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Public goods dilemmas are at the heart of some of the greatest challenges of our time, including climate
inaction, growing inequality, and the overuse of natural resources. The public goods game in which coop-
erators contribute to a common pool that is then shared equally with defectors who contribute nothing
captures the gist of the problem. Cooperators therefore cannot prevail, which ultimately leads to the tra-
gedy of the commons. Actions such as punishment, rewards, and exclusion have been shown to help, but
they are costly, therefore rendering cooperators second-order free-riders due to their lack of participation
in these actions. In the search for a remedy, we study the public goods game with benevolent leaders
who, at a personal cost, have the ability to exclude defectors from using common pool resources. We also
consider bribers who can pay the leaders to relax their exclusion efforts. In a traditional setting, this setup
yields the standard second-order free-rider problem, where, ironically, the leaders are overcome by coop-
erators, who then themselves succumb to defectors. We show, however, that the Singaporean model –
where a leader’s payoff is determined not only by the regular sharing income from the firm production
but also by the success of gross firm production as an incentive – can resolve the second-order free-rider
problem. We also show that the detrimental effect of bribery can always be, no matter how high the
bribe, held in check as long as the number of individuals engaged in this activity is low compared to
the number of benevolent leaders. Otherwise, an abrupt transition to a cooperator-less state becomes
unavoidable. We discuss the implications of our research for designing successful cooperation and
anti-corruption strategies in public goods dilemmas.

� 2020 Elsevier Ltd. All rights reserved.
1. Introduction

Altruistic behavior – the act of voluntarily sacrificing personal
benefits to improve the welfare of others – is a remarkable aspect
of our biology, and it can also be observed in bacteria, ants, bees,
birds, many other higher mammals (Axelrod, 1984; Henrich
et al., 2001; Fehr and Fischbacher, 2004; Rand and Nowak, 2013).
Why such behavior exists, how it evolved and why it prevails, how-
ever, are some of the greatest questions of evolution. It is namely,
at odds with the fundamental principles of evolutionary success,
which suppose a relentless drive towards the maximization of
individual fitness. Clearly, there should thus be no place for coop-
eration in an evolutionary landscape lest the organism is bound to
die out.

Nevertheless, cooperation is indeed widespread in nature, espe-
cially among humans, and it is one of the central pillars of our evo-
lutionary success Nowak and Highfield (2011). Nonetheless,
cooperation is also fragile since it is constantly contested by defec-
tion. In public goods dilemmas (Santos et al., 2008), which include
vaccination (Fu et al., 2011; Wang et al., 2016), climate inaction
(Vasconcelos et al., 2013; Pacheco et al., 2014), and antibiotic over-
use (Chen and Fu, 2018), defectors enjoy all the same benefits as
cooperators without contributing to the common pool. Population
dynamics is considered to be one of the causes of this oscillatory
coexistence of cooperators and defectors (Hauert et al., 2008).
Moreover, not surprisingly then, individuals are often prepared to
cooperate beyond just contributing to the common pool by also
contributing to actions such as punishing or excluding defectors
(Jiao et al., 2020; Yamagishi, 1986; Fehr and Gächter, 2000;
Gächter et al., 2008; Sekiguchi and Nakamaru, 2009; Jordan
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et al., 2016; Liu et al., 2019), or rewarding cooperators (Andreoni
et al., 2003; Szolnoki and Perc, 2010; Sasaki and Unemi, 2011;
Chen et al., 2014; Sasaki and Uchida, 2014; Okada et al., 2015;
Sasaki et al., 2015), in an attempt to bolster altruistic behavior.
However, since these actions are costly, those cooperators that
do not participate in them become second-order free-riders
(Fehr, 2004; Milinski and Rockenbach, 2008), and they become
impediments to the success of the population and themselves
(Panchanathan and Boyd, 2004; Helbing et al., 2010; Chen et al.,
2014; dos Santos, 2015; Szolnoki and Perc, 2017).

The second-order free-rider problem is thus an important chal-
lenge to the effectiveness of costly actions that support coopera-
tion. Here, we consider the Singaporean model as a means to
resolve the second-order free-rider problem in public goods dilem-
mas. In particular, we consider exclusion as a means of punishment
in the public goods game, which can be enacted by benevolent
leaders. The latter are cooperators, but they also carry additional
costs associated with excluding defectors from the use of public
goods. We also consider bribers who can bribe the leader into
relaxing their exclusion criteria as the fourth competing strategy.
In the absence of restricted interactions (Szolnoki and Perc, 2015;
Szolnoki and Perc, 2017), this setup yield the classical second-
order free-rider problem, wherein cooperators outperform the
leaders, which ultimately leads to the collapse of cooperation
and to the tragedy of the commons.

The Singaporean model (Yew, 2000), however, provides a small
but significant twist in the considered public goods game. Namely,
the payoffs of the leaders among the population are determined
not only by the regular share of the public goods but also by the
success of the public goods game in their group. This is akin to
the policy in Singapore (Muthukrishna et al., 2017) where a lea-
der’s payoff is determined not only by a regular salary, as is the
same with most of the individuals where she works but also, as
an incentive, by the success of the whole firm or organization. As
we will show, this has important consequences for the evolution
of cooperation in public goods dilemmas since it can often over-
come the second-order free-rider problem, thus paving the way
towards sustained cooperation under adverse conditions. Our
model also provides important insight into the detrimental effects
of bribery. Namely, even if bribes are high, we show that as long as
the bribers are rare compared to the benevolent leaders, the down-
fall of benevolent leaders can be avoided. It is when bribers are
common, even if they do not bribe highly, that pressure on the
benevolent leaders becomes too strong to enact the efficient exclu-
sion of defectors. This phenomenon can then lead to sudden tran-
sitions to cooperator-less states.

The remainder of this paper is organized as follows. In Section 2,
we first introduce the public goods game with benevolent leaders
besides cooperators and defectors but without bribery. Secondly,
we present the results of our model, which include the equilibria
and stability analysis and the numerical simulations. The arrange-
ment of Section 3 is the same as Section 2, but the public goods
game considers cooperators, defectors, and benevolent leaders, as
well as bribers. In Section 4, we summarize the main results and
discuss their implications for designing successful cooperation
and anti-corruption strategies in social dilemma situations, where
what is best for an individual is at odds with what is best for soci-
ety as a whole.
2. Exclusion without bribery

2.1. Typical methods

We consider a well-mixed, infinitely large population consisting
of cooperators, defectors, and benevolent leaders, in which N
(N > 2) individuals are randomly selected to form a group to play
a public goods game (Liu et al., 2019). In the public goods game,
each cooperator (C) contributes a constant amount c to the public
pool and the defector (D) donates nothing. The benevolent leaders
(BLs) play two roles. The first role is the normal collaborator donat-
ing c to the public pool. The second is a punisher who contributes l
to the sanction pool to exclude defectors. The total contribution to
the public pool will be multiplied by the synergy factor r
(1 6 r 6 N) as the final collective payoff and then assigned to the
participants in light of a specific method given below. To solve
the phenomenon of second-order free-riding, we introduce the
Singaporean model into the public goods game. According to this
rule, the leader’s income consists of the basic payoff and perfor-
mance salary. The former part is the same as the pure cooperators’
payoff and the performance salary accounts for a of the final collec-
tive payoff, which serves as a reward for their exclusion behavior.
It is determined and supported by the sanction pool. In the absence
of corruption, we assume that benevolent leaders are strict and
enact perfect exclusion, which means that defectors can get noth-
ing as long as benevolent leaders exist in the group, and the final
collective payoff is allocated among cooperators and benevolent
leaders equally. Otherwise, the final collective payoff will be allo-
cated evenly among all the cooperators and defectors in the group
if benevolent leaders are absent.

To calculate the expected payoff of each kind of individual, we
denote the frequencies of the cooperators, defectors and benevo-
lent leaders as xC ; xD and xBL, respectively. Here, xC ; xD; xBL P 0
and xC þ xD þ xBL ¼ 1. Thus, the expected payoff of benevolent lead-
ers can be given as follows:

PBL ¼ð1þaNÞrc
XN
NBL¼1

CNBL�1
N�1 xBLNBL�1xCN�NBL

þ½1þaðN�NDÞ�rc
XN�1

ND¼1

XN�ND

NBL¼1

CNBL�1
N�1 CND

N�NBL
xBLNBL�1xDNDxCN�NBL�ND

�l�c ð1Þ
where NBL denotes the number of benevolent leaders and ND

denotes the number of defectors. For the equation above, the first
part is the sum of the basic payoff and the performance payoff in
a group consisting of only benevolent leaders or both benevolent
leaders and cooperators. The second part is the sum of the basic
payoff and the performance payoff in a group consisting of both
benevolent leaders and defectors or all the three kinds of players
(for further theoretical details of this part, see Section 1.1 in the
Supplementary Information).

Cooperators can get the payoff in four circumstances which
include only cooperators, both cooperators and defectors, both
cooperators and benevolent leaders, and all of the three kinds of
players in the group. In detail, the expected payoff of cooperators
can be given below:

PC ¼
XN
NC¼1

CNC�1
N�1 xCNC�1xDN�NC

rcNC

N

þ
XN�1

NBL¼1

XN�NBL

NC¼1

CNC�1
N�1 CNBL

N�NC
xCNC�1xBLNBL xDN�NC�NBL rc � c

ð2Þ

where NC denotes the number of cooperators.
Defectors can get the payoff only in the scenario without benev-

olent leaders. The expected payoff of defectors can be given as
below:

PD ¼
XN�1

NC¼0

CNC
N�1xC

NC xDN�NC�1 rcNC

N
ð3Þ
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After some calculations, the expected payoff of benevolent leaders,
cooperators and defectors can be simplified into the following
forms:

PBL ¼ rc þ a½ðxC þ xBLÞðN � 1Þ þ 1�rc � l� c ð4Þ

PC ¼ rc � ðxC þ xDÞN�2xDðN � 1Þ
N

rc � c ð5Þ

PD ¼ ðxC þ xDÞN�2xCðN � 1Þrc
N

ð6Þ

Consequently, the evolutionary dynamics can be analyzed by using
the replicator equations (for further theoretical details of our model,
see Section 1.2 in the Supplementary Information).

2.2. Results

2.2.1. Equilibria and stability analysis
In addition to three vertex fixed points, we explore the dynam-

ics of the simplex S3 and find that it may include some other equi-
librium points in the system (for further theoretical details, see
Section 1.3 in the Supplementary Information). On the edge of
D-BL, there is one equilibrium point ð0;1� ðlþ c � rc � arcÞ=
½aðN � 1Þrc�; ðlþ c � rc � arcÞ=½aðN � 1Þrc�Þ if 0 < lþ c � rc�
arc < aðN � 1Þrc. On the edge of C-BL, all the points can be equilib-
rium points if l ¼ aNrc. We can get an interior equilibrium point

ðx�C ; x�D; x�BLÞ if 0 < aNrc�l

aðN�1Þrc� rðN�1Þ
Nðr�1Þ

h i 1
N�1

ðr�1Þc
< Nðr�1Þ

rðN�1Þ

h i 1
N�1

< 1. The values

of x�BL; x
�
D and x�C are calculated below:

x�BL ¼ 1� Nðr � 1Þ
rðN � 1Þ

� � 1
N�1

ð7Þ
Fig. 1. Effects of benevolent leaders on cooperation for different exclusion costs l wi
S3 ¼ fðxC ; xD; xBLÞ : xC ; xD; xBL P 0, and xC þ xD þ xBL ¼ 1}, where xC ; xD and xBL are the proba
open circles represent unstable states. The exclusion costs are (a) l < 1:5, (b) l ¼ 1:5, (
other parameters are the following: N ¼ 5; r ¼ 3 and c ¼ 1.
x�D ¼ aNrc � l

aðN � 1Þrc � rðN�1Þ
Nðr�1Þ

h i 1
N�1ðr � 1Þc

ð8Þ

x�C ¼ Nðr � 1Þ
rðN � 1Þ

� � 1
N�1

� aNrc � l

aðN � 1Þrc � rðN�1Þ
Nðr�1Þ

h i 1
N�1ðr � 1Þc

ð9Þ

We next investigate the evolutionary direction on the edge of
the simplex S3. On the edge of C-D, the evolutionary direction of
the dynamics goes from C to D. On the edge of C-BL, the evolution-
ary direction goes from C to BL if l < aNrc. In contrast, the direc-
tion goes from BL to C if l > aNrc. Specifically, all the points on
C-BL stay still if l ¼ aNrc. On the edge of D-BL, the direction goes
from D to BL when ðlþ c � rc � arcÞ=½arcðN � 1Þ� 6 0 and from BL
to D if ðlþ c � rc � arcÞ=½arcðN � 1Þ� P 1. Otherwise, in the condi-
tion of 0 < ðlþ c � rc � arcÞ=½arcðN � 1Þ� < 1, the direction goes
from BL to D for xBL 2 ð0; ðlþ c � rc � arcÞ=½arcðN � 1Þ�Þ, and it
goes from D to BL when xBL 2 ððlþ c � rc � arcÞ=½arcðN � 1Þ�;1Þ.

The equilibrium points are stable under certain conditions (for
further theoretical details, see Section 1.5 in the Supplementary
Information). For the fixed point (0,1,0), the condition for this point
to be stable is rc þ arc � l� c < 0. For the fixed point (0,0,1), the
condition for this point to be stable is l < aNrc. All the points on
the edge of C-BL are stable if l ¼ aNrc. The stability of the interior
equilibrium point ðx�C ; x�D; x�BLÞ depends on the specific settings of
the various system parameters, and so it is hard to theoretically
determine its stability. To explore the details of the evolutionary
dynamics, we do some numerical simulations for the representa-
tive sets of system parameters in the next section.

2.2.2. Numerical simulations
The characteristics of the evolutionary dynamics in a public

goods game with the benevolent leaders under the influence of
the Singapore model are depicted in Fig. 1. It is easy to see that,
th the low performance pay level a ¼ 0:1. The triangles represent the state space
bilities of C, D and BL, respectively. Filled circles represent the stable states whereas
c) 1:5 < l 6 2:3, (d) 2:3 < l < 2:35347, (e) 2:35347 6 l < 3:5 and (f) lP 3:5. The
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for different exclusion costs l, the patterns of the evolutionary tra-
jectories are absolutely dissimilar. In general, as the exclusion cost
increases, individuals imitate defectors instead of benevolent lead-
ers. In detail, all-BL is the only absorbing state at the end of the
evolution when l < 1:5. It is worth mentioning that the trajecto-
ries inside of S3 evolve towards the edge of C-BL and then keep still
after they reach that edge when l ¼ 1:5. It means that both coop-
erators and benevolent leaders will coexist in the system (see Fig. 1
(b)). The heteroclinic cycles (� � � ! C ! D ! BL ! C ! D ! BL � � �)
are formed in the case of 1:5 < l 6 2:3 (see Fig. 1(c)). The reason is
that defectors invade cooperators, benevolent leaders exclude
defectors and cooperators dominate benevolent leaders (see
Fig. 2(c)). The system tends to be all-D when l > 2:3 with the tra-
jectories shown in Figs. 1(d)–(f). However, some details vary on the
edge of D-BL. The equilibrium point on D-BL moves from D to BL as
l increases (see Fig. 1)) and disappears when lP 3:5 (see Fig. 1
(f)). Note that there is an equilibrium point inside of S3 when
1:5 < l < 2:35347 (see Fig. 1(c) and (d)).

To clarify the particulars behind the dynamic characteristics
depicted above, we continue to present the evolution of the fre-
quencies of C, D and BL for various exclusion costs l, which match
six different dynamic characteristics, as presented in Fig. 1. It
denotes that both C and BL invade D at first and then C is invaded
by BL after D dies out in Fig. 2(a), which corresponds to the evolu-
tionary direction on C-BL from C to BL, as presented in Fig. 1(a). In
fact, cooperators can-not always invade defectors and it only exists
at a certain stage of the evolutionary process. According to Fig. 1(a),
the evolutionary path of the whole system is that D invades C and
BL invades C and D at the same time when the frequency of BL is
small, which results in an increase of BL and D and a decrease of
C. However, with the increase of BL, the invasion of BL to D domi-
nates the evolutionary process, the number of Ds decreases shar-
ply, and then C invading D appearing in the system.

With the increase of l, the ability of BL to invade C gradually
declines and they can coexist when l ¼ 1:5 as shown in Fig. 2(b).
Fig. 2. Time evolution of the frequencies of C (black solid line), D (red dashed line) and
characteristics of the different patterns in Fig. 1, here, (a)–(f) represent the effects of l ¼
six different intervals of l exactly in Fig. 1. The initial state of the population is ðxC ; xD; x
(For interpretation of the references to colour in this figure legend, the reader is referre
The invasion of C to BL dominates the evolutionary process after
l > 1:5 (see Figs. 2(c)–(f)). Note that C dominates BL, D dominates
C and BL dominates D, which leads to a periodic oscillation when
1:5 < l 6 2:3, as shown in Fig. 2(c). As l continues to increase, D
can then invade BL, destroying the periodic oscillation, and the sys-
tem eventually evolves into all-D when l > 2:3 (see Figs. 2(d)–(f)).
From the viewpoint of the evolutionary processes, for the popula-
tion with the same initial state, the peak frequency of C decreases
and the valley frequency of D increases during the process as l
increases gradually, which means that D’s ability to occupy the
entire population is constantly improving and the whole evolu-
tionary process gets worse. In general, both the final evolutionary
steady state and the evolutionary process, before the steady state
appears, deteriorate as the exclusion cost increases.

To further analyze the evolutionary dynamics in a high-
performance payoff circumstance and test the robustness of the
conclusions obtained above, Figs. 3 and 4 present the simulation
results of the evolutionary dynamics when a ¼ 0:18. Compared
with the low-performance payoff case, the condition that the evo-
lutionary steady state is absolutely all-BL relaxes as shown for
l 6 2:54 in Fig. 3(a) instead of l < 1:5 in Fig. 1(a). The stable state
of the coexistence of C and BL is raised from the original l ¼ 1:5 to
l ¼ 2:7. The absolute all-D stable state appears when l > 2:7
instead of l > 2:3 (see Fig. 1(a) and Fig. 1(d)–(f)). There are multi-
ple stable equilibria, and thus the initial conditions will determine
which one will be reached as shown in Figs. 3(b)–(d). These results
show that the improvement of the performance payoff a is con-
ducive to promoting the individuals to greatly punish the defectors
in the game. For details of the evolutionary process, the peak value
of the frequency of C is gradually increased to 90:5% (see Fig. 4(a)–
(d)) instead of 81:3% (see Fig. 2(a)–(b)) except for the special peri-
odic oscillation (during this case, the peak frequency of C can reach
100%). The number of time steps until C vanishes is significantly
extended when a ¼ 0:18 (e.g., the time until C vanishes > 100 time
steps in Fig. 4(c) instead of < 30 time steps in Fig. 2(e)). Overall, the
BL (blue dotted line) as the exclusion cost l increased. To explain the evolutionary
1:3;1:5;2:1;2:32;2:8 and 3:9 on the evolutionary process, respectively, which match
BLÞ ¼ ð0:45;0:45;0:1Þ. All the results are obtained for N ¼ 5; r ¼ 3; c ¼ 1 and a ¼ 0:1.
d to the web version of this article.)



Fig. 3. Effects of benevolent leaders on cooperation for different exclusion costs l with the high performance pay level a ¼ 0:18. The triangles represent the state space
S3 ¼ fðxC ; xD; xBLÞ : xC ; xD; xBL P 0, and xC þ xD þ xBL ¼ 1}, where xC ; xD and xBL are the probabilities of C;D and BL, respectively. Filled circles represent stable states whereas
open circles represent unstable states. The exclusion costs are (a) l 6 2:6, (b) 2 < l 6 2:70694, (c) 2:70694 < l3, (d) l ¼ 3, (e) 3 < l < 5 and (f) lP 5. The other parameters
are as follows: N ¼ 5; r ¼ 3 and c ¼ 1.

Fig. 4. Time evolution of the frequencies of C (black solid line), D (red dashed line) and BL (blue dotted line) as the exclusion cost l increased. The same as in Fig. 2, here, (a)–
(f) represent the effects of l ¼ 2:2;2:6;2:64;2:7;3:1 and 4:9 on the evolutionary process, respectively, which match six different intervals of l exactly in Fig. 3. The initial state
of the population is ðxC ; xD; xBLÞ ¼ ð0:45;0:45;0:1Þ. All the results are obtained for N ¼ 5; r ¼ 3; c ¼ 1 and a ¼ 0:18. (For interpretation of the references to colour in this figure
legend, the reader is referred to the web version of this article.)
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increase of a is not only conducive to optimizing the final stable
state, but it also has a significant positive effect during the evolu-
tionary process.

3. Exclusion with bribery

3.1. Typical methods

Considering that the behavior of leaders in real society is usu-
ally affected by corruption, here we further introduce a new role,
namely, the briber (B), into the model. As previously, the coopera-
tor (C) and defector (D) adopt the same behavior as described in
Section 2. However, as a new kind of participant, bribers contribute
nothing to the public goods pool but they each donate d to the cor-
ruption pool, which is used to commit bribery. Note that large dif-
ferences exist between the leaders (L) in this game and the
benevolent leaders in the first game under the effect of bribery.
First, the compositions of their payoffs are different because the
total amount of corruption will be distributed equally to all the
leaders participating in this game. Second, the sanctioning behav-
ior is also different. Here, leaders take probabilistic exclusion,
depending on the degree of corruption, instead of perfect exclusion
conducted by benevolent leaders, which is more in line with the
actual situation. The frequencies of C, D, L and B are denoted by
xC ; xD; xL and xB, respectively, which satisfy xC þ xD þ xL þ xB ¼ 1
and xC ; xD; xL; xB P 0. The probabilistic exclusion here is for both
defectors and bribers by considering that the bribers donate to
the sanction pool instead of bribing specific leaders directly. We
define the probability that defectors are successfully excluded by
leaders as

q ¼ 1
1þ exBNd�xLNl

ð10Þ

where N is the number of individuals in the public goods game and
l is the exclusion cost of leaders. It is easy to see that defectors will
have a higher probability of being successfully excluded as the
degree of corruption decreases and the exclusion cost increases.
In particular, defectors will have the same chance of being success-
fully excluded or remaining (q ¼ 0:5) if the corruption pool equals
the sanction pool.

Then we can get the replicator equations of the system with
cooperators, defectors, leaders and bribers based on the expected
payoff of each kind of participant (for further theoretical details,
see Section 2.2 in the Supplementary Information) as below:
Fig. 5. Effects of corruption committed by bribers on cooperation. (a) Evolutionary traje
bribers (B). Filled circles represent stable states and open circles are the opposite. (b)
obtained with the following parameters: N ¼ 5; r ¼ 3; c ¼ 1;a ¼ 0:1;l ¼ 1:3 and d ¼ 0:2
dxC
dt ¼ xC ½PC � ðxCPC þ xDPD þ xLPL þ xBPBÞ�
dxD
dt ¼ xD½PD � ðxCPC þ xDPD þ xLPL þ xBPBÞ�
dxL
dt ¼ xL½PL � ðxCPC þ xDPD þ xLPL þ xBPBÞ�
dxB
dt ¼ xB½PB � ðxCPC þ xDPD þ xLPL þ xBPBÞ�

8>>>>><
>>>>>:

ð11Þ
3.2. Results

3.2.1. Equilibria and stability analysis
We know that PB < PD because the bribers pay a cost d > 0 to

the corruption pool. However, the possibility of being excluded is
the same. Therefore, there is no interior equilibrium in the simplex
S4. The stability of the four vertex equilibria and the dynamics on
the boundary faces of the simplex S4 have been investigated (for
further theoretical details, see Section 2.3 in the Supplementary
Information). For vertex equilibria ð0;1;0;0Þ, the condition for this
point to be stable is 2aNrc þ Nrc � 2Nc � 2Nlþ rc < 0. For vertex
equilibria ð0;0;1;0Þ, the condition for this point to be stable is

l < aNrc and ðN�1Þrc
N 1� 1

1þe�Nl

� �
� aNrc � rc þ c þ l < 0.

On the edge of C-D, the direction of the evolution goes from C to
D. On the edge of C-L, the direction of the evolution goes from C to
L if l < aNrc and it goes from L to C if l > aNrc. Specifically, all the
points on C-L stay still if l ¼ aNrc. On the edge of C-B, the direction
of the evolution goes from C to B if d < c � cr

N and the direction goes
from B to C if d > c � cr

N. Specifically, all the points on C-B stay still if
d ¼ c � cr

N . On the edge of D-B, the direction of the evolution goes
from B to D because of PD > PB. On the edge of D-L and B-L, the
direction of evolution is difficult to theoretically determine since
it depends on the specific settings of various system parameters
(for further theoretical details in this part, see Section 2.4 in the
Supplementary Information). We will conduct some numerical
simulations for the representative sets of system parameters to
explore the details of the evolutionary dynamics in the next
section.
3.2.2. Numerical simulations
The phase portrait of the model with corruption described in

Section 3.2 has been shown in Fig. 5. Specifically, Fig. 5(a) presents
the evolutionary trajectories in simplex S4 and Fig. 5(b) depicts the
replicator dynamics on the four different boundary faces of S4. Four
strategies, namely cooperators, defectors, leaders and bribers, cor-
respond to the four fixed points C, D, L and B, respectively. It is easy
ctories in simplex S4, which contains cooperators (C), defectors (D), leaders (L) and
Replicator dynamics of the four different boundary faces of S4. All the results are
.
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to see that L and D are both stable among these fixed points. The
systemwill evolve to one or the other depending on the initial con-
ditions. The game environments of Figs. 5 and 1(a) are similar
except for the probabilistic exclusion by the introduction of bribers
in Fig. 5. The final stable state in Fig. 1(a) is BL while the final stable
state in Fig. 5 becomes L or D. This fully demonstrates that the exis-
tence of corruption has a significant degrading effect on the evolu-
tion of the system. The emergence of bribers in the population
makes it possible for the system to evolve into all-D. Furthermore,
it is interesting to note that as the frequency of bribers decreases,
the system is more likely to evolve into an all-L state if there is no
cooperator in the population because the separatrix on the bound-
ary face of L-D-B shifts towards the direction of D from the up to
bottom (it means that the frequency of B decreases) (see Fig. 5
(b)). However, bribers have no influence on the final stable point
in the absence of defectors and L is the only stable state as shown
in both Figs. 5(a) and (b).

To further analyze the effects of the initial states on the dynam-
ics evolution, Fig. 6 presents the distribution areas of the final
stable states D and L for different initial states of the population.
Specifically, we use the ratio of B to L to indicate the level of cor-
ruption in the game, for which the ratio of B to L is increasing from
(a) to (d) in Fig. 6. Overall, it is easy to see that the area covered by
D is getting increasingly larger, which means that an increase in
the corruption in the community will eventually lead to a higher
possibility of an all-D appearing in the evolutionary stable state.
Furthermore, there is a common feature in (a)–(b) of Fig. 6, which
Fig. 6. The effect of the initial population structure on cooperation. The initial ratio of B
indicates that the final stable state of evolution is the defector and the red color indica
parameters: N ¼ 5; r ¼ 3; c ¼ 1;a ¼ 0:1;l ¼ 1:3 and d ¼ 0:2. (For interpretation of the re
this article.)
is that L is the stable state in the lower-left area while D is the
stable state near the hypotenuse. This result means that the fitness
of D is significantly better than that of C when the total number of
Cs and Ds. in the initial population is overwhelming, and the sys-
tem evolves into the All-D state. Otherwise, the stable state of
the system is replaced by all-L instead of all-D if the frequency of
B and L is relatively high in the system (lower-left area). Note that
the unipolarity of the population structure (only either C or D in
the initial population is a significant majority) is beneficial to sup-
pressing the occurrence of an all-D stable state in a lowly corrupt
society, as shown in Figs. 6(a)-(b) (the shape of the red area that
is invaded by blue on the curved edge). There is a special area at
the base of each figure in Fig. 6, at where the stable state of the evo-
lution is always L regardless of the ratio of B to L. It shows that for
the population with few defectors, corruption can lead to the
emergence of a large number of leaders instead of defectors.

In addition to the ratio of bribers to leaders, the amount that
each briber invests in the corruption pool (d) can also reflect the
extent of corruption. To understand the impact of d on the popula-
tion’s evolution, we present the distribution of the stable state for
d ¼ 0:05 and d ¼ 0:5 in Fig. 6, and that for d ¼ 0:2 in Fig. 6(c). Dif-
ferent from the effect of the ratio of bribers to leaders on the evo-
lutionary process, with the increase of d, the evolutionary process
evolves in a direction favoring an all-L state. Especially, this kind
of impact is most obvious for the population with plenty of defec-
tors, as presented by the red area rising rapidly near the vertical
axis. Therefore, the input cost of bribers mainly affects the income
to L in the population is 0.1, 0.5, 1 and 2 from (a) to (d), respectively. The blue color
tes the final stable state is Leader. All the results are obtained with the following
ferences to colour in this figure legend, the reader is referred to the web version of



Fig. 7. The effect of the bribery cost on cooperation. For comparison, both low corruption (d ¼ 0:05) and high corruption (d ¼ 0:5) are considered in (a) and (b), respectively.
The frequencies of leaders and bribers are the same as in the initial state. The blue color indicates that the final stable state of the evolution is defector and the red color
indicates that the final stable state is Leader. All the results are obtained with the following parameters: N ¼ 5; r ¼ 3; c ¼ 1;a ¼ 0:1 and l ¼ 1:3. (For interpretation of the
references to colour in this figure legend, the reader is referred to the web version of this article.)
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of leaders. In particular, the greater the briber invests, the greater
the income of the leader, and the defectors have a lower advantage
in the population’s evolutionary process (see Fig. 7).
4. Discussion

We have studied the impact of the Singaporean model on coop-
eration in the public goods game with benevolent leaders and brib-
ery. According to the model (Yew, 2000; Muthukrishna et al.,
2017), the payoffs of leaders were determined not only by the suc-
cess of the public goods game in their group, which is the tradi-
tional setup, but also by the average payoff of all the players in
the population. This mimics the policy in Singapore, taking into
account the success of the firm and the gross domestic product
of the state to determine salary.

First, we considered cooperators, defectors, and benevolent
leaders as the three competing strategies, thus not considering
bribery. Therein, benevolent leaders were willing to pay a cost to
exclude defectors from using the public goods. Second, we also
introduced bribers as the fourth competing strategy, which led to
the exclusion by benevolent leaders going from perfect to proba-
bilistic. The more common or the stronger the bribes were, the les-
ser the probability of defector exclusion by benevolent leaders. We
have studied the evolutionary dynamics in both the 3-strategy and
the 4-strategy public goods game by means of using the replicator
equation to determine the equilibria and their stability, as well as
performing numerical simulations to determine all possible evolu-
tionary outcomes.

For the 3-strategy game, we have observed that, as the cost of
exclusion increases, the benevolent leaders became weaker, which
in turn strengthened the position of defectors. Specifically, the evo-
lutionary stable state has undergone a transition from an all-BL !
BL + C ! BL + C + D ! all-D for low performance incentives related
to the expected collective payoff of the group or from an all-BL !
BL + D! BL + C + D! all-D for high performance incentives related
to the expected collective payoff of the group. For example, the
threshold of the exclusion cost to observe an all-BL state increased
from 1:5 to 2 as the incentives related to the collective payoff of the
population increased from 0:1 to 0:15. More importantly, we have
observed that for sufficiently strong incentives related to the
collective payoff of the population, the second-order free-riders
problem can be resolved. For the 4-strategy game, which included
bribers that render the exclusion of benevolent leaders probabilis-
tic rather than perfect, we have observed that increasing the ratio
of bribers to leaders can lead to an all-D steady state. However, the
increase of bribery costs is conducive to the evolution of an all-L
steady state. Therefore, based on these two rules, we can obtain
a strategy chain to restrain defectors, which is high bribery costs
! high ratio of L ! low ratio of bribers to leaders ! inhibit defec-
tor. No matter whether or not corruption exists in the game, all-C
(those who donate nothing to the sanction pool) can never be the
stable state, thus confirming that the Singaporean model is a viable
option to avoid the second-order free-rider problem.

Our results support the narrative that healthy levels of cooper-
ation can be achieved through positive incentives rather than pun-
ishment. Although punishment has received substantially more
attention in the past, it is worth noting that recent research related
to antisocial punishment (Rand and Nowak, 2011) and rewarding
(Rand et al., 2009; Szolnoki and Perc, 2012) is questioning the apt-
ness of sanctioning for elevating collaborative efforts and raising
social welfare. Indeed, while the majority of previous theoretical
studies addressing the stick-versus-carrot dilemma concluded that
punishment may be more effective than reward in promoting pub-
lic cooperation (Perc et al., 2017), evidence suggesting that rewards
may be as effective as punishment and lead to higher total earnings
are accumulating (Dreber et al., 2008; Szolnoki and Perc, 2015; Hu
et al., 2020). Linking the Singaporean model with the public goods
game amounts to a positive incentive, in that the success of the
firm and the gross domestic product of the state both determine
the payoff. However, if the state or the firm start failing, the
decrease in payoff can also become a negative incentive, i.e., a pun-
ishment of sorts, such that in fact the Singaporean model incorpo-
rates both in a simple yet effective manner. Our approach thus
invites the consideration of doubly strategies that flip incentives
based on performance, which in turn suggests that coevolutionary
rules (Perc and Szolnoki, 2010) to rewarding and punishment
might be a viable alternative that is worth exploring more in the
future.

We conclude by noting that successful cooperation and anti-
corruption strategies in social dilemma situations are crucial for
mitigating some of the most pressing challenges of our time, with
examples ranging from improved vaccination policies (Fu et al.,
2011; Wang et al., 2016) to climate inaction (Vasconcelos et al.,
2013; Pacheco et al., 2014). Our research shows that the aspect
of overall welfare for individual performance is crucial for a closed
loop of responsibility, which can ultimately lead to healthier levels
of public cooperation. In this regard, Singapore is a good role model
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due to its policies in which the gross domestic product is a deter-
minant of individual salaries. Future research should address the
impact of such policies in structured populations, and in the pres-
ence of other policies aimed at improving social welfare.
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