∗ (0.3333, 0.3533, 0.3133 )T
= d ∗ (0.3333, 0.3333, 0.3333 )T
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Table 2
The optimum coupling strength of synchronization (zero crossing of MSF diagram) in different coupling cases for four circulant oscillators.
Zero Crossings

Case
⎡ ⎤1
1
⎣ 0⎦
0

Sys
Sys
Sys
Sys

d
d
d
d

1
2
3
4

= 6.301
= 0.4776
= 0.6834
= 6.5146

Case
2
⎡ ⎤
0.6
⎣0.2⎦
0.2
d
d
d
d

Case
⎡ 3⎤
0.4
⎣0.33⎦
0.27

= 1.9826
= 0.4528
= 0.4154
= 2.4432

d
d
d
d

= 1.367
= 0.4256
= 0.3842
= 1.7862

Case
⎡ 4 ⎤
0.3333
⎣0.3533⎦
0.3133
d
d
d
d

= 1.1714
= 0.4042
= 0.377
= 1.4874

Case
⎡ 5 ⎤
0.3333
⎣0.3333⎦
0.3333
d
d
d
d

= 1.1622
= 0.3888
= 0.3172
= 1.0564

Table 3
Six different cases for coupling structures in the
Lorenz oscillator.
Case1
Case2
Case3
Case4
Case5
Case6

Vecd
Vecd
Vecd
Vecd
Vecd
Vecd

= d ∗ ( 1, 0, 0 )T
= d ∗ ( 0, 1, 0 )T
= d ∗ ( 0, 0, 1 )T
= d ∗ (0.3333, 0.3333, 0.3333 )T
= d ∗ ( 0.8, 0.1, 0.1 ) T
= d ∗ (0.666, 0.193, 0.141 )T

Table 4
The optimum coupling strength of synchronization (zero crossing of MSF diagram) in the six
different coupling cases for Lorenz oscillator.

Zero Crossings

Case
⎡ ⎤1
1
⎣0⎦
0

Case
⎡ ⎤2
0
⎣1⎦
0

Case
⎡ ⎤3
0
⎣ 0⎦
1

Case
⎡ 4 ⎤
0.3333
⎣0.3333⎦
0.3333

Case
5
⎡ ⎤
0.8
⎣0.1⎦
0.1

Case
⎡ 6⎤
0.666
⎣ 0.193 ⎦
0.141

d = 7.61

d = 2.11

d = 1.7

d = 2.55

d = 4.23

d = 3.53

Table 5
Seven different cases for coupling structures in
the Rössler oscillator.
Case1
Case2
Case3
Case4
Case5
Case6
Case7

Vecd
Vecd
Vecd
Vecd
Vecd
Vecd
Vecd

= d ∗ ( 1, 0, 0 )T
= d ∗ ( 0, 1, 0 )T
= d ∗ ( 0, 0, 1 )T
= d ∗ (0.3333, 0.3333, 0.3333 )T
= d ∗ ( 0.5, 0.5, 0 )T
= d ∗ ( 0.6, 0.4, 0 )T
= d ∗ (0.9187, 0.0813, 0 )T

coupling cases are deﬁned related to the oscillator’s dynamics. Three cases are coupling of the x variable, coupling of the y
variable, and coupling of the z variable. The fourth case is coupling through all variables equally. To deﬁne other meaningful
cases, we consider the zero crossings of the MSF functions of the coupling for each variable. For example, if the zerocrossing in coupling through the z variable is smaller than through the y or x variable, this means that the z variable has a
more powerful coupling effect on the synchronization of the two oscillators. Thus we deﬁne a coupling vector with coupling
coeﬃcients whose x part is a fraction of the zero crossing of the MSF on the x variable divided to the sum of zero crossings
of the MSF function on each variable separately. The y and z parts of the coupling vector are calculated with the same
structure as for the y and z variables. This case is called an exact proportion of zero-crossings. Some other coupling cases
are deﬁned randomly between these cases.
In the Lorenz oscillator, six coupling cases are deﬁned, as shown in Table 3. The zero-crossings of the MSF function for
each coupling case of the Lorenz oscillator are shown in Table 4. The results show that the smallest zero-crossing of the
MSF is in case 3. This means that coupling the z variable is the most effective case. In this case, synchronization happened
for the smallest coupling parameter compared with the other cases.
Seven cases are deﬁned to test the Rössler oscillator’s synchronization parameter, which are shown in Table 5. The ﬁrst
four cases are the same as in the Lorenz oscillator. The seventh case is the exact proportion of zero-crossings. Cases 5 and
6 are randomly selected among the cases.
The zero-crossings of the MSF for each case are shown in Table 6. The results show the smallest synchronization parameter is in case 2.
The other studied oscillator is the HR neuron. Five coupling cases are studied in this oscillator (Table 7). Case 4 has the
minimum coupling parameter for synchronization.
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Table 6
The optimum coupling strength of synchronization (zero crossing of MSF diagram) in seven different coupling cases for Rössler oscillator.

Zero
Crossings

Case
⎡ ⎤1
1
⎣0 ⎦
0

Case
⎡ ⎤2
0
⎣1⎦
0

Case
⎡ ⎤3
0
⎣ 0⎦
1

Case
⎡ 4 ⎤
0.3333
⎣0.3333⎦
0.3333

Case
5
⎡ ⎤
0.5
⎣0.5⎦
0

Case
6
⎡ ⎤
0.6
⎣0.4⎦
0

Case
⎡ 7 ⎤
0.9187
⎣0.0813⎦
0

d = 0.192
d = 4.62

d = 0.1691

–

d = 0.26

d = 0.1745

d = 0.18

d = 0.19

Table 7
Five different cases for coupling structures in the
HR oscillator.
Case1
Case2
Case3
Case4
Case5

Vecd
Vecd
Vecd
Vecd
Vecd

= d ∗ ( 1, 0, 0 )T
= d ∗ ( 0, 1, 0 )T
= d ∗ ( 0, 0, 1 )T
= d ∗ (0.3333, 0.3333, 0.3333 )T
= d ∗ (0.9091, 0.0909, 0 )T

Table 8
The optimum coupling strength of synchronization (zero crossing of MSF diagram) in
ﬁve different coupling cases for HR oscillator.

Zero Crossings

Case
⎡ ⎤1
1
⎣ 0⎦
0

Case
⎡ ⎤2
0
⎣1⎦
0

Case
⎡ ⎤3
0
⎣0 ⎦
1

Case
⎡ 4 ⎤
0.3333
⎣0.3333⎦
0.3333

Case
⎡ 5 ⎤
0.9091
⎣0.0909⎦
0

d = 0.848

d = 0.1728

–

d = 0.1199

d = 0.5831

4. Conclusion
The effect of single-variable couplings, multi-variable couplings with equal coupling coeﬃcients, and multi-variable couplings with non-equal coupling coeﬃcients on synchronization was studied in this paper. The goal was to ﬁnd the best
coupling structure, which results in the minimum coupling parameter for synchronization. To compare the results of various
coupling structures, the sum of all coupling parameters in all cases was considered to be equal. The coupled systems consist
of two categories of oscillators studied in this paper: circulant oscillators, and non-circulant oscillators. The results show
that in circulant oscillators, the best coupling structure with the smallest coupling parameter of synchronization was multivariable coupling with equal coupling coeﬃcients. However, in non-circulant oscillators, there is not such a result, since in
various oscillators, the smallest coupling parameter does not belong to a speciﬁc coupling structure. For example, in Lorenz
coupled oscillators, the optimum coupling structure is Case 3 (z coupling), while in Rössler coupled oscillators, the optimum
coupling is Case 2 (y coupling).
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