500 IEEE TRANSACTIONS ON NETWORK SCIENCE AND ENGINEERING, VOL. 10, NO. 1, JANUARY/FEBRUARY 2023

A Distributed Dynamic Event-Triggered Algorithm
With Linear Convergence Rate for the Economic
Dispatch Problem

Ziwei Dong, Shuai Mao ", Matjaz Perc

Abstract—With the rapid development of the scale of distributed
energy resources, the implementation of distributed algorithms
imposes ever-increasing requirements on communication resources.
With the aim of reducing the communication burden required to
solve the economic dispatch problem, we here consider three key
aspects, namely the amount of information exchanged per broadcast,
the broadcast frequency per iteration, and the number of iterations
needed to achieve a certain accuracy. The proposed primal-dual
based algorithm is integrated with a discrete dynamic event-triggered
scheme and enjoys significant advantages in all three mentioned
aspects. We prove that the proposed algorithm converges to the
optimal point at a linear convergence rate for suitable operating
parameters and for cost functions that are strongly convex and
smooth. We confirm the effectiveness and demonstrate the advantages
of our approach by means of a set of simulation experiments.

Index Terms—Distributed economic dispatch problem, linear
convergence rate, dynamic event-triggered scheme, distributed
optimization, power system.

1. INTRODUCTION

VER the past few decades, the power system, have been

undergoing transformation with the help of emerging tech-
nologies [1], [2], [3]. As the power system continues to modernize,
systems composed of conventional generation power plants are
gradually replaced by systems composed of a large number of dis-
tributed energy resources [4]. In the pursuit of better coordinations
of the distributed energy resources, the economic dispatch problem
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(EDP) arises, abstracted as minimizing the total cost of electric
power generation under output constraints and the total generation
demand [5], [6]. To deal with EDP, an effective but traditional
solution is centralized optimization, which suffers from perfor-
mance limitations, such as single point of failure, high communi-
cation requirement, substantial computation burden and limited
flexibility and scalability [7]. To overcome performance limita-
tions, distributed optimization strategies have been proposed,
which take advantages of local computation and communication
between agents to realize the global optimization [7]. In the case
where output constraints are excluded, the central-free algorithm
(CFA) in [8], [9] works. However, for cases with output con-
straints, CFA cannot be directly applied because the balance
between demand and supply will be damaged by operations, which
are utilized to deal with constraints. To deal with EDP distribut-
edly, the barrier-based method is employed to transform EDP to
an unconstrained case [10]. Another mature method is to apply pri-
mal-dual theory and transform the original EDP to the dual prob-
lem [11], [12], which is a distributed optimization problem.

A. Motivations

Nowadays, some practical conditions have been taken into con-
sideration, such as random noises in gradient and communication
delays [13], unpredictable communication failures [ 14] and unbal-
anced directed communication topology [15]. However, few
researches consider communication burden. Due to an increasing
number of distributed generators that are integrated into the main
grid, the implementation of distributed algorithms has higher
requirements on communication resources. Considering the scale
of smart grid and its communication network, the tremendous
amount of exchanged information may exhaust communication
resources and even lead to failure of convergence [16]. The
impact of communication burden should be taken into the consid-
eration when the algorithms are applied into practical cases [16].

Three aspects are considered and discussed as below:

e the number of iteration for achieving certain accuracy;
e the broadcast frequency per iteration;
e the amount of information exchanged per broadcast.

B. Literature Review

First, the number of iteration for achieving certain accuracy is
considered. Commonly discussed in both centralized and distrib-
uted optimization, it is directly reflected by the convergence rate
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of the algorithm, where the faster is preferred since the higher
rate may mean fewer iterations and less communication time.

The aforementioned algorithms with diminishing step sizes
can only guarantee the sublinear convergence rate or their exact
convergence rate cannot be obtained. Employing fixed step
sizes, the algorithm in [10] can asymptotically converge, but
even the accelerated version can only improve the theoretical
convergence rate to (’)(k%) (a sublinear rate). As shown in the
researches of the dual problem, distributed optimization prob-
lem, diminishing step sizes influence the convergence rate [17],
[18], [19] and the linear convergence rate can be obtained by
some algorithms [18], [19] employing fixed step sizes. More-
over, it further reveals the difficulty for the meticulous design
and analysis of linear convergent algorithms, i.e. if diminishing
step sizes are simply replaced by fixed ones, the algorithm can
not reach the exact optimal point [20]. As to EDP, counterparts
of [18], [19] are proposed in [21], [22], lacking theoretical analy-
sis for the linear convergence rates. A distributed ADMM-like
method, called DPDA-D in [23], also includes fixed step sizes
and lacks the exact convergence rate. Recently, there exist some
successful attempts. Algorithms based on DIGing [18] are pro-
posed in [24], [25], [26] and their linear convergent rates are
proved along the small gain theorem used in [18].

Second, the aspect of the broadcast frequency per iteration
is considered. The event-triggered scheme is widely used in
multi-agent systems to reduce unnecessary communication
per iteration [27], [28] by restricting transmissions to the case
when the event-triggered condition is satisfied. It is verified
that with a properly designed event-triggered scheme, the
communication frequency decreases while maintaining key
properties [10] and the core is the design of event-triggered
condition [29], [30].

Some researches integrate the event-triggered scheme into
linearly convergent algorithms. Based on the algorithm
in [26], event-triggered versions and an accelerated one are
provided in [31] and [32] respectively. Note that only static
event-triggered scheme is integrated in the aforementioned
algorithms. As one of future research prospect in [28], the
dynamic event-triggered scheme is preferred since it employs
an internal dynamic variable as the error threshold, which may
increase at some steps and thus can allow for larger trigger
intervals. It is theoretically proved in [33] that the lower bound
of interval obtained in the dynamic event-triggered scheme
must be larger than or equal to the one obtained in a traditional
static event-triggered scheme.

Recently the dynamic event-triggered scheme has been inte-
grated into continuous-time algorithms to deal with various
problems in multi-agent systems [34], [35], [36], [37], [38].
However, few researches try to integrate the dynamic event-
triggered scheme into distributed algorithms for the consensus
optimization problem and EDP, probably because the internal
variable, always larger than some w’ used in [31], [32], brings
difficulties into the proof along the small gain theorem in [31],
[32], even though it may provide a looser threshold [39]. It is
unknown whether the linear convergence rate can be main-
tained or not when a dynamic event-triggered scheme is
integrated.

C. Statement of Contributions

Motivated by the practical need for lessening communica-
tion burden in smart grid, this paper proposes a distributed
algorithm with dynamic event-triggered scheme and provides
a theoretical proof for its linear convergence rate when the
objective function is Lipschitz smooth and strongly convex.

e The proposed event-triggered algorithm relieves the bur-
den of communication from three aspects. Compared
with asymptotically convergent algorithms in [10], [13],
[14] that also broadcast one variable, the proposed algo-
rithm guarantees faster convergence rate and less itera-
tions. The integration of dynamic event-triggered scheme
helps reduce the communication frequency. Compared
with linearly convergent algorithms in [24], [25], [26],
[31], [32], the proposed algorithm is carefully designed to
use only half amount of exchanged information per
broadcast, which touches on the third aspect, the amount
of information exchanged per broadcast process.

e Furthermore, note that our work is a successful attempt
to integrate dynamic event-triggered scheme into algo-
rithms for EDP in smart grid. It is proved that the
dynamic event-triggered scheme always works when
the step sizes are chosen in the given ranges. Moreover,
our work theoretically shows that the linear conver-
gence rate can be maintained when a dynamic event-
triggered scheme is integrated.

e The most similar counterpart in distributed consensus-
based optimization problem is the one proposed in [40],
which is a discrete-time counterpart of the continuous
time algorithms in [41]. However for linear conver-
gence, a matrix condition containing the step size is
given in [40] rather than a specific range of step size.
Furthermore, it is not clear whether there exists such
step sizes that the matrix condition in [40] holds. In con-
trast, the proposed algorithm in this paper possesses
flexibility and the analysis gives a chosen range for step
size to guarantee the linear convergence.

D. Paper Organization

Section II introduces notations, communication topology and
the formulation of EDP. Section III reformulates EDP and pro-
poses time-triggered and dynamic event-triggered algorithm.
Theoretical results are shown in Section IV and verified by a
simulation case in Section V. Section VI concludes the paper.

II. PRELIMINARIES
A. Notations

Unless otherwise stated, subscripts and superscripts are
used to distinguish nodes and to mark the time respectively.
Denote 1, 0 as all one column vectors and zero vectors. For
two vectors x and y, their inner product is denoted by (x,y).
Denote I as the identity matrix. For a matrix A, AT, \,,0.(A)
and o,,,,(A) represent its transpose matrix, the largest eigen-
value and the largest singular value respectively.
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Fig. 1.
resents a simple approximation of the American Electric Power system as of
February 1962, which has 14 buses, 5 generators and 11 loads. EDP arises
among the generators to minimize the total cost of electric power generation
while meeting the total generation demand.

EDP in the IEEE 14-bus system [42]. The IEEE 14-bus test case rep-

B. Communication Topology

In this paper, each generator is modeled as an agent that can
communicate with some of others, as shown in Fig. 1. The
communication topology in EDP is constructed as an undi-
rected network G = {V, &, W} composed of N agents, where
V, ECV xV and W represent the set of agents, the set of
communication links and communication weight matrix.
Wi; = Wi; > 0if there exists a communication link between
agents ¢ and j, and otherwise W;; = 0. Denote N; = {j:
Wi; > 0,7 € £} as the neighbour set of agent ¢.

Assumption 1: The communication graph G is connected.

Assumption 2: 1) For all i, W;; > 0;

2) For all W;; # 0, there exists a constant ¢ > 0 such that
Wl‘j > c;

3) W is doubly stochastic, i.e., W1=1,1"W =1".

The Laplace matrix L = I — W is used in the remainder of
this paper. It is easy to get that 1' L = 0and L'1 = 0.

C. Problem Formulation

Consider a power system including N distributed genera-
tors (nodes), each of which is associated with a capacity limit
and a local private objective function to measure the produc-
tion cost of its power output. The task of EDP is to coordinate
all distributed generators to jointly minimize the total genera-
tion cost within capacity limits while meeting the total power
demand, i.e.,

N

min Y Fia;)

1=1

N N
subject to ZL = Zdi =d
i=1

i=1
2 € X, )
where z;, X; C R™ and F;(x;) : X; — R are the local deci-

sion vector (power output), constrained set (capacity limit)
and local private cost function of generator 7, respectively. For

each agent ¢, only virtual local demand d; is available. The
sum d = Zf\il d; represents the total demand of the system.

Without loss of generality, we assume, that the variable x
has only one dimension, i.e., m = 1.

Assumption 3: The constrained set is nonempty and
convex.

Assumption 4: For all i € V, the local cost function F;(x;) :
X; — R is differentiable and has a Lipschitz continuous gra-
dient, i.e., there exists a Lipschitz constant [ € (0,400) such
that

IVE(z) = VEy)llp < Uz —yllp

forany z,y € X;.
Assumption 5: For all i € V, the local cost function Fj(x;) :
X; — R is differentiable and p-strongly convex, i.e.,

n
Fi(y) = F(2) 2 (VE(x).y = 2) + 5 llz — yll7
forany xz,y € X;.
Assumption 6: The optimal solution set of (1) is nonempty.
These assumptions are fairly standard and commonly used
in related work, such as [10], [18], [19].

III. ALGORITHM DESIGN

In this section, we first reformulate EDP for the conve-
nience of algorithm design, which is similar to [15]. Then we
propose a time-triggered algorithm and integrate dynamic
event-triggered scheme into it.

A. Problem Reformulation
The Lagrange function of the EDP (1) is

N
i=1

L(x,\) :ZE(xi)+)\<ixi—idi>.

3

For a convex function f:S — R, denote its conjugate
function as f(y) = sup,cs(y’ = — f(z)) fory € RIS,
Then the dual function of the EDP (1) is

N N N
D(/\) = min ZE(?EJ + A Zl‘i, - Zdz
A =1 i—1
N N
=— /\;di - ;;Slelgi(_ﬂ(xi) — Az;)

I

\
>
&

\
e
',

\
<

Define H;(\) = Ad; + F/*(=A\) and H\) = 32N Hi(\) =
—D(\). Then we can get the dual problem of (1) is

min H(\).
AeR

(@)

According to the definition of the conjugate function, the
gradient of H;(\) is VH;(\) = d; — x;.
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Lemma 1: [43] For a function f: X — R which is differ-
entiable, p-strongly convex and has a [-Lipschitz continuous
gradient, its conjugate function f= is differentiable, %—strongly
convex and has a i—Lipschitz continuous gradient.

Until now, we have given the dual problem of the EDP,
happened to be a distributed consensus-based optimization
problem. When Assumptions 4 and 5 hold, Lemma 1 gives
that the objective function in (2) has similar properties with
that in (1) with different parameters.

B. Time-Triggered Algorithm

Since we have given the dual problem (2) in the preceding
subsection, here we consider solving a local dual problem fol-
lowed by a subroutine that can distributedly find a consensus
on the dual optimal point. Define x* = [z}, 2%, ..., xé\,]T and
d=[d,dy,... ,dN]T. \F, zF and g’ are defined in a similar
way. Then the primal-dual algorithm is designed as following:

N
x* = arg min { Z(Fz(xl) + )\;“xi) }5
xe] [ X i=1

gh=—x"+d;
)\k+1 :)\la _ ﬁL)\k _ aIng _ )//sz;
2M =zF + BLAF. 3)

where z° = 0.

Remark 1: To implement the proposed algorithm, during
time ¢ € [k, k + 1], each distributed generator ¢ maintains the
orlgmal variable z¥, dual variable ¥ and the compensation var-
iable zZ , and then transmits dual Varlable )\f to its neighbours.
Compared with [24], [25], [26], [34], [35], [36], [37], our algo-
rithm requires half amount of exchanged variables per iteration
while the amount of maintained variables is the same.

C. Distributed Dynamic Event-Trigger Scheme

To further reduce the communication burden, we integrate
event-triggered scheme into our algorithm.

Denote {k;;} as the event-triggered time sequence of node i.
Denote /\" as the information used by the neighbours of node ¢
at time k. Node 7 sends its latest estimation /\,L” = )\f to its
neighbours only at the event-triggered time k = k;;. Conse-
quently, only at the event-triggered time k = k;;, neighbours
of agent 7 can get exact information of )\k’ while during time
k€ [kiy + 1, k41 — 1], neighbours of node i can only use out—
dated information offered by node ¢ at time k; 4, i.e. )\k A; Fit

Under event-triggered scheme, our algorithm is des1gned
as

N

x* =arg min { Z(E(XL) + )‘fxi)};
XEHXi i=1

gk = — Xk + d;

N =X - LA — apgt - B2,
2" =zF 1 pLA". )

Remark 2: The event-triggered scheme means that each
node inevitably has to maintain the latest received information
of its neighbours for next iterations. Compared with [34],
[35], [36], [37], as our algorithm requires half the amount of
exchanged variables for updates, the amount of storage for
neighbours’ estimations is also reduced by half.

Remark 3: To guarantee the effectiveness of the algorithm,
the broadcasted estimation Xf‘, rather than the latest estimation
M is used in the update iteration of A¥™!. One benefit is that if
we rearrange the computation order, there is no need to main-
tain /\i.C any longer, saving a part of storage further.

As stated in [28], the key task in designing the event-trig-
gered scheme mainly lies in the event-triggered condition.

To provide a better tradeoff between preserving conver-
gence performance and reducing communication consump-
tion, dynamic event-triggered scheme is used in this paper,
even though it may make the convergence analysis more
difficult [28].

For each node i =1,2,..., k

N, denote the error as e; =
1 Ck
=52 jen; LijllA] —

/\i.C H2 > 0 and an internal dynamic variable as qu:{ satisfying

Lk k e : ko
AP — A7, an auxiliary variable as p} =

a0 == =il =i > 00 )
Then, the event-triggered time for node ¢ is designed as
kiti1 = m}jn{@iHef’HQ > 0k > kit (6)

This means that 6;]|e¥||* < x* always holds for all k.

The proposed algorithm with dynamic event-triggered
scheme from the view of node ¢ is summarized in Algorithm
1. Note that for each node 7, we leave out the hat and the
superscript of neighbours’ information (representing inaccu-
racy and time respectively) as we only need to save and use
the latest received estimates from each neighbour and there is
no need to number them.

Remark 4: The advantages of dynamic event-triggered
scheme against static event-triggered scheme used in [31],
[32] is clear now. In detail, the researches [31], [32] employ
|e¥||” > cw” for some ¢ > 0 and w € (0,1) as a triggered
cond1t10n For any ¢ > 0 and w € (0,1), we can simply set
)( >cand 1 —1— g—‘ = w and get that the upper bound for
||ek+1|| in the proposed event-triggered condition is always
larger than that of [31], [32], i.e., x'™' > (1—7— 5))(1 +
8imiph ™t > wyl > --- > cwh!. Hence, the dynamic event-
triggered scheme can provide larger intervals and further
reduce the communication frequency.

IV. MAIN RESULTS

In this section, we first discuss the relationship between the
fixed point of the proposed algorithm and the optimal point of
EDP. Then we give analysis for linear convergence of the pro-
posed algorithm and the effectiveness of dynamic event-trig-
gered scheme.
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Algorithm 1: for each node .

Step 1: Initialization

e Choose arbitrary )\? as the local estimation of dual variable and
arbitrary X? > 0 as internal dynamic variable. Set the correction
item 2) = 0 and ;' = 0.

e Set k = 0. Broadcast its own estimation A¥ to neighbours and
save it as f\i. Let the error ef = Xi — /\i-" =0.

® Receive and save \; from all neighbours j.

Step 2: Computation and Communication

1: for time k =0,1,..., K do

2: Compute along (4) from the view of each node i:

xf =argmin{ F(z;) + M };

z;€X;
9? =- mf +d;;
k+1 _ Y \ k k.
MNP =X 4+ B> Wi\ = ) — aBgl — vB2;
JEN;
A= =Y Wi = A,
JEN

3: Keep receiving and updating the neighbours’ state as \; = Aﬁf“.
Update the internal dynamic variable of event-triggered scheme
along (5) and check whether the event-triggered condition holds.
That is:

k k+1,
ei+1 :xi . )‘iH’
1 - -
P =2 > Liglhi = Al
JEN;
=0 = v = it — napk ).
if9i||€f+l\|2 > Xf“ then

Broadcast A1 to neighbours.
Update \; = AL and ef ! = 0.

end if
4: end for
Step 3: Output of the local estimation
e Compute
2f = arg min{ F} (z;) + A ).
z;€X;

° xf"“ is the local estimation of the optimal point of the problem

(1) after K steps.

A. Optimal Point

In this part, we show that the fixed-point of our algorithm is
just the optimal point of (1). Define x* and \* as the optimal
solutions of the primal problemd and the dual problem.

Suppose that the proposed algorithm (3) converges to a
fixed point (x>, A*°,z*). Then according to the algorithm, it
is clear that the fixed point satisfies that

x;° = argmin{ F;(z;) + X\°z;};

z;eX;
LX* =0; ag(A>*)+yz>* =0.

Since 1T L = 0, we have

1727 =1"2"= .. . =1"2"=0forany k=0,1,....

Thus S e =N d=1Tg(AF) = —X172% = 0.
According to Theorem 6.2.5 in Ref.[44], (x>, A*) is the sad-
dle point of the Lagrange function £(x, A) and x> and X are
the optimal solutions to the primal and dual problems with no
duality gap, i.e., (x*, \*) = (x>, A*).

Denote z* = z* and we have ag(A*) + yz* = 0.

B. Convergence Analysis

Define U = ,/yBLY?. Then we have the following lemma
for the dual problem.

Lemma 2: [19] Under Assumptions 2, 4, 5 and 6, A\] =
Ay = --- = X}y is the optimal solution of the dual problem (2)
if and only if there exists b* = Ua for some a € R™ such that

{ Ub" + apg(X’) =0,
UX =0.

Next we will transform the proposed algorithm for the con-
vergence analysis. After the transformation, it will be clear to
see the similarity of the conditions between Lemma 2 and the
fixed point of the proposed algorithm.

According to the iteration, z* = 8 Zf;& L;\t. Thus the pro-
posed algorithm can be written as

Nt = 3 LA apgh — 2 ki L\, %
where =
g"=—x"+d,
k . ; k
X" = ; aigerzrvllm{ﬂ(xz) + AP}

Define b =UF X, then 2 = LUb" ! and (7) can be
written as

Nt = 3 A apgh — UbF ®)

Now we have been ready to show the main theorems.

Theorem 1: Suppose that Assumptions 1-6 hold. The
parameters are properly chosen as below: the step size y > 0,
B satisfying

ﬁ c 0, Umax(L) - \/Uilax(L) - 46111ax(L)y ,
2Un1ax(L)y

¢, € (0,%) and « satisfying

e (0,200 B0 yBomlL))

and event-triggered parameter t; € (0, 1), §; € (0,+00), n; €
[0,--] k and 6; satisfying

: As Ay 8
T§K<E7 0i>max{ﬁ7l_n},

i
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where A, and Aj are defined as

Ay =10+ 487/2/340111%([/)

€1 1 §-4 1)
e T +—),
8 <<yﬂ2)‘min([/) §2> §4 -1 CS
and

gsamax(-[ - 5(1 - VIB)L) << €1 1) {4 1>
As = +— +—
§8 -1 V,BQ)\min(L) §2 §4 -1 §3

for some &y, &3 in (0,400) and ¢, &g in (1,+00). Then there
exists €, > 0, e > 0 such that the sequence {x", A"} gener-
ated by Algorithm 1 satisfies

1 k
Ne— 1P < <—>
” H - (1+min{61762})

C,

1 fo

k%2 <N\ ) —
[ — x| —((1+min{e1,€2})) W

where the constant C' = ol (I — (1 — yB)L)M".
In detail,

0 < €1 < min{ey,€ea}

and

1 A4 A5
< - —-—— —
0<62_K< 91‘+6i K>,

where 5 € (1, 400),

V,BZ)\min(L)(CS - 1)((1 - a_ﬁQ) - :3(1 - yﬂ)alllaX(L))

S

€11 = 5 ,
{48s5€1 (\/O—ﬂ,y + ‘%3)
ey @B = 81) T2B(1 ~ 2yB)own(L)

Opy + S (1= 28) VoD +2)
By yﬂQ Ammin (L) Y max m

and 0, = Opax(I — B(1 — yB)L).

Proof: See Appendix A. |

Remark 5: With the most similar structure for distributed
consensus optimization problem, [40] provides a matrix con-
dition for the linear convergence rate property, which may not
have any feasible step size. Note that here in Theorem 1,
explicit ranges for parameters of the proposed dynamic event-
triggered algorithm are given to guarantee the linear conver-
gence rate.

Remark 6: The parameters «, 8 and y adjust the weight of
the local gradient, other nodes’ estimations and the correction
item respectively. It is shown that the convergence rate has a
complex relation with the parameters and no qualitative rela-
tionship can be given from the view of theoretical analysis.
For the event-triggered algorithm, the parameters regarding
the event-triggered scheme also influence the convergence
rate. In detail, bigger t;, 6; and smaller §; tend to indicate
higher convergence rate and more frequent triggering.

Theorem 2: Suppose that Assumptions 1-6 hold. The
sequence {x*, )\k’} generated by the proposed (time-triggered)
distributed algorithm (3) satisfies

N = NP <(1+ea) 0O,

r C

2 —
I = x|° <(1+er) ik

where € > 0 and the constant C =0} (I —B(1—

yB)L)M?". The parameters are properly chosen as below: the
step size y > 0, B satisfying

,3 c (0’ UrrlaX(L) — \/U?nax(L) — 401113)(([’))/),

2amax(L)y
¢y € (0,%) and « satisfying

;1“2(1 — :8(1 — yﬁ)amax(L))
S <O, B >

Proof: The proof is omitted due to its similarity to the proof
for Theorem 1. u

C. Effectiveness of Event-Triggered Scheme

Theorem 3: In the same setting of Theorem 1, the event-
triggered scheme always works when the parameter t; is cho-

senas T; < qu )

Proof: See Appendix B. |

Remark 7: A successful integration of event-triggered
scheme can reach a balance between the reduction of event-
triggered time and the influence on convergence rate. As to
the convergence rate, Theorem 1 shows that the integration of
the dynamic event-triggered scheme does not influence the
convergence rate greatly even if we cannot draw an exact con-
clusion on the decaying rate of the event-triggered bound y.
As to the triggered time, an undesirable case is that the event-
triggered bound decays faster. For example, if we integrate a
trigger scheme with linearly decaying bound into a sublinearly
convergent algorithm, the triggered condition will always be
satisfied after some time, which means the event-triggered
scheme does not work anymore. Theorem 3 shows that a prop-
erly chosen parameter will promise the effectiveness of the
proposed event-triggered scheme in the long run.

V. SIMULATION

In this section, we illustrate theoretical results via numerical
examples and demonstrate comparisons with algorithms in
recent work [15], [29], [30], [31], [32].

We choose the case adopted in [31] and [32] where the eco-
nomic dispatch problem in the IEEE 14 bus system with five
generators is considered as described in Fig 1. The cost func-
tion of each generator is provided as

2 min max
Fi(z;) = a;x; + bxg, o™ < @ < ™.

Note that the capacity constraints are not tight at the optimal
point in the case in [31], causing the problem degenerating into
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TABLE I
GENERATOR PARAMETERS IN IEEE 14 BUS SYSTEM

Bus  ai($MW?2)  by(SMW)  [z10 gaX](MW)  x}
1 0.04 2.0 [0,80] 80
2 0.03 3.0 [0,90] 90
3 0.035 4.0 [0,70] 194/3
6 0.03 4.0 [0,70] 70
8 0.04 2.5 [0,80] 226/3

an unconstrained problem at the neighbourhood of the optimal
point. To demonstrate the main results, we employ the genera-
tor parameters and power demand Zf\il d; = 380MW adopted
in [32], which are summarized in Table I.

A. Performance From the View of Figures

As shown in Fig 2, the proposed algorithm can find the opti-
mal point while the event-triggered scheme works and the
nodes communicate intermittently. To vividly show the con-
vergence rate and the performance of event-triggered scheme,
comparisons are carried out. In the comparisons, the algo-
rithms in [15], [29], [30] are slightly adjusted to solve the case
of EDP with event-triggered scheme. For example, the static
event-triggered scheme used in [31] is integrated into the algo-
rithm in [15]. It is easy to get that the adjustments will not
change the property of convergence and convergence rate of
the original algorithm. In order to enable algorithms to realize
their full potential, step sizes are carefully selected based on
the recommended choice in [15], [29], [30], [31], [32].

Two representative generators are selected in Fig. 3. Since
the optimal point of generator 2 is at the constraint boundary,
the exact solution is found after some step k for all algorithms,
which is exhibited as a line with an ending. On the contrary,
the constraints of generator 5 are not tight at the optimal point.
Thus as shown in Fig. 3(b), the generator 5 constantly seeks
for the optimal point. It is shown that algorithms in this
paper, [31] and [32] all converge linearly to the optimal point,
while the algorithms in [15], [29], [30] do not. It is verified
that ET-DAPDA in [32], as an accelerate version of ET-
DPDA in [31], is faster than ET-DPDA, while our algorithm
is fastest in this case.

Slight wave exists in the proposed Algorithm 1 and [32] in
Fig. 3 as a result of the event-triggered shceme. It has been
shown in various work, such as [20], [44], that with inexact
information, algorithms can only reach an neighbourhood of
the exact solution. As a important feature of the event-trig-
gered scheme, algorithms always use outdated information as
approximation of neighbours’ states. When the event-trig-
gered condition is satisfied, the neighbours receive new infor-
mation as stimulations and reach a higher accuracy. Thus a
well designed event-triggered condition will be satisfied when
necessary and help the algorithm constantly seek for the exact
solution. It is shown in Section IV and verified in Fig. 3 that
linear convergence rate maintains when the dynamic event-
triggered scheme is integrated into the proposed algorithm.
The fact in the proof of Theorem 1 is also verified in Fig. 3
that the error is bounded by a linearly decreased bound.

(a) Convergence of A

s -5 —— )\ —8— )\ )\3+)\4+/\5 b
-10 i ol M ol -
0 100 200 300 400 500
step k
- (b) Generation
5 e
f6 -
E —— I —8— Ty $3+$4+(E5
L Il Il Il Il
@)
100 200 300 400 500
step k
(c) Event trigger time instants of five generations
8#* * ¥ % H‘****** ‘*** **‘ * ¥ % **‘ * *
4% % Kok dek * I I - - - e
3 4
1 * k¥ k¥ Mok - - W ek W W W E
0 100 200 300 400 500
step k

Fig. 2. Performance of Algorithm 1. (a) The evolution of generators’ estima-
tions on dual variable \; (b) the evolution of generators’ output {x; }; (c) the
triggered time of the proposed dynamic event-triggered algorithm.

(a) Evolution of e = 2§ — z}
\ \ \ \

— 0F  TETL Ty Oy O, O, B
< "
= -k Algorithm 1 in this paper 1:
s Lo : 1
B [32]
=4+ Adjusted [29]
b Adjusted [30]
Adjusted [13]
_10 ! I I I I
0 100 200 300 400 500 600

step k

(b) Evolution of ef.s =zt -}

ek |

20+ - Algorithm 1 in this paper Ty
we[31]
[32]

=30 + ¢ Adjusted [29]

P Adjusted [30]

AL‘ijuslcd [13‘]

0 200 400 600 800

1400 1600 1800 2000

40

\ \
1000 1200
step k

Fig. 3. The comparison of relative errors across different algorithms. (a) The
evolution of error for the second generator (bus 2); (b) the evolution of error
for the fifth generator (bus 8).

B. Performance From the View of Data

Two indices are considered in the simulation to measure the
effect on reducing communication burden. One commonly
used index is the trigger frequency. When the error between
the estimation 2¥ and the optimal solution z} reaches the accu-
racy e 2 for all generators, the average communication rate of
the proposed algorithm is 77/745 = 10.34%, while that of [15]
[30] [31] and [32] are 5720/17445 = 32.79%, 4792/8675 =

55.24%, 701/4245 = 16.51% and 470/2885 = 16.29%
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TABLE II
NUMBER OF TRIGGER OF ALL NODES

Accuracy e ! e 2 e 0 e”10 14
[30] 1738 2744 -1 - -
[29] 4144 - - - -
[15] 6065 17445 5302735 - -
[31] 661 701 869 1039 1215
[32] 444 523 639 742 847
(3)? 475 625 1190 1835 2385

Algorithm 1 65 77 173 298 397

L The accuracy can not be achieved within ten million iterations.
2 (3) is a time-triggered version of Algorithm 1.

respectively. The average communication rate of the algo-
rithm in [29] is absent here since the algorithm fails to reach
the accuracy e~2 within ten million iterations.

As the event-triggered scheme extends the communication
intervals, it leads to more iteration steps and may slow down
the convergence rate. Thus to measure the effect on reducing
the communication, the relation between the number of trigger
and the achieved accuracy is also considered as an index and
shown in Table I and Table III. By comparing the results of
time-triggered algorithm (3) and event-triggered Algorithm 1,
it is clear that the integration of dynamic event-triggered
scheme in the proposed algorithm does reduce communication
burden in this case. In Table II we can see that the proposed
algorithm uses fewer steps than [15], [29], [30], [31], [32] to
meet four different accuracy requirements. In Table III we can
see that the proposed algorithm can achieve higher accuracy
than [15], [29], [30], [31], [32] with four different trigger num-
bers. These all show the advantage of the proposed dynamic
event-triggered algorithm. Furthermore, if we compare the
algorithms by the amount of variable transmitted, the pro-
posed algorithm enjoys even smaller one than [31] and ET-
DAPDA [32].

VI. CONCLUSION

This paper concentrates on dealing with economic dispatch
problem distributedly and reducing communication burden
without increasing computation complexity. Three aspects are
considered and implemented, that includes the iteration num-
ber under certain accuracy requirement, the broadcast fre-
quency per iteration, and the amount of information
exchanged per broadcast. Based on the primal-dual method,
this paper proposes a linearly convergent algorithm which
only needs half amount of transmitted variables compared
with existing algorithms. Furthermore, dynamic event-trig-
gered scheme is integrated while the linear convergence rate
is retained. The effectiveness and advantage of the proposed
algorithm are shown by numerical simulations.

APPENDIX A
PROOF OF THEOREM 1

First we need to prove the following Lemma.
Lemma 3: For the sequence {\*,b", x e*}, the following
equation always holds:

TABLE III
ACHIEVED ACCURACY OF ALL NODES (max; {log o|zf — X7|})
Number of Trigger 50 100 500 1000

[301 1.9542 1.9542 1.5337 0.9078
[29] 1.6942 1.3400 0.1782 0.0038
[15] 1.3481 1.3481 0.6757 —0.2160
[31] 1.9197 1.8324 0.7658 —3.9567
[32] 1.8924 1.7923 —1.6215 —9.6353
(3)* 0.9989 0.7270 —0.5711 —2.0002

Algorithm 1 0.1636  —1.2867 —7.7111 —12.1150

! One node is called triggered if it sends its current information to at least one of its
neighbours.

203 ) is a time-triggered version of Algorithm 1.

+1 ok

B(L— 2B LA =) + (1= (1 — ypL)AT =AY

- _ Olﬁ(gk _ g*) _ U(bk+1 _ b*) + ek+1.

Proof: According to the definition, we have U'U = yp* L
and b1 — pF = A"
as

. Thus the iteration (8) can be written

Nt =3 A" apgh — UbH!
=N LA —apgh — UbM 4y L3+ AT,
Thus,

B =2y LA 4 (1= pL+yp2 )T = 1)

- _ Olﬂgk _ Ubk'-‘rl + ek+l.

By noting that Ub" + afg(A*) = 0, we come to the conclu-
sion that

B — 2B LA = XY + (1 B — yp L) (AT A
_ aﬂ(gk _ g*) o U(bk+l _ b*) + ek-‘rl.

|
Now we are ready to prove Theorem 1:
Proof: According to the definition of x¥ and the event-trig-
gered condition, we have

, 5 ,
x> (LT smpl
1

As pi-" and ! are nonnegative and positive respectively, xf’ >
. . 5
0 will always hold by setting 1 — 7 — o > 0.
Define

VE=lq" - q"|IZ,

Thus V5 = A = X170 + 16" = b7
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Next we focus on

VE— VR =)t - q )G - 19 - Il
As the equation
2(q"" - ", G(q" — q*"))
=—d"" = Qg+ 9" — q*lz — 194" — 41l
always holds, it results into that

Vk: _ Vk‘+1

=2(q""" - q*,G(q" - ¢"™)) + 4" - "I,
=ld"" - q 'IIG +2(b"! —b" b —b"")

+ 2N = A (T = (1 = yB)L)(A" = X)),
Recalling the deﬁmtlon of b and UX* = 0, it is easy to get
b —bF = and obtain

Vk _ Vk‘+l

k+1 k2 s * * k+1
=lq"" = q"lg+2(A = AL UMD —b"))
+ 2 = N (I = (1 — yB)L)(A" — Ah).

. .. ) Lk L .
One can further utilize the definition e* = A" — A" to derive
the following equations:

Vv _ kL
=g = qF[I& + 20 = X7, U(b" - b))
+ 2(e"1, U(b* — b*1))
423 A (1 - B -y - X))
+2(—e" ! et (T = B(1—yB)L)(A" = A1)
=llq"" = q"llc; + 2(e", U(b” — b**)

+2(—ef - ef (I — (1 —yB)L)(A
4 2<)\k+1 _ )\*7 _U(bk+1 _ b*)>
+ 2 N (T - B(1— yB)L)(A

Then applying Lemma 3 gives

* Ak7+1)>

vk _ kL
:qu-H _ qk”é + 2< k+1 U(b* _ ka))
+2(—e" et (I - B(1 — yBL)(N
+ 200 — A B(1 = 2yB) LA -
+ 2 =X B(1 - 2yB) Let ™)
+ 2<)\k+1 _ )\*7(xﬁ(gk —g)— ek+1>
=[lq" — q" I + 2 = X\ eB(g" — g7))
+ 2<ek+1,U(b* _ bk+1) + 7,32[/(/\* _ )\k+1)>
+2(e", (I = (1 — yB)L)(A" = X))
+ 2 — X, B(1 = 2y B) LA — X)),

)\k+1)>
A)

where the last equation reorganizes the item related to errors
e’ and e**1.

By spliting g* — g* into g* — g"*! + g"*! — g*, we have
Vk _ Vk7+1
=llq"*" - q"&
<ek+1 U(b* bk+1) + V:B2L()‘* _ )\k’+1)>
+2(e", (1 - /3(1 —yAL)X = X))
<)‘ls+1 ’3(1 _ 2)/13) ()\k+1 _ )\*)>
<Ak+1 A* O[,B( k+1)>
<>\k+1 A* 0[,3( k+1 _g*)>
Under Assumptions 4 and 5, applying Lemma 1 gives that
1
lgi(z) — gi ()l S; lz =yl p,
1
(9i(2i) = gj(x), i = 25) 27 l|l2i = ||

holds for any z,y € R. Thus

. ) 2
2<)\k+l _ A*,Olﬂ(ngrl _ g*)> O[,B ||)\k+1 A*||2
As to 200 — X" aB(gF — gF!)), we have
2<)\k+1 % 0[,3( k+1)>
. ap
> — B || A = A7 - ;“1 Ig" — g™ !I?
> — B | A= AP - { 2B n = AP,
11
It follows that
Vk‘ _ Vk‘+1
>[lq"" - 9"
+2(e" U(b* — b 4 yBEL(A" — AFFY)
+2(e", (I - B(1 — yB)L)(X" = X))
+ 20— A B(1 = 2yB) LA — X))
; o .
I = X =2y
Liu
204,3 N
I — a2
and that
Vk’ _ Vk’+1
>[lq"! — 9"
4 2<ekz+1’ U(b* _ bk+1) + )/,32L<)\* _ Ak+l)>
+2(e", (I = B(1 = yB)L)(A" — X))
k *
N = N ep6 e rr2p0-20mt
B )
-— ||/\k _ )\k,JrlH )
Sip
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Recalling the definition of q* and G, it is easy to get that

Vk‘ _ Vk‘+l
1 k2 k k+1
>|b b*[” + [[A" = A H 11y
+2(eM! U(b* — b 4 pp? L()\* — AFFLyy
2(e*, (I — B(1 — yB)L)(A* — A**1))

k+1 *
N = Xm0 aypn
Reorganizing the items and applying 2(a,b) > —¢l|a|® —

%Hb”2 gives
v _
>[bH = bE? 4 A — )\k+1||?17°‘—ﬁ)175(1—yﬁ)1)
+ X=X aﬂ Boc1) o) 425(1-20p)L
— ol ? - g |U(b* —b" )|

1 .
— Iy Let 4+ (1= pL - yp)L)e"|”
3
As we want to get a relation between V¥ — VF+1 and VF+1,
next we consider the term V* — (1 + ¢;)V**! where ¢ > 0.
It follows directly from the previous inequality that

Vk _ (1 + 61)vk+1

> b B X X

_oB i _p(1—
(1 CIMQ)I B(1—yB)L

k+1 *
N = Ml apae)eo) 1280208 11 1-80-vB)D)

—allb* — b*IIZ’ - §—2 [T =) = gyl

(1 B~ yB)L)
b — b))

_l”yﬁ? Lek+1 +
{3
To give a upper bound on |U( b —
b*||*, we apply Lemma 3 again,
[U®" b))
=[B(1 = 2B LN = X') + ap(g™" — g")
+(I = L= yHL)N" = X') - yp* L™
+ap(g —g") — (1 - B(1 - yAL)e"|”.
Apply the following inequality repeatedly

and ||

-+ b < gllall* + 5 b1, for amy ¢ > 1.
then it yields that
IIU(bk+1 -b)|?
s{ Clly8 Let + (1= B(1—yB)L)e |’
+ ggcﬁﬂz(l — 2yB)°IL(AT = X)1?
04858602 B% | 112
+ —
-1 8 sl
485702 B k 12
+ J—
- -ne 8l
5455@'7

T =B = yBID)A = XY,

where ¢, > 1,¢5 > 1, ¢ > 1, {&; > 1. Then apply Lemma
1 under Assumptions 4 and 5 and choose ¢5=1+

—<« ____ and =1 ap , we can
/1(1_23//3) omax (L) 4‘7 +M\/‘7max(1_ﬁ(1_yﬂ)L) W

obtain that

lU®* —b7))?

&y 2 7 k+l
<——||yB" Le"
54_1”

2
+€4€5ﬂ2((1—2yﬂ) omaX<L)+%) INEFL 2P

+(I = p(L—yp)L)e"|

+§€4§5 <\/GIIIaX I ﬂ(l_yﬂ) ) Olﬂ) ||Ak+1 _)‘k||2~

Now [|[U(b*"* — b*)||? is proved to be bounded. To derive an
upper bound on [[b¥"! —b*||%, recall the definition b* =
UZf:O AN andUTU = yB* L, then we have

1

™! —b|* < — < [U(B""! — 7).
V,B2)‘min(L)
With the given upper bounds on [|U(b"™' —b*)||* and
|b**1 — b*||* we have

Vk _ (1 + 61)vk+1

L D P s T RV
k+1 *
I = Nlep-c0) e 428020110

2
— &l

+(I - B(1—yB)L)e"|?

€1 1 ) % k1y (2
— 4+ )JU® -]
( yﬂQAmin(L) ;‘2 ” ( )”
>[[bM = b7 I = N A -,

1
— —||yp* Le*!
{3

— Agllyp” L (1= B1 — yAL)| — gyl
where
ap
A = 1 —_ I _ 1 _ L
! ( §1M2) ﬁ( Vﬂ)
I S U S U V1S
<y/32>\min(L) + {2) §5 -1 (9)

aff 2

* (\/Umax(l - ﬂ(l — yﬂ)L) + 7) ,

Ay = (aB(GF— 1) — ¢3) I +2B(1 — 2yB)L
—a(l - p(l-yp)L) - (erJQ) (10)
2
*§4§5:32 ((1 - QVﬁ) GIIlax(L) + g) )

3 = a1 G
AJ N (yﬁz’\miu(lf) + {2) &y—1 + (1 1)
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Applying the inequality
bl < 2 ST
lla+bl" < &lla]l” + = o]
é‘ —
again for ||y Le"*!

lyp* Let*! + (I — (1 — yB)L)e"|?

§8O'max(l - :3(1

yB)L)

, for any ¢ > 1,

+ (I = B(1 = yB)L)e"| gives

<GB o (D + 1
{s —

Hence,

VE— (14 &)V

k+1 k2 k k 2 k
>[[B5 = BE|7 AT = A A -

— Agfle"* = As e,

where
Ay =18+ §8V2,340ma>c(L)A3v

A5 — CS‘Tmax(I{;_ﬂ(llfylg)L) A3.

Define x* = ", x¥ and M% =

M* — (1 + min{e, e, }) MF*1
>Vh—

. A4||ek+1H2

VF 4+ k¥, then

(1 _|_61)Vk+1 +KXk _ (1 —|—62)ka7+1
2||bk+1 _ bk”Q + ”)\k _ /\k:+1||?41 + ||/\k+1 _

2112
le[1".

2
Al

(12)
13)

2
A,

— Aslle|? + rxt = (1+ ea)rex"!

Recall that the iteration of the internal dynamic variable Xf

is designed as

X =(1-m)x

F =il = mipf ™, X0 > 0.

and the event-triggered time for node 7 is designed as:

ki1 = mgn{9i||€f||2 > xl k> kig).

It results that

Mk — (1 + min{q, 62})Mk+1
ZkuJrl _ bk||2 + ”)\k _ )\k+1||?4 + ||Ak+1

— Ay

_A,ankHJFKX —(1+ek s

E+1 k ko ykt1 k+1
>[b™" ~b || HAT =X ||A1+II/\

_A4Z Xk+1+A Z e

— 45 Z mpf“ Faox" = (14 ey
i

2
= X4,

1
X = A Z (leflI* = mapi™)

* (12
— A%,
—)x))

Reorganizing the items gives

MF — (1 + min{ey, €2})Mk+1
>ku+1 _ bk”? + ”)\k: _ )\kﬁ-lH?AI + ||/\k+l

+Z<———|———( —|—€2)K>)(i-“+1
5(L =7
N (R e R BT
% ! i

It follows from the definition of pf that

N
1 o
E => —§§ Lijl| Xy —
i= i=1

J=1

2
= A4,

=

AP

Z Z ALy Ak

Lk k-1
b 1%,

ATLA

= [UN|? = " -

Thus we have

MF— 1+ min{q,62})2\4“1
k k+172 k+1 * (12
Z[[A" = AT, A AT = A,

+Z(——+——(1+e)) k41
+Z("_> +21—A5m sl

If we can show that there exists €; > 0 and €5 > 0 so that the
following inequality holds:

M* — (1 + min{e, e} ) M 1 >0,
then we have that M* converges to 0 at the linear rate O((1 +
min{e, e,}) "), that is

1

- Mfc
~ 1+ min{e, e}

M < < (1 + min{ey, e}) "V M0,

As x > 0and xk > 0, we come to the conclusion that

IN = X||* <owin(1 = B(1 =y L)~V
<Owin(l = B(L — yB)L) "' M"
<(1+min{er, e}) ol (1 = B(1 = yB) L) M

Recall that by applying Lemma 1, the function H;(\) of the
dual problem (2) has i-LipschitZ continuous gradient under the

Assumptions 4 and 5. Define VH = [VH;,VHy,...,VHy].
Recall that the gradient of H is VH;(\) = d; — z;. Thus,
x = x*|1*
* ]' *
= VHO) = VHOO | < 25 I =X

1
<z 5 (1+min{e, e}) o d (1 = B(1 - yB)L)M°
which means that the proposed algorithm is guaranteed to find
the global optimal point at a linear rate O((1 + min{e;, ez }) ™)
for all agents.
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Next we concentrate on the existence of ¢ > Oandes > 0
so that

M* — (1 4 min{e;, & }) MM > 0.

It needs A; and A, to be positive and

Ay, As
- 9—;‘ 5~ (1+ &)k > 0; (14)
K — w > 0; (15)
1— Asn; > 0. (16)

Recall that L = I — W is positive semidefinite and that 1 —
T— 2—1 has to be nonnegative. The aforementioned conditions
are discussed in detail as below:

1)A1 =0
A =(-P3rpa—yp
§1M2
C485 05,3>2
L L — max(L — B(1 — L — | I
o (wf 7= =B+

_ &iésa
7/,32>‘min(L)(§5 - 1)
op

* <\/omx(1 — (1 —yB)L) +M>2I.

To set A; as a positive matrix we can choose « and § so that

ap
Sip
and set sufficiently large ¢, > 0 and sufficiently small

e > 0.
2)As =0

1—

2~ B(1 — yB)omax(L) > 0,

Az

2
=ep(; = C)I +28(1 = 2yB)L — ex(I = B(1 — yB)L) — &1
1 2

- (,/ﬁ%I(L) + 32) {4858 <(1 —2yB)V/ Oumax (L) + %) .

To set A, as a positive matrix we can set ¢; € (0,%) and
choose o and B so that

2
aB(; — )1 +26(1 — 27B)L - O,

B(1—2yB) > 0,

1- /3(1 - Vﬂ)O'mmc(L) >0,

and set sufficiently large ¢, > 0 and sufficiently small ¢3 >
0,61 > 0.

3) To make (14) (15) and (16) hold, we can choose arbitrary
8 > 0,1; € (0,1), k satisfying
A5(1 — 'L'Z') A5

0<
5; 5

sufficiently large 6; satisfying

sufficiently small €, satisfying

Sl A A
62_!( 0; S; “)

and sufficiently small n, satisfying

< —
rlz_A5

In conclusion, when we set ¢; € (0, %) and choose arbitrary
y > 0, B satisfying

’3 c 0, Umax(L) - \/UﬁlaX(L) - 40111ax(L)V ,
QGmax(L)y

«a satisfying

ac (o, Gu?(1 = 26(1 - Vﬂ)om(L)))

B

and other parameters chosen as stated before, we can get some
€1 > 0and ey > 0 sothat

MF — (1 + min{ey, e,}) M1 > 0.

Then the conclusion of linear convergence follows.

Finally we show the relationship between the convergence
rate and the chosen stepsizes. As it needs 4; > 0, A, > 0 and
(14) holds, we have

0 < e < min{eqy, €2}

and
Ay A
<ol (ha )

where

VB Auin(L)(&5 = 1) (1= 22) = B(1 = yB)owux(L))
€11 = 5 ,

$485€1 (\/Uﬁ,y + %ﬂ)
0y - PG 0) 280~ 27B)owu(L)
: -,
Opy+ () (1= 208) oD +2)

and Ogy = Urnax(I - :3(1 - Vﬁ)L)

The convergence rate (m}k have a complex relation
with the chosen parameters including the stepsizes «, §, y and
the event-triggered parameters §;, 7;, k, 9; and n,. u

APPENDIX B
PROOF OF THEOREM 3

Suppose that after time k = T, the event-triggered condi-
tions always hold for all nodes, which means that after time
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k = T the event-triggered scheme does not work any more. As
the iteration without event-triggered scheme in (3) can be seen
as a particular situation of (1), we can similarly prove that for
alk > T

VF— (14 e)VF >0,

when « and B are properly chosen as stated in Theorem 1. Fur-
thermore, the following inequalities always hold for k > T~

I = AFIE 201X = AP+ I = A7)

<2 VL g yk < ka
1 + €1

< 2(2 + 61) T

— (1 + 61)k7T+1

Recall that the internal dynamic variable y; iterates as

X = (1= )X+ sl

for k > T. Thus if we set 7; satisfying

1

l—7 > —,
t 14+¢

there must exist a time k = T7 > T so that

K+l k2
I =X <

2(2 + 61)
(1 + 61)T17T+1

Vi< —1)"

which means that there is a contradiction as the event-trig-
gered condition does not hold for node ¢ at time k =T, > T.
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