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Phase diagrams for the spatial public goods game with pool punishment
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The ef�ciency of institutionalized punishment is studied by evaluating the stationary states in the spatial
public goods game comprising unconditional defectors, cooperators, and cooperating pool punishers as the three
competing strategies. Fines and costs of pool punishment are considered as the two main parameters determining
the stationary distributions of strategies on the square lattice. Each player collects a payoff from �ve �ve-person
public goods games, and the evolution of strategies is subsequently governed by imitation based on pairwise
comparisons at a low level of noise. The impact of pool punishment on the evolution of cooperation in structured
populations is signi�cantly different from that reported previously for peer punishment. Representative phase
diagrams reveal remarkably rich behavior, depending also on the value of the synergy factor that characterizes
the ef�ciency of investments payed into the common pool. Besides traditional single- and two-strategy stationary
states, a rock-paper-scissors type of cyclic dominance can emerge in strikingly different ways.
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I. INTRODUCTION

The importance of punishment for the maintenance of
cooperative behavior in human societies can be quanti�ed
by studying spatial public goods games (PGGs) with players
forming overlapping groups. For the simple two-strategy case,
players (within all the groups) decide simultaneously whether
they wish to contribute to the common pool (cooperate) or
not (defect). Subsequently, the multiplied total investment is
divided equally among all the group members irrespective of
their initial decision. In this situation, the rational (sel�sh)
players should decline to contribute if the investment costs
exceed the return of the game [1,2]. As a result, sel�sh
players fail to bene�t from mutual cooperation, and the
society evolves toward the �tragedy of the commons� [3].
Human experiments and mathematical models alike have
shown, however, that cooperative behavior can be promoted
by punishing defectors for a wide class of social dilemmas,
including the prisoner�s dilemma game. In fact, it can be stated
that some elements of punishment can be recognized within
all the relevant mechanisms [4] supporting cooperation among
sel�sh individuals [5�8].

Traditionally, the sanctions foreseen by punishment are
considered to be costly. While those that are punished bear
a �ne, the punishers must bear the cost of punishment. Both
the �ne and cost may substantially reduce the overall income
of the corresponding players. There are, however, different
ways of how income reduction is executed that depend on the
governing evolutionary rules and set of strategies, as well as
on the network structure and group formation, among others.
Many aspects of punishment were already investigated by
experiments [9�17], as well as by means of mathematical
models with three [18�21], four [22,23], and even more
strategies [24,25].

Here we study the effects of pool punishment in the spatial
PGG and contrast the results with those reported previously
for peer punishment [26�28]. Pool punishment is synonymous
with institutionalized punishment, where the contributions of
punishers are meant to cover the costs of institutions like the
police or other elements of the justice system independently
structures can maintain pool punishment viable without such
an assumption. Indeed, the phase diagrams for three repre-
sentative values of the multiplication parameter at a low level
of noise indicate surprisingly rich behavior depending on the
punishment �ne and cost.

II. SPATIAL PUBLIC GOODS GAME
WITH POOL PUNISHMENT

The PGG is staged on a square lattice with periodic
boundary conditions. The players are arranged into over-
lapping �ve-person (G = 5) groups in a way such that the
focal players are surrounded by their four nearest neighbors
each. Accordingly, each individual belongs to G = 5 different
groups. All the players thus play �ve �ve-person PGGs by
following the same strategy in every group they are af�liated
with. Initially each player on site x
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FIG. 1. (Color online) Evolution of strategy distribution for three different initial states. Upper row shows the evolution from random initial
state, while middle row shows the evolution from a prepared state. The bottom row demonstrates the time evolution when the �nal states of
upper evolutions meet. We used identical parameters for all cases, namely, L = 390, r = 2.0, γ = 0.1, β = 0.79, and K = 0.5. Black, white,
and blue (grey) denotes players with defector, pure cooperator, and pool punisher strategies, respectively.

weakest� [46]. In the present case, the increase of the �ne
reduces the income of the punished defectors, which allows
pure cooperators to survive. The latter strategy behaves as
the �predator� of pool punishers, resulting in the decay of
ρO despite the increasing �ne. The same cyclic dominance
mediated complex interaction is able to increase ρO when γ

is increased (in this case the less effective punishment does
not allow C players, who are the �prey� of D, to survive).
Similar effects were already reported in several three-strategy
models, including the simpler spatial rock-paper-scissors
game, and the main features were justi�ed by mean-�eld
approximations and pair approximations (for a brief survey,
see the review [40] and further references therein). The
robustness of this behavior can be demonstrated effectively
by a snapshot (see Fig. 3), illustrating signi�cantly different
interfaces between the coexisting phases.

At such a low punishment cost the cooperators can invade
the sites of pool punishers, albeit very slowly and only within
the territories they have in common. It is emphasized that
within these two-strategy territories in the γ � 0 limit the

strategy evolution reproduces the behavior of the voter model
with equivalent strategies exhibiting rough interfaces and
extremely slow coarsening [47]. For low but �nite values
of γ the two-strategy system evolves slowly toward the
homogeneous C state, while the interfaces remain irregular as
demonstrated in Fig. 3. Notice that the interfaces separating the
domains of defectors from cooperators or defectors from pool
punishers are less irregular, thus signaling the more obvious
dominance between these strategy pairs.

The increase of the punishment cost γ reduces the net
income of pool punishers, consequently yielding fundamen-
tally different variations in the strategy frequencies upon
increasing the �ne β, as demonstrated in Fig. 4. The upper plot
illustrates the disappearance of the pure O phase if γ = 0.1.
The extension (along β) of the DO phase decreases linearly
with γ and vanishes at γ = 0.212. At the same time, the
homogeneous O phase can also be observed between the
phases D and (D + C + O)c, but only if the cost exceeds a
threshold value [here γ > γth1(r = 2) = 0.113] that depends
also on the multiplication factor r .
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FIG. 2. (Color online) Strategy frequencies vs �ne� for the
punishment cost� = 0.01 atr = 2.0 andK = 0.5.

Notice that for both values of the punishment cost� the
(D + C+ DO)c phase occurs via a �rst-order (discontinuous)
phase transition when� increases, as can be inferred from the
two panels of Fig.4. Furthermore, the transition from D� O
also becomes discontinuous in the absence of the DO phase.

The above numerical investigations were repeated for many
other values of� , and the results are summarized in the
full �ne-cost phase diagram presented in Fig.5, where the
lower plot magni�es the most complex (small-cost) region.
The lower (magni�ed) phase diagram refers to an additional
new phase [(D+ C+ DO)c marked with an arrow], which we
will, however, address in the following section because it has
more obvious consequences at higher values ofr .

In general, the presented �ne-cost phase diagram shows
clearly that in this low-r region only defectors remain alive
if the �ne does not exceeds a threshold value that increases
approximately linearly with the cost of punishment. More

FIG. 3. (Color online) Typical distribution of strategies on a
400× 400 portion of a larger square lattice forr = 2.0, � = 0.01,
and � = 1.0. The color code is the same as used in Fig.1 and for
symbols in Fig.2.
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FIG. 4. (Color online) Strategy frequencies vs �ne� for the
punishment cost� = 0.1 (top) and� = 0.2 (bottom) atr = 2.0 and
K = 0.5.

precisely, in the low-noise limit the phase boundary separating
the D and O phases approaches the straight line with a slope
of 4/ 5, and this boundary moves left ifr is increased.

B. Results for the synergy factorr = 3.5

Here for the low-cost limit, the system behavior is similar
to the one described in the previous section. The relevant
difference is the absence of the O phase in the series
of transitions upon increasing the �ne� , as demonstrated
in Fig. 6. Notice that both transitions are continuous.
The quantitative analysis supports the conjecture [48] that
the continuous extinction of either the pool punishers or the
cooperators belongs to the directed percolation universality
class.

Figure7 shows relevant differences in the �ne dependence
of the strategy frequencies for higher values of� . In this case
our simulations indicate four intermediate phases between the
phases D and (D+ C+ O)c if the �ne is increased at a �xed
cost and noise level. The �ve critical points for the consecutive
transitions will be denoted as� c1 < · · · < � c5. For example,
the �rst transition at� = � c1 refers to a continuous transition
from phase D to DO in agreement with the cases discussed
above.

We �rst emphasize a striking novel feature in the �ne de-
pendence of the strategy frequencies within the (D+ C+ O)c
phase [� > � c5(r = 0.4) = 1.30(1)]. In this case� D � 1 (and
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low frequency. Within the region� c4 < � < � c5 the �xation
of pool punisher will occur if the cooperators die out �rst
during the stochastic extinction process. In the opposite case,
if pool punishers become extinct �rst, the cooperators have
no chance of surviving. Consequently, within this parameter
region the system can evolve toward one of the homogeneous
states where only defectors or pool punishers are present.
Henceforth, the corresponding behavior (phase) will be de-
noted by F, referring to �xation.

During the transient process the strategy frequencies os-
cillate with a growing amplitude and oscillation period, and
simultaneously, the trajectory spirals out on the simplex [49].
Similar phenomena were already reported for many other
systems (for references, see [1,40,49]).

Figure7 shows that the F phase is surrounded by phases
exhibiting opposite behaviors when approaching the region
of �xation. When approaching from the left-hand side the
system tends toward the O phase while from the opposite side
the emergence of the D phase is favored.

Another novel feature is the appearance of an additional
three-strategy phase within a narrow range of� values
[namely, � c2 < � < � c3 where� c2(r = 0.4) = 0.607(1) and
� c3(r = 0.4) = 0.660(1)]. This phase will be denoted as
(D + C+ DO)c because the corresponding snapshot (see
Fig. 9) illustrates clearly that here the cyclic invasions occur
between the D, C, and DO phases. This spatiotemporal
structure can be reproduced very rarely because of the fast
extinction of cooperators if the system is started from a random
initial state even forL > 5000. In such a case the system
evolves into the DO phase, which is, however, unstable against
the invasion of a cooperator block with a suf�ciently large
size (e.g., 10× 10). It is worth mentioning that the resultant
(D + C+ DO)c phase will appear only after a long transient
process.

The cyclic dominance of alliances has already been ob-
served in spatial ecological models [50]. The present model,
however, offers an interesting new example when one strategy
(one species) �ghts continuously against a group of strategies
(species), resulting in a stable stationary solution. Notice,
furthermore, that the effective invasion rates between the
three phases are strongly in�uenced by the composition
and the spatiotemporal structure of the DO phase. This is
one of the reasons why the �ne dependence of strategy
frequencies deviates from the standard behavior discussed for
the (D+ C+ O)c phase. The other reason is related to the effect
of the pattern topology itself.

The MC simulations have con�rmed clearly that the transi-
tion (at � = � c2) from DO to (D+ C+ DO)c is continuous
while the subsequent transition (at� = � c3) is a weakly
�rst-order one. The latter behavior might be related to the
different time scales (characterizing the average formation and
lifetimes of the competing phases) that depended on� and�
as well as on the synergy factorr .

As for ther = 2.0 case, forr = 3.5 the effects of different
values of the punishment cost� on the stationary states were
also studied systematically by means of MC simulations, and
the results are summarized in the full �ne-cost phase diagram
presented in Fig.10.

As in the previous phase diagram (Fig.5), here the
dotted line [separating the territories of the (D+ C+ DO)c

FIG. 9. (Color online) Typical distribution of strategies within the
(D + C+ DO)c phase on a 400× 400 portion of a larger square lattice
(L = 2000) forr = 3.5, � = 0.2, and� = 0.5. The color code is the
same as in Fig.8.

and (D+ C+ O)c phases] indicates the transition from phase
DO to O in the absence of cooperators. Notice that this
dotted line is the analytic continuation of the phase boundary
separating the territory of the DO phase and the �xa-
tion phase. In fact, the transition from (D+ C+ DO)c to
(D + C+ O)c is made smoother by the absence of long
thermalization (between the domains of D and DO), which
is due to the cyclic dominance emerging in the pres-
ence of cooperators. As a result, the transition cannot be
clearly identi�ed by exclusively considering the frequen-
cies of strategies and/or nearest-neighbor pair correlations.
The difference between these phases, however, is well recog-
nizable visually in the snapshots (compare Figs.8 and9). The
same arguments are valid in the case ofr = 2.0 above, where
the (D+ C+ DO)c phase was also mentioned (see the bottom
panel of Fig.5).

Despite the many striking differences, there also exist some
qualitative similarities between the �ne-cost phase diagrams
obtained for r = 2 and 3.5. Namely, for both cases only
defectors remain alive if the cost� exceeds a threshold
value (which in both cases increases fairly linearly with the
increasing of the �ne� ). Furthermore, the system evolves
into the (D+ C+ DO)c phase for suf�ciently high �nes if the
cost is less than another �ne-dependent threshold value. Upon
decreasing of the �ne a smooth transition from (D+ C+ O)c
to (D+ C+ DO)c occurs when the coexistence of theD and
O strategies is favored in the corresponding two-strategy
(sub)system. The comparison of the two phase diagrams
(Figs. 5 and 10) illustrates how the (D+ C+ DO)c phase
expands together with the DO phase whenr increases.

The most relevant difference between the two phase
diagrams is represented by the �xation allowing the formation
of either the pure O or pure D phase forr = 3.5, while only the
pure O phase can occur forr = 2.0. The mentioned difference
implies signi�cant deviation in the variation of strategy
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