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Simplicial complexes are mathematical constructions that describe higher-order
interactions within the interconnecting elements of a network. Such higher-order
interactions become increasingly significant in neuronal networks since biological
backgrounds and previous outcomes back them. In light of this, the current
research explores a higher-order network of the memristive Rulkov model. To that
end, the master stability functions are used to evaluate the synchronization of a
network with pure pairwise hybrid (electrical and chemical) synapses alongside
a network with two-node electrical and multi-node chemical connections.
The findings provide good insight into the impact of incorporating higher-
order interaction in a network. Compared to two-node chemical synapses,
higher-order interactions adjust the synchronization patterns to lower multi-
node chemical coupling parameter values. Furthermore, the effect of altering
higher-order coupling parameter value on the dynamics of neurons in the
synchronization state is researched. It is also shown how increasing network
size can enhance synchronization by lowering the value of coupling parameters
whereby synchronization occurs. Except for complete synchronization, cluster
synchronization is detected for higher electrical coupling strength values wherein
the neurons are out of the completed synchronization state.

KEYWORDS

simplicial complex, higher-order network, memristive Rulkov, synchronization, cluster
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1. Introduction

Understanding the complicated functions of the brain of an individual has been
fascinating and challenging for scientists and academics (Changeux and Dehaene, 1989).
One important component of this pursuit is the development of neural models capable of
capturing the activity and functionality of individual neurons as well as the networks they
compose (Aihara et al., 1990; Boccaletti et al., 2006; Majhi et al., 2019). Neuronal models
provide a framework for investigating the brain’s computational capacities, information
processing, and cognitive function emergence (Ibarz et al., 2011). Over the years, several
neuronal models have been proposed to describe and simulate the behavior of neurons, such
as Hodgkin and Huxley (1952), FitzHugh (1961), Morris and Lecar (1981), and Hindmarsh
and Rose (1984) models defined by differential equations and Chialvo (1995), Rulkov (2002),
Izhikevich and Hoppensteadt (2004), and Zandi-Mehran et al. (2020) described by difference
equations. The memristor has recently developed as a novel electrical component with
enormous potential for neuronal modeling. In recent years, the memristor has emerged
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FIGURE 7

more.

The criteria for synchronizing a network of globally coupled mRulkov neuron maps with pairwise electrical and non-pairwise chemical synapses
represented by 2D (A, C) maximum Lyapunov exponent of the linearized System (8) and (B, D) averaged synchronization error of Network (5). In the
first row, N = 20, and in the second row, N = 50 is considered. When there are more neurons communicating with one another, the synchronization
pattern is scaled down to lower values of the coupling parameters. Therefore, as the size of the network increases, synchronization gets enhanced

dynamics of the synchronous neurons with hybrid synapses obey
the following system:

(n+1) = Jf(X(m)+
02(N = D(v — ()T (x*(n)),

(7)
y(n+1) =Jg(X(n),
¢*(n+1) = Jh(X*(n)),

which differs from the dynamics of an individual

mRulkov neuron.

In the second case, wherein the non-pairwise chemical
interactions, as well as the pairwise electrical connections,
are involved (Network 5), the linearized system change
into:

7*(n+1) = Jf(X*(n)) — o1 Nn*(n)—
0(N — 2)(2(v —x*(n))x
(Tx(* (T (x*(n))) +

(N = )2 (n))n*(n),

W (n+1) = Jg(X(n),

n?(n+ 1) = Jh(X’(n)),
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In the synchronization state, since X;(n) = Xy(n) =
w = Xn() = X(n), GV[Xn),X(n)] = 0 and
GY[x(n),X(n),Xn)] = [(v — £)?(x(n)),0,0].
Moreover, due to the global coupling scheme, we have
Zjlil 25:1‘4;‘213 = (N — 1)(N — 2). Thus, the neurons
dynamics in the synchronization state can be described as
follows:

(n+1) = Jf(X(m)+
02(N = 1D)(N = 2)(v — x*(n))T (x*(n)),
y(n+1) = Jg(X(n)),
@*(n+1) = Jh(X(n)),

&)

which is different from System (7) or even an isolated neuron

behavior.
The

the linearized systems described in Systems (6) and (8)

negative maximum Lyapunov exponent (A) of
shows the stability of the synchronization state since the
achieve zero, which means
their

information on how to

locally injected perturbations
that the
The
conduct MSF analysis for both traditional and higher-order

neurons remain in synchronous state.

Appendix provides more

networks.
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The effect of network size (N) on the synchronization of Network (5), including pairwise electrical and non-pairwise chemical interactions,
represented in terms of maximum Lyapunov exponent of System (8) as a function of (A) o1 for o, = 0.0001 and (B) o, for o1 = 0.001. An increase in
the number of neurons that communicate with one another has a different effect on the synchronization state of the network, depending on
whether the first-order (o1) or second-order (o) coupling strengths are being assessed.
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(A, C) The spatiotemporal patterns, (B, D) neurons’ time series (upper panel) and snapshots of the last samples (bottom panel) in Network (5) for
(01, 02) = (0.024,0.00004) (first row) and (o1, 02) = (0.023,0.00004) (second row). For stronger strength of electrical (first-order) coupling strength, the
neurons tend to form two synchronous clusters with chaotic dynamics (first row) or periodic behavior (second row). In the asynchronous region
located on the right side of Figure 4, higher-values of o1 lead to chaotic behaviors, while in lower values, periodic solutions occur in the synchronous
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5. Results

Using the MSF analysis detailed in Section 4, here, the effect
of applying higher-order interaction is investigated by examining
Networks (4) and (5). The averaged synchronization error is also
numerically determined in addition to the MSF technique, which
analytically provides the essential synchronization criteria for the
assessed networks to confirm the outcomes of the MSF method.
The following definition applies to the averaged synchronization

error:
| X
B= (5 2 1600 - xi00)) (10)
j=2 n
where (...) and ||...|| are the functions calculating the averaged value

over discrete time steps 7 and the Euclidean norm, respectively.
Figure 2 depicts the regions in the parameter plane o1-0, (0 <
oy < 024 and 0 < o0, < 0.03) wherein N = 5 mRulkov
neurons interacting through the hybrid synapses [Network (4)] are
completely synchronous. Such region can be detected for A < 0
(Figure 3A) and E = 0 (Figure 3B). Similarly, Figure 4 provides
the results of Lyapunov analysis of System (8) and synchronization
error calculation of Network (5) in which the chemical synapse
are considered as the second-order interactions alongside the first-
< 024 and 0 <
02 < 0.01. Figure 4 reveals that when second-order chemical

order electrical connections for 0 < o

interactions are involved with the pairwise electrical connections,
weaker strength of chemical couplings is needed to have the
same synchronization patterns as shown in Figure 3. More clearly,
higher-order interactions enhance synchronization by scaling the
patterns to lower values of 0.

The dynamics of synchronous neurons do not follow the
equation for a single isolated neuron, as demonstrated by System
(9); nonetheless, they are dependent on the network settings
as well as the model parameters, specifically the number of
neurons N and the chemical (second-order) coupling parameter
0,. Figure 5 illustrates how the dynamics of neurons in the
synchronization state, or in other words, the dynamics of System
(9), vary according to the coupling parameter o, by performing a
simple dynamical analysis using the bifurcation and the Lyapunov
exponents (LEs) diagrams. It can be seen that if first- and second-
order coupling parameter values are selected in the synchronous
regions demonstrated in Figures 4A, C, the mRulkov neurons are
able to exhibit chaotic and periodic behaviors according to the
dynamical analysis performed in Figure 5. More precisely, it can be
recognized that the neurons synchronize with the dynamics shown
in Figure 5 if the first-order coupling strength oy is chosen in the
synchronous zone indicated in Figure 4. For instance, Figures 6A,
B shows that N = 5 mRulkov neurons in a higher-order network
defined in Network (5) achieve synchrony with periodic dynamics
(LE; = —0.2472, LE, = —0.0656, and LE; = 0) for oy = 0.1
and o, = 0.002; however, if 67 = 0.1 and 0, = 0.01 are selected,
as indicated by Figures 6C, D, they behave chaotically (LE; =
—0.2065, LE; = 0, and LE3 = 0.0499) in the synchronization state.

To further examine the impact of network size on the
synchronization state of the higher-order network composed of
mRulkov models, larger networks with more interacting neurons
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are taken into consideration. Figures7A, B demonstrates the
synchronous and asynchronous regions of Network (5) for 0 <
o1 < 0.06and 0 < o, < 0.00035 when N = 20 neurons are
involved. Similarly, the stability regions of Network (5) with N =
50 neurons are 0 < o7 < 0.024 and 0 < o0, < 0.0000505 shown in
Figures 7C, D. More precisely, the results show that as the network
size increases, the synchronization patterns are scaled to the lower
values of both first-order and second-order coupling parameters.
However, the amount of this decrease is not the same for o7 and o5.
Figure 8 illustrates how the number of participating neurons affects
the network’s synchronization according to the variation of o; while
02 = 0.0001 (Figure 8A), and o3 while o1 = 0.001 (Figure 8B).
Focusing on the asynchronous regions in Figures 7C, D,
wherein N = 50 mRulkov neurons are configured in a higher-
order network described by Network (5), cluster synchronization
patterns can be detected. More precisely, it is found that
the neurons evolve asynchronously in lower values of o) (in
asynchronous regions) while in higher values, they tend to
participate in forming synchronous clusters. For instance, as shown
in Figures 9A, B, two-cluster synchronization is found for o7 =
0.024 and o0, =
behave chaotically. Based on Figures 9C, D, the same two-cluster

0.00004, in which the synchronous neurons

synchronization pattern is also identified for o1 = 0.023 and 0, =
0.00004; however, the neurons evolve periodically synchronously in
each cluster.

6. Conclusions

The consequences of applying higher-order interactions on
the synchronization of the mRulkov network were well-explained
in this research. In order to achieve this goal, a network of
globally connected mRulkov neurons was considered, in which
electrical and chemical synapses were respectively applied to the
two- and three-node interactions. Thereafter, the regions of the
coupling parameter space wherein the neurons were completely
synchronous were detected through the MSF approach, which
was then verified by calculating the networks synchronization
error. The same study was carried out on a network with pure
pairwise hybrid interactions, wherein electrical and chemical
pathways were considered active simultaneously. Our findings
suggest that not neglecting the non-pairwise or multi-node
interactions can improve global synchronization by scaling
synchronization patterns to lower chemical coupling parameter
values while leaving the electrical coupling strength the same.
Furthermore, the higher-order coupling strength and network
size were demonstrated to alter the behavior of neurons in the
synchronization state. Therefore, through the bifurcation analysis,
the behaviors of the synchronous neurons, regardless of the stability
of the synchronization manifold, were investigated concerning
the variation of the second-order chemical coupling parameter.
Additionally, it was demonstrated that the neurons could exhibit
periodic or chaotic behaviors in the synchronous zone of the
parameter space. Through the Lyapunov analysis of the linearized
system developed with the MSF formalism, the influence of the
engaged neurons number on the network synchronization was
also investigated. The results showed that the synchronous patterns
scale to smaller values of the coupling parameters as the network
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size grows. Furthermore, looking more closely at the asynchronous
regions, cluster synchronization patterns were detected. It was
shown that the synchronous neurons in the cluster have periodic
or chaotic dynamics.
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