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Chimeras are this year coming of age since they were first observed by Kuramoto
and Battogtokh in 2002 in a one-dimensional network of complex Ginzburg-Landau
equations. What started as an observation of a peculiar coexistence of synchronized and
desynchronized states, almost two decades latter turned out to be an important new
paradigm of nonlinear dynamics at the interface of physical and life sciences. Chimeras
have been observed in uni-hemispheric sleep of aquatic mammals and migratory birds,
in electrocorticographic recordings of epileptic seizures, and in neural bump states that
are central to the coding of working memory and visual orientation. Chimera states have
also been observed experimentally in physical systems, for example in liquid crystal light
modulators, and they have been linked to power grids outages and optomechanics. Here
we present a major review of chimeras, dedicated to all aspects of their theoretical and
practical existence. We cover different dynamical systems in which chimera states have
been observed, different types of chimeras, and different mathematical methods used for
their analysis. We also review the importance of network structure for the emergence
of chimeras, as well as different schemes aimed at controlling the symmetry breaking
spatiotemporal pattern. We conclude by outlining open challenges and opportunities for
future research entailing chimeras.
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1. Introduction

Complex networks and their collective behaviors have attracted great attention in recent years and opened a new
branch in science [1-7]. In most of these studies, the relationships between network components and their impact on the
overall behavior have been investigated. All of the natural systems and how they communicate can be modeled as a set
of interconnected elements that affect each other’s behavior bi-directionally. Therefore, studying complex systems and
their mathematical modeling helps in understanding the nature and real life.

The synchronization phenomenon is an emerging collective behavior in complex systems [8-11]. In this state, a large
number of elements, which are coupled together, behave coherently. The synchronous patterns have been extensively
observed in chemistry, physics, and biology. Thus, it plays a significant role in different sciences. In many situations,
synchronization does not mean exactly the same behavior in the network oscillators. Rather, it refers to a process in
which the elements have similar behavior, or there is a function that can express each component’s behavior compared
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with the others. There are many different forms of synchronization such as complete synchronization [12,13], generalized
synchronization [14,15], phase synchronization [16], projective synchronization [17], anti-synchronization [18], and lag
synchronization [19]. Due to this diversity, synchronization has attracted much attention in recent years, and many
numerical and analytical studies have focused on different types of synchronous patterns [20-27].

Along with the synchronization patterns, the collective behaviors which occur in the transition from asynchrony to
synchrony, such as partial synchronous states, have also received a great deal of interest. One of the special spatiotemporal
patterns in this regard is the situation when some network’s elements oscillate synchronously, and the others behave
asynchronously. For the first time by Kuramoto et al. [28] in 2002, this phenomenon has been observed in a network
of non-locally coupled phase oscillators. They found a pattern composed of two domains of coherent oscillations with
unique frequency, and incoherent oscillations with distributed frequencies. This peculiar pattern was called the “chimera
state” by Abrams and Strogatz in 2004 [29]. The word “Chimera” refers to a beast with a lion’s head, a goat’s body, and
a snake’s tail in Greek mythology. Since this novel interesting dynamical state was composed of incongruous parts, the
name “chimera” was chosen to highlight the possibility of coexistence of coherence and incoherence in one network [29].

The discovery of the chimera state launched a wave of new research in the field of coupled nonlinear systems.
Besides the phase oscillators, this phenomenon has also been observed in chemical [30-33], mechanical [34-36], optical
[37-39], electrical [40] and other systems [41-44] in recent years. However, there is no experimental verification done
on chimera state in neurobiology, a piece of evidence exists which supports the association of the chimera state with
neuronal evolutions [45]. This association has led to allocating a large proportion of chimera studies to the neuronal
networks [46-52]. Apart from the chimera-related neuronal activities, experimental studies have also revealed the chimera
state’s existence in physical oscillators, verifying that the chimeras are characteristic of natural systems. However, there
is about a decade gap between discovering the chimera state and its observation in experiments. These experimental
studies demonstrate the applicability of chimera studies in natural systems. For example, the survey of Martens et al. [34]
on coupled mechanical systems can interpret the theoretical studies of synchronization in power grids. Therefore, when
the power grid networks develop to contain increasing renewable power sources, they may be challenged with a chimera
state, leading to large-scale partial blackouts.

About the foundation of the chimera state, a question may arise that why this phenomenon was discovered so late
despite its abundance. The response is that the chimera state’s basin of attraction is usually smaller than the other stable
states in a network. Actually, the chimera phenomenon’s occurrence or non-occurrence is sensitive to the initial conditions
of the systems [53-58]. In most cases, the observation of this phenomenon is possible only with certain initial conditions.
Therefore, the probability that the chimera appears as the steady-state is less than in other cases. The mathematical
calculations and experimental evidence indicate that the chimera state’s lifespan depends on the size of the network and
increases exponentially with the increment of the network size.

The former studies of the chimera state were devoted to the ring network of oscillators. However, with the devel-
opment of the networks theory and the expansion of chimera studies, the researchers found chimera in more complex
network frameworks. Thus, the chimeras have been reported in two- and three-dimensional structures [59-62], multilayer
networks [50,63-70], and even small-world and scale-free networks [70,71]. Furthermore, from the coupling scheme’s
perspective, the chimera states have been investigated considering diverse connection arrangements, ranging from simple
nearest-neighbor coupling to time-varying and hierarchical topologies [72-77]. The chimera surveys’ growth led to the
detection of various types of chimera, other than the initially observed chimera composed of phase-locked and phase
distributed groups [78-88]. Different factors, such as the local dynamics of the elements, the coupling scheme and
parameters, the time delay and noise, influence on the emergence of different chimera types. Therefore, the scientists
began to classify the chimera states based on the spatial properties, the systems’ temporal dynamics, and the type of
synchronization in the coherent group.

Consequently, the chimera states have drawn considerable attention from different scientists in recent years. Therefore,
our motivation in this paper is to present an extensive review of the recent progress in chimera studies. In general, a
network of coupled identical systems is defined by,

N
%i(t) = F(xi() + o Y AgHIx; () — xi(t)],

j=1

where x;(t) € R" denote the state variables of the system, F(x;(t)) describes the dynamics of the individual nodes, and o
and N are the coupling strength and the number of nodes. The network’s topology is applied by the connectivity matrix
{Aj}, such that A; = 1if the nodes i and j are connected and A;; = 0 otherwise. Therefore, adjusting the elements of A leads
to a different configuration, including local (connection to the nearest neighbor), non-local (connection to several nearest
neighbors) and global (all-to-all connection) coupling, or other arbitrary connections. The coupling function between the
elements, which can be linear or nonlinear, is determined by H. The chimera studies can be classified into different
categories according to the used local dynamics (F(x)), the connectivities (A), and coupling function (H). In the following
sections, we aim to review the previous researches based on these categories.

At the beginning of the next section, we review chimeras in phase oscillators, in which the chimera state was
first discovered. Then, we discuss mechanical, chemical, and optical dynamical systems that have been investigated in
chimera’s research, and after that, we take a brief look at the chimera in discrete maps. At the end of Section 2, the chimera
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Fig. 1. The time snapshot of the phase oscillator described by CGLE (Eq. (1)) with periodic boundary conditions. The parameters are a = —1.0,

b =0.88 and x = 4.0.
Source: Figure reproduced with permission from [28].

state in neuronal networks is mentioned. Section 3 is devoted to the theoretical and mathematical methods which are
used in the chimera research. Firstly, the continuum limit and the Ott-Antonsen approach applied to the phase oscillators
are presented. Next, the quantitative measures that have been used for stability analysis and characterizing chimeras in
time and phase space are introduced. In Section 4, different types of chimera states are described. The chimera states are
named based on the steadiness of the chimera state (e.g., breathing chimera), the number of coherent and incoherent
clusters (e.g., multi-headed chimera), the spatial position of coherent and incoherent groups in time (e.g., alternating
chimera and traveling chimera), the involvement of amplitude of oscillators (e.g., amplitude chimera, amplitude mediated
chimera and chimera death), etc. Section 5 reviews the works by considering different network structures in two and three
dimensions and multilayer networks. Then, there is a comprehensive overview of various coupling schemes in networks.
Section 6 discusses the presented techniques for controlling the chimera states’ existence, stability, and lifetime. Finally,
the summary and an outline for future research are presented in Sections 7 and 8.

2. Chimeras in different dynamical systems

Following the study of the chimera state by Kuramoto et al. [28] in the complex Ginzburg-Landau equation, most of
the earlier works of chimera state were done on the phase oscillators. Later on it was found that the chimeras are not
limited to the phase oscillators, rather are also observable in a variety of systems. Thus, in this section, we discuss the
different systems which were considered in chimera studies.

2.1. Phase oscillators

The complex Ginzburg-Landau equations (CGLE) have been widely used in different fields, such as physics. The CGLE

in one-dimensional space is described by the following equation
d
aA(x, t) = (14 iwg)A — (1 + ib)|AIA

+K(1+ia)(Z(x, t) — Ax, 1)), (1)

where Z(x, t) is the mean-field, which for the non-local coupling is described by
Z(x,t) = /G(x — XA, t')dx'. (2)
Here G represents the kernel function. Kuramoto and Battogtokh [28] considered an exponential kernel as

Gly) = 5 exp(—xlyl) 3)

which decays with the distance between oscillators. They solved Eq. (1) numerically in the interval x € [0, 1] for periodic
boundary conditions. They found a special phenomenon for defined parameter values a = —1.0, b = 0.88 and x = 4.0. In
this state, the phases are distributed randomly near x = 1, and uniformly near the boundaries. Therefore, there is a group
of coherent oscillators that are phase-locked (near x = %2 ), and an incoherent group in the middle. The time snapshot of
the phases of the oscillators is shown in Fig. 1.
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For further analysis of the model, Eq. (1) was reduced to a phase model by assuming a small coupling strength K. Thus,
the phase reduced model can be described by

%(i)(x, t)=w —/G(x —x)
x sin(@(x, t) — (X', t) + ) dx’, (4)

where ¢(x, t) is the phase of the oscillator at position x at time t, w is the natural frequency, and « is the phase constant.

They demonstrated that for the parameter values used in Fig. 1, the reduced model (Eq. (4)) exhibits a similar pattern.
After the discovery of Kuramoto and Battogtokh, Abrams and Strogatz [29] studied a similar ring of phase oscillators

as Eq. (4), in 2004. To simplify the computations, they used a cosine kernel function instead of the exponential one, as

G(x) = %(1 + Acosx). (5)

A similar coexistence of coherence and incoherence was observed with this kernel function for A = 0.995, 8 = 0.18,
and N = 256. These studies found that the chimera state cannot appear for any values of « when G = 1 (global coupling),
and also for any values of G when o = 0 (Sine coupling). The discretized form of the phase-reduced model (Eq. (4)) is as
follows

K«
b=ty ;cﬁsinm —¢i — ). (6)
This model has been later used in many chimera studies with different cosine, step-function, or even piecewise linear
kernels [89-101]. For the exponential kernel as Eq. (3), the model is known as the Kuramoto-Sakaguchi model, while it is
called the Kuramoto model with the step-function kernel. In the majority of the studies, the coupling function is the simple
sine coupling. However, a few [102,103] have considered different coupling functions, such as the Hansel-Mato-Meunier
coupling. For example, Suda and Okuda [103] investigated the following network

J+R

0(t) = o + R Z T(0;(t) — 6k(t)), (7)
k=j—R

I'(¢p) = —sin(¢ + ) + rsin(2¢), (8)

where I'(¢) was the Hansel-Mato-Meunier coupling, and R denoted the coupling range, which was set at % = 0.35.
Firstly, the network was solved for a large number of oscillators as N = 2000. The parameter « was fixed at « = 1.46
at which the network with sine coupling shows chimera state. Then the ratio of the second component was varied. The
results demonstrated that the chimera state exists in this network for r < 0.073.

In the finite size network of phase oscillators with sine coupling function, the chimera state is transient and changes
to an utterly coherent state. In contrast, the Hansel-Mato-Meunier coupling results in stable chimera, even for a finite
number of oscillators [103]. The time of persistence of the chimera state in a network is called the lifetime. This time
is dependent on the value of r for the Hansel-Mato-Meunier coupling. Fig. 2 shows the lifetime of chimera for N = 30
by varying r. For r = 0, which refers to the sine coupling, the chimera’s lifetime is limited, which means that the state
converts to the complete synchronization after a short time. As r increases and the coupling changes to the Hansel-
Mato-Meunier, the lifetime of the chimera is increased sharply. When r reaches r* = 0.039, the lifetime diverges almost
to infinity. Thus, the chimera can be stable in a finite size network. Besides the Hansel-Mato-Meunier coupling, Wolfrum
et al. [104] reported a stable chimera state in the Kuramoto-Sakaguchi phase oscillators with a cosine kernel with using
a non-constant phase lag («) as

mm:%-xu—mm, 9)

where r(t) is the global order parameter. This term can be considered as a global feedback loop with parameter K.
The stabilization of the chimera state in this network was proved by using the classical finite-dimensional chaos and
bifurcation theory.

The chimera states have also been studied in coupled phase oscillators with attractive or repulsive coupling. Maistrenko
et al. [105] investigated the network with a step function kernel in which each oscillator is connected to its 2P nearest
neighbors (P on the left and P on the right) with constant strength, as

P
) K .
pi=w+ 2R AX;SIH(%H—%‘ —a). (10)
=

The value of the parameter « controls the coupling such that —% < a < 7 provides the attractive coupling and

T <a< 37” leads to the repulsive coupling. Numerical simulations of this network with K = 1 and w = 0 have shown
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Fig. 2. The lifetime of chimera state in the coupled phase oscillators with the Hansel-Mato-Meunier coupling for N = 30 and « = 1.46. When r
reaches r* = 0.039, the lifetime diverges almost to infinity. The results are the average of simulations of 1000 different initial conditions.
Source: Figure reproduced with permission from [103].

that in the attractive coupling, the chimera appears for « values near 3 and intermediate values of the coupling range.
For smaller phase shifts or when the coupling is local or global, the chimera is destroyed. In the case of the repulsive
coupling, the chimera is formed when the parameter « is far from 7 and . When « approaches 7, the spatiotemporal
chaos appears in the network, while in « = 7, the network reaches a coherent state, wherein the successive oscillators
have a fixed phase difference. In both couplings, changing the value of « causes the increment of the incoherent
clusters.

In reality, the oscillators are not identical and may have slight differences. Thus, considering the heterogeneities in the
coupled oscillators provides a more realistic model. Many studies have investigated the chimera states under the effects
of the heterogeneities in phase oscillators either in the phase lag [106,107] or in the intrinsic frequency [108-111]. By
using the bifurcation analysis, Laing demonstrated that the chimera state is also stable in the Kuramoto network with
heterogeneous frequencies [108,109]. Xie et al. [111] considered non-uniform inhomogeneity in the natural frequencies
of the phase oscillators with the following coupling functions

GI(x) = cos(nx),
GP(x) = cos(nx) + cos[(n + 1)x]. (11)

For applying inhomogeneity in the network, they considered two different distributions: a bump inhomogeneity
distribution w(x) = wo exp(—«|x|), « > 0, and a periodic inhomogeneity distribution w(x) = wg cos(lx) with [ being a
positive integer. In this study, they investigated the influence of the amplitude (wy) and the spatial scale (« ! or I™1) of
the w(x). They found that with applying the inhomogeneity, the position of the coherent cluster is fixed to a special location
and has very small fluctuations in time. Fig. 3 shows the position of a coherent cluster of the chimera in this network
with bump inhomogeneity for different « values. It is observed that the fluctuations are decreased with the decrement of
the bump width. Furthermore, it was revealed that in the chimera state with multiple coherent and incoherent clusters,
the width of the coherent clusters is reduced with increasing wg, and thus the incoherent domains are merged.

Recently, Frolov et al. [110] reported the occurrence of the chimera-like states, composed of a group of frequency-
locked oscillators and an incoherent group with drifting-like frequencies. They considered the Kuramoto oscillators with
the form

é

N
i + AR ZAH sin(¢; — ¢i),

=1

N
e
=1

where ¢; is the phase, w; is the natural frequency, and k; is the degree of each oscillator. A denotes the total coupling
strength, A is the adjacency matrix, and R; is the local order parameter, which measures the coherence of each node. The
heterogeneous natural frequencies are uniformly distributed in the interval [wo — %, wo+ %], where wy is the center, and
A is the width of the distribution. By increasing the coupling strength, the homogeneous network transits from complete

: (12)

1
ki
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Fig. 3. The position of the coherent cluster of chimera in the heterogeneous phase oscillators with the bump inhomogeneity distribution for natural
frequencies. The parameters are wp = 0.1, 8 = 0.05, N = 512. (a) x = 10, (b) k =6 and (c) x = 2.
Source: Figure reproduced with permission from [111].

incoherence to coherence in very small coupling strength values. When the inhomogeneity is added to the network,
this transition occurs for higher coupling strengths as A increases. Moreover, during the transition from incoherence to
coherence, there is a region of partially coherent state called the chimera-like state.

To investigate the mechanism of the appearance of this chimera-like state, firstly, the network’s equation is rewritten
as follows

¢ = fi=wi+c

N
G = AR; ZAH sin(¢; — ¢), (13)

=1
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where ¢; is the mean coupling term and f; is defined as the effective frequency. In the case of the frequency-locking
state, the mean effective frequency is equal to the mean-field frequency (£2), which is equivalent to w, for the uniform
distribution. Thus, we have (f;) = w; + (¢;) = 2 = wo, which results in (¢c;) ~ wg — w;. Therefore, the difference between
each oscillator’s natural frequency and the central frequency should be balanced with the coupling term c;.

When the coupling strength is very small, the network is completely incoherent, and the coupling terms are nearly
zero. This state is shown in Fig. 4a, where the left, middle and right panels show the averaged effective frequencies
of the oscillators (f;), the averaged effective frequency (f;) vs. the coupling term c;, and the natural frequency w; vs.
the coupling term c;. When the coupling strength increases, the coupling terms try to compensate for the difference
wo — wj. Therefore, the oscillators with w; > —wq are coupled attractively with ¢; > 0, and the ones with w; < —wy
are coupled repulsively with ¢; < 0 (Fig. 4b). Subsequently, the oscillators which are coupled attractively construct a
coherent frequency-locked cluster (as shown in Fig. 4c,d). Finally, with more increasing of the coupling strength, all of
the oscillators are frequency-locked (Fig. 4e).

A special case of the complex Ginzburg-Landau equations (CGLE) is the Stuart-Landau equation. The Stuart-Landau
equation provides a general model for the oscillators which represent the supercritical Hopf bifurcation. Accordingly, this
model has been investigated in many chimera studies [112-119]. Premalatha et al. [120] considered a network of globally
coupled Stuart-Landau oscillators of the form

w=w—(1—ic)lw|*w, (14)

where w = x + iy is the complex amplitude, and c is the nonisochronicity parameter. They investigated both cases of the
symmetric coupling as (w —wj;) and the symmetry broken coupling as €(Re(w)—Re(w;)), where w = (1/N) ZN w; is the
mean-field, and Re(w) = (1/N) Z i1 X; is the mean-field of the real part. It was found that by using the symmetry broken
coupling, the irregularity is 1ncreased in the network. Furthermore, it leads to the development of different dynamical
behaviors. In another study [121], the Stuart-Landau oscillators were considered in two populations described by the
following equation

2
j(l ,2) (1 + la)) (1,2) (1 _ ic)|zj(1,2)| Zj(l,Z)
J+Pq
o Z (12) _ (1 2))
k—] Py
J+Py
(2,1 1,2
Z @>" =", (15)
k—] Py

where z is the complex variable, w is the natural frequency, and c is the nonisochronicity parameter. o and n are the
coupling strengths, and P; and P, are the nearest neighbors in the coupling in two populations. Simulation of this network
has shown that for a specific range of the nonisochronicity parameter, the chimera state emerges in both populations with
selecting determined initial conditions. An example of this state is shown in Fig. 5. In this dynamics, the synchronized
nodes oscillate periodically, while the asynchronized ones are quasiperiodic.

2.2. Mechanical oscillators

To indicate the chimera state in mechanical oscillators, an experiment of coupled metronomes has been done in
2013 [34]. The considered network consists of two populations with a strong coupling within the populations and weaker
coupling between populations. When the frequency of the oscillators is increased, the coupling between the oscillators
is strengthened due to the growth of momentum. In contrast, the weak coupling between populations is obtained by
adjusting the steel springs, which have an effective strength. The metronomes are identical and can move freely in the
plane. The setup of this experiment is shown in Fig. 6.

For investigating the behavior of the network, the frequency of the oscillators is kept constant, and the spring strength
is varied. When the spring strength is very low, the two populations are anti-phase synchronous, i.e., both populations
are synchronized, but have 180° phase difference. For very large spring strength, the populations reach an in-phase
synchronized motion. Finally, for intermediate values of spring strength, the chimera state is observed. In this case, one
of the populations is synchronous, while the other has asynchronous oscillations. The asynchronous metronomes have
different phases and time-averaged frequencies.

The obtained experimental results can be evaluated by a mathematical model. It is assumed that the displacement
angles of the swings from equilibrium positions are @ and ¥ (the metronomes displacement in each population is ¢; and
¥;). Each metronome is characterized by a self-sustained oscillator with an eigenfrequency w and damping wn,, as

2

¢ + sing; + um¢iD(¢i) + —5 cos $i® =0, (16)
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Fig. 4. Mechanism of appearance of chimera-like state in the heterogeneous network of Kuramoto oscillators (Eq. (12)) with A = 1, for different
coupling strengths (A). The left, middle and right panels show the averaged effective frequencies of the oscillators (f;), the averaged effective frequency
(f;) vs. the coupling term c;, and the natural frequency w; vs. the coupling term c;. (a) A = 0.02, (b) A = 0.045, (c) A = 0.048, (d) A = 0.051, and
(e) A = 0.06.

Source: Figure reproduced with permission from [110].
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Fig. 5. Spatiotemporal patterns of two populations of the Stuart-Landau oscillators (Eq. (15)), indicating chimera state for specified initial conditions.
The parameters are chosen as ¢ =5, 0 = 0.1, n = 0.25, v = 1.0 and r = 0.1. (a) First population, (b) Second population.
Source: Figure reproduced with permission from [121].

A Set-up and Measurements
Pivot D prin,
\Y /S ing

Metronome

ol i -

Metronome

Adjustable bob ; i ; UV Fluorescent
(frequency) Swing 1 *UV Light Swing 2 spot

Two coupled metronomes/clocks C Additional internal degrees of freedom:
In- & Anti-Phase synchronization In- & Anti-Phase synchronization and chimera states

Spring Spring coupling

& Leverage [

N
Swing A Swing B Swing A
- o *, .o
P S . 0. S e 3
Rt g - Wt DS
s € et W e
P i T DD U
S5 Se Sy Sy Sats
ey Covey Covng Coreg Cony Corag
o %, €, € €0 <,
et e et
Cn el €T e T e
o o i _Basoo~ o igsie— L s ]
£ D £ . Shroy Clugy Ciarg Sy Crin Sy
= = 1 <’..:, c'.'.',, ::Z., <’.Z> < ¢:..’
B & @0 S e €
eSS e e eves
e il enell ol ol e
el o OB o e J
<-.><..., €Ly Sy Creny Sy
€l e el el el el
v Y e, e W R i !
coherence mcoherence

Fig. 6. Experimental setup of coupled mechanical oscillators. There are two populations of N identical metronomes, connected with tunable springs.
(a) The experiment schematic. (b) Each population has one metronome, which is in-phase synchronized. (c) Each population has N = 15 metronomes.
The swing A is synchronous, while swing B is asynchronous, and thus a chimera state is formed. The displacement angles of the metronomes in
swing A and B are shown by ¢; and ¥;, respectively.
Source: Figure reproduced with permission from [34].

where ¢; denotes the pendulum inertia, sin ¢; is the gravitational force of restitution, jm@;D(¢;) is the damping with an

amplitude-dependent nonlinearity D(¢;), and g—zz cos ¢;® is the driving swing inertia. The derivatives are with respect to
Tt = wt. Each swing is described by the metronomes and the other swing as

N

. . X .

q>+92q>—x(11/—q>)+usq>+fo§ d.p Singy = 0, (17)
k=1

where L is the length of swing, 2 = ./g/L is the eigenfrequency, u; is the damping, and « is the coupling strength
between metronomes. Investigating the mathematical model reveals the same results as the experiment. Therefore, a
network of basic mechanical elements consisting of inertia, friction, and spring rate, can produce a chimera state.

10
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Fig. 7. The phase diagrams of the coupled mechanical oscillators with three platforms in the case of symmetric coupling. (a) The experimental
result. (b) The numerical result. ¢: the platforms are in-phase synchronous; x: the middle platform is asynchronous, and the outer platforms are
synchronous; (: one of the outer platforms is synchronous, and two others are asynchronous; O: the platforms are anti-phase synchronous; *: the
platforms are asynchronous.

Source: Figure reproduced with permission from [122].

The chimera state can also emerge in the case of three platforms with either symmetric or asymmetric couplings
between them [122]. The experimental setup is the same as the previous case with an additional platform, each consisting
of 15 metronomes. Therefore, each metronome motion is described by Eq. (16). The equation for each platform can be an
extension of Eq. (17) as follows

N

. . X0 .

&y + psl3®p + Xq:Aq,,cp,, +7 21: dr- sin(¢p) = 0, (18)
1=

where p = 1, 2, 3 is the index of platforms, I3 is the three-dimensional identity matrix, and Ag, is the coupling matrix

between p and q platforms, as

K1 ~|—.Qz —K1 0
A= —K1 K1+ Ky + 22 —K3
0 —K> K2+92

It is assumed that the coupling strength between the left and center platforms is x; and between the right and
center platforms is x;. When the coupling between platforms is symmetric, i.e., k7 = k3, by changing the frequency of
metronomes and the coupling strength, different synchrony and asynchrony patterns are observed. Thus, the chimera state
can be formed in two cases. First, when the middle platform is asynchronous, and the side platforms are synchronous, and
second, when one of the side platforms is asynchronous, and the others are synchronous. Fig. 7 shows the phase diagram
of this network obtained from experimental (Fig. 7a) and numerical (Fig. 7b) simulations. In the diagrams, the regions
marked by the x symbol show the first kind of chimera, and the symbol () represents the second type of chimera. The
regions marked by ¢ and O indicate where all platforms are synchronous, either in-phase (¢) or anti-phase (O). Finally,
the asynchronous region is marked by *. Comparing Fig. 7a and Fig. 7b shows that the chimera region is very smaller
in numerical simulation. This mismatch can be due to the tolerances and inhomogeneities in the physical metronomes,
while in numeric, the metronomes are perfectly identical.

In the next step, the couplings are considered asymmetric, i.e., k1 # k. The phase diagram in this case, is shown in
Fig. 8. When the coupling strengths have a significant difference, the chimera state is not formed. The chimera region in
the diagram is shown by x. In comparison to the symmetric coupling, in the asymmetric coupling, only the first kind
of chimera, in which the middle platform is asynchronous, appears. The regions marked by ¢ represent the synchronous
states.

The chimera state has also been observed in a ring network of coupled pendula [123]. This network consists of coupled
pendula, excited by the clock’s escapement (Huygens clock). Fig. 9a represents the schematic of pendulums with length [
and mass m that are dangled from a fixed disc. The pendula are connected via linear springs and dampers with coefficients
ky and ¢y, respectively, and have the distance [; from the pivot. The displacements of the pendulums are shown by ¢;. The
experimental realization of this network is shown in Fig. 9b. In this figure, the nearest neighbor links are shown by green,
and the second nearest neighbor links are shown by red lines. The mathematical description of this network can be derived
from Newton'’s laws of dynamics, as

My = mP@ + Co®i + mglsin g;
+ k2 (@i — @i1) + kal2(9i — pi11)
11
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Fig. 8. The phase diagrams of the coupled mechanical oscillators with three platforms obtained from experiment in the case of asymmetric coupling.
¢: two platforms are in-phase synchronous and the third is anti-phase; x: the chimera state; (: bistability.
Source: Figure reproduced with permission from [122].

+ kxlf(‘/’i —@i2)+ kxlg(ﬁl)i — Qit2)
+6l2(gi — 9ia) + a2 (g — pit1)
+ Cx’?((/)i —@i_2)+ Cxlf(q’i — Qit2), (19)

where i is the pendulum’s index, ¢, is the damping coefficient of the linear damper. The escapement mechanism creates
the excitation torque My for ¢y > yy. By adjusting the parameters properly, different patterns of chimera state, which
are dependent on the initial displacements, emerge in the pendula.

By reducing the size of the network Eq. (19), the chimera state still exists in the pendula, even for N = 3 [124]. In this
case, the equations of motion will be the same as Eq. (19), with only considering the nearest-neighbor coupling terms. For
a wide range of parameters, the three pendulums are synchronous. For specific values of coupling stiffness 0 < ky < kg,
by adding a perturbation, the synchronous state is destroyed, and the chimera state is created. The perturbation can be
applied by stopping one of the pendulums for an instant.

The time series of the displacement of the pendulums are illustrated in Fig. 10a. At first, all pendulums are synchro-
nized. By applying the perturbation to the pendulum one, the second and third pendulums remain synchronous, while the
first one obtains a phase difference with the others. The amplitude of the first pendulum is also decreased. An enlargement
of the time series is shown in Fig. 10b. This behavior of the network can be inferred as a small chimera state. The Poincaré
maps of the pendulums obtained from numerical and experimental simulations are depicted in Fig. 10c,d, respectively.
To confirm the synchrony of the second and the third pendula and their difference with the first one, the snapshots of
the phases at the initial and final times, and the normalized mean frequencies are presented in Fig. 10e,f, and Fig. 10g,
respectively. In general, the chimera state may appear in this small network of pendula as a result of three factors: the
multistability of the pendulums, the existence of the self-excitation, and the proper value of coupling stiffness k,.

The van der Pol-Duffing and Duffing systems are examples of the simple oscillators which can be used for studying
the mechanical systems. In these systems, the external force can be considered as the physical motor, which provides the
required force for the system'’s oscillation. It is generally possible for the motors to fail due to the overloads or defects
of some components. Therefore, in a network of coupled mechanical systems, it is of great importance to investigate the
effect of the external force failure on the network’s behavior. For this study, a network of coupled van der Pol-Duffing
oscillators can be considered as [125]

i+P
X =yi+ ij;}j[xj —xi

. (20)
yi = a(1 —x)y; — x} + F sin(wt) + ﬁjzpb/j =i,

where x and y are the position and velocity of ith oscillator, respectively, and F sin(wt) is the external force. The coupling
is considered to be non-local, with coupling strength d. It is also assumed that the connections between oscillators occur

12
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Fig. 9. (a) A ring network of coupled pendula connected via springs and dampers. (b) Experimental realization of the 20 pendula coupled with
springs.
Source: Figure reproduced with permission from [123].

through both springs (x variables) and dampers (y variables). Depending on the values of the parameters, the single
oscillator exhibits multistability. With considering @ = 0.2, F = 1, and w = 0.94, it has two coexisting attractors, such
that one is chaotic and the other is periodic.

This network (Eq. (20)) shows different spatiotemporal patterns by varying the coupling strength (d). For very small
coupling strengths, the oscillators are completely incoherent. With a slight increase in d, some of the oscillators tend to
be synchronous, and therefore, the chimera state appears. Depending on the value of the coupling strength, the formed
chimera patterns can be divided into two types, where the first type consists of temporal chaos (t-chimera state) and the
second one consists of spatial chaos (s-chimera state). For specific values of coupling strength, both chimera types are
observed.

Now the case of failure of one motor is considered. This is simulated by turning off one external excitation, i.e., F; = 0.
It is assumed that firstly, the network is in the s-chimera state, where the systems have regular oscillations, and the
incoherent cluster has spatial chaos. This is shown in Fig. 11a, in which the left and right panels show the snapshot of
the x variables, and the mean velocity(y;)-time plots, respectively. Next, the external excitation of the oscillator i = 45
is turned off. The network pattern is depicted in Fig. 11b. It is observed that the dynamics of the disabled oscillator is
changed to quasiperiodic and also oscillates with a larger amplitude. This happens due to the existence of the unstable
fixed point when F = 0. Moreover, the dynamics of the other oscillators are changed to the chaotic oscillations, and
thus the s-chimera state transits to the t-chimera state. If the external excitation switches on again, i.e., F45s = 1, then
the oscillators behave regularly, and the network returns to the initial s-chimera state (Fig. 11c). Therefore, the chimera
state is not disturbed by the failure of one system, and the only changes are in the systems’ dynamics and the length of

13
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are shown by red dots and blue triangles, respectively).
Source: Figure reproduced with permission from [124].

the incoherent/coherent domains. The obtained result is very important in real applications. For example, the process of
replacing one motor of the network’s units can be done while the network is working, and there is no need to stop the
network.

Very recently, an energetic approach was proposed for the analysis of the synchronization and chimera state in a
mechanical pendulum-chart network [126]. The network consists of three pendulums that are coupled via their charts.
The charts which are linked through linear springs are connected to a rigid wall and to a base that is the energy supplier.
The system of coupled pendulums is shown in Fig. 12. Each pendulum has the mass m; and length [;, and the mass of
each chart is M;. The displacements of the charts and pendula are denoted by x; and ¢;. k;jand GG j = 1, 2, ..., 9) are the
linear springs and viscous dampers, and C, is the linear viscous dissipation of each pendulum. The describing equations
of this system are given in Ref. [126].

Investigating this mechanical system for different parameters and analyzing the time series have revealed the
formation of six different dynamical patterns: in-phase synchronization, anti-phase synchronization, frequency-locked
oscillations, long period synchronization (the frequency of one oscillator is multiple of the synchronized ones), chimera
state, and asynchronization. The procedure for identifying these patterns is as follows:

14
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Fig. 11. The effect of the failure of one oscillator, in the van der Pol-Duffing network. The left and right panels show the snapshots of the x variables

and the mean velocity (y;)-time plots, respectively. (a) The s-chimera state is observed for r = 0.3 and d = 0.

01, when all excitations are on.

(b) The oscillator i = 45 is failed, and the pattern changes to the t-chimera state. (c) The external excitation of the oscillator i = 45 is turned on

again, and the network returns to the initial s-chimera state.
Source: Figure reproduced with permission from [125].
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e Firstly, the position of one oscillator is selected as a reference, and then the other oscillators’ positions are subtracted
from this reference. In case all subtractions are zero, the network is in in-phase synchronization.

e The next step, when all subtractions are not zero, is to add the subtracted signal with the double of the reference.
In case this summation becomes zero for one of the oscillators, the network is in anti-phase synchronization.

e Finally, the peaks of the subtracted signal are computed. If consecutive peaks have the same distance, the pattern is
frequency-locked, and otherwise, the long period synchronization is observed.

In case the pattern is not classified with this procedure, another oscillator is chosen as the reference. Subsequently,
if the procedure with the new reference results in synchronization, then the network’s pattern is the chimera state.
Eventually, if no special pattern is identified by taking all oscillators as the reference, the oscillators are asynchronous.
Fig. 13 represents the regions of the different patterns of the pendulum-chart network, with analyzing the position of the
charts, for different excitation amplitudes. It is observed that for a low excitation amplitude, the oscillators mostly behave
in a synchronized motion. As the excitation amplitude increases, the synchronous region is lessened, and more asynchrony
patterns emerge in the network. Analyzing the pendulums or the complete chart-pendula system leads to the same results.

The patterns of the mechanical system have some relations with the system’s energy. To find this relation, the potential
energy of the elastic and also the pendulums are computed. The energy provided by the base is received by ky, k;, and
k3, and is transmitted through ks, k;, and kg. Thus, the increment of the excitation amplitude results in receiving higher
energy. The energy can be calculated through the charts as

1

ks(x2 — x1)? + ko(X3 — X1)?
Epe=— ( 2 2
t kix{ 4 kax]
0
ks(Xa — X1)? + kz(x3 — x2)?

k2x§ + k6x§

n k7(x3 — X2)* + ke(x3 — X1)2>dt’

(21)
k3x§ + ksX%
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or by the pendula as

E - 1 <mgl(1—cos¢1) mgl(1 — cos ¢7)
P kix3 + kqx? kax3 + kex3
0
1—
mel(1 = cos ¢s) . Cosf3))dr. (22)
kx5 + kgx5

The diagram of the energy calculated through the charts is shown in Fig. 14 for different excitation amplitudes.
Comparing this diagram with the dynamical patterns presented in Fig. 13 indicates that the higher energy is related
to the asynchronous regions. Thus the system exhibits asynchronous or chimera states when it acquires more energy.

2.3. Chemical oscillators

Tinsley et al. [30] reported the chimera state and its relation to other synchronization states in a network of
Belousov-Zhabotinsky oscillators based on an experimental study. Their experiment was relying on the photosensitive
Belousov-Zhabotinsky reaction. In this experiment, the N oscillatory particles are separated into two different groups
with the same population, A and B. Each particle i in the group o encounters the feedback of light intensity P{

P{ = Py + ko Prae(ly (t — 7) — I(t))

+ kaa’Pmax(Ia’(t - 'E) - I,'(t)), (23)
where 0 = A and B, and ¢’ = B and A. f[, is the mean intensity of the oscillators in group o. K, and K, are the intra-
and the inter-group coupling coefficients, respectively. Py is the maximum light perturbation which is equal to 3 mW
cm 2. Py = 1.4 mW cm~2 describes the background light intensity. It is considered that the intra-group coupling is

stronger than the inter-group coupling, and each particle is globally coupled in each group out of the mean of the signal
of its own group and another group. This experiment shows various types of synchronization. In all instances group A
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Fig. 15. The schematic of an electrochemical cell for nickel working electrodissolution experiment. Ref: Hg/HgSo,/Sat - K,SO4 reference electrode,
CE: Pt electrode, Rinq: Individual resistors, R: Coupling resistors. Three elements are coupled by the cross resistors.
Source: Figure reproduced with permission from [127].

stays fully synchronous, but group B shows different basic states such as fully synchronized, n-cluster, asynchronized and
semi-synchronized.
This experiment can be modeled with defining the chemistry of oscillators by

{‘fo = f(Xi, Zi, qi) + ¢7

_ (24)
Y = g(Xi Zi q)) + 297,

where X;, Z; and q; denote [HBrO,], [Ru(bpy)33*] and the stoichiometric coefficient, respectively, and f and g describe
the non-photochemical components of the Belousov-Zhabotinsky reaction. ¢; is the photo-excitatory feedback of each
oscillator and is computed as follows

A

¢la = ¢o + ko pmax(Zs(t — T) — Zi(1))

A

+ kao’¢max(za’(t - T) - Zi(t))» (25)

where the parameters are the same as Eq. (23). The numerical simulations of the model can generate all four types of
basic states, which were seen in the experimental system. This network was investigated in both cases of homogeneous
and heterogeneous oscillators. The effect of the frequency of the heterogeneous system and the system size was studied
in the experiments as well as the simulations. It was revealed that by increasing the system size, the lifetime of the
chimera state is increased exponentially. Besides, at very low levels of frequency heterogeneity, the network exhibits
asymptotically stable chimera.

The synchronization and chimera pattern has also been investigated experimentally in the network of nickel elec-
trodissolution [127]. The standard electrochemical cell is made up of a nickel electrode array, Hg, HgSo,, saturated K,SO4
reference electrode and platinum counter electrode. Fig. 15 shows the schematic of this experimental setup. Each member
of the network is an oscillatory reaction on the surface of a nickel electrode. The resistance R plays the role of creating the
network by coupling the electrodes. Thus, it is known as the coupling resistance. The coupling strength of the network is
determined by K = 1/R.

In this study, it was shown that the network of globally coupled six oscillators, which are organized in an extended
triangle, demonstrates a Kuramoto transition to synchronization. This synchronization is specified by the natural fre-
quencies. The partial synchronization is observed for a range of coupling strength 0.01 < K < 0.04. For the coupling
strength K > 0.067, the network exhibits a completely synchronous state. For investigating the chimera, the network
was composed of 20 electrodes organized in a ring, and non-locally coupled by 14 neighboring electrodes. Regarding the
previous study [128], a requirement for the emergence of the chimera is a phase delay about 7 /2. To apply the phase
delay to the network, the coupling resistance was combined with a capacitance, and the combination was considered as
the coupling element. The chimera states were observed when the phase delay was in a range of [—x, 7 ].

For the existence of a chimera state, only two diffusively coupled identical chemical oscillators are enough, such that
one of them behaves almost periodically (coherently), and the other chaotically (incoherently) [129]. To demonstrate this
chimeric behavior, a four-variable system made up of two coupled Lengyel-Epstein (LE) chemical oscillators have been
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Table 1
The behaviors of the network Eq. (26) for different 8 values[129].

B Period of 1st oscillator System behavior
<0.001 1 In-phase
0.0010-0.0017 2 Antiphase
0.0018-0.0078312 1 In-phase
0.0078313-0.01085 3 Reverse canard
0.01086-0.01093 Multi Complex periodicity
0.01094-0.0116107 Chaos Chimera
0.0116108 1 In-phase

>0.101 Fixed point Supercritical Hopf

used. Two oscillators were coupled symmetrically by diffusion. The equation of this four-variable system is as follows

du, Augvy

— =a-—-1u dy(up; — uy),
i iewry + u(liz — uyq)
dv uqv

— = Bur - ”)+d(v2—v1)
dt 1+u (26)
du; — a—u 4Ll2U2 d(u u)
dt - 2 1+u§ ul42 1)
dv2 U vy

— = B(up; — —dy(vy — v1),
i B (uz 1+u§) (v2 — 1)

where the variables u and v act as an activator and deactivator, respectively. The variable u represents the iodine-
containing species, and v describes the chlorine-containing species. Parameter « presents the reactant concentrations, and
B describes both the reactant concentrations and the concentration of an immobile indicator. Parameter dy is a coupling
strength for species x. This system behaves periodically for the most values of the parameters and initial conditions. In
other words, the oscillators are synchronized with the same amplitude, period, and phase. The system can exhibit the
bi-stability, which is termed as the chimera states, in a limited range. The behavior of the system for different 8 values
can be found in Table 1.

Fig. 16 represents how the fixed point of the system loses stability by increasing the B8 parameter through the
supercritical Hopf bifurcation. u-nullcline and v-nullcline are plotted by green and yellow, respectively. Fig. 16a shows
the in-phase large amplitude oscillations for 8 = 0.0078312. For 8 = 0.0078313, the dynamics of one of the oscillators
changes to 3-periodic with small amplitude (Fig. 16b). With more increasing of 8, the dynamics becomes more complex,
and finally, one oscillator becomes chaotic (Fig. 16c). Thus, the chimera emerges through a supercritical torus bifurcation.
As B increases more, the oscillators again reach in-phase synchronization with large amplitudes and then with small
amplitudes (Fig. 16d,e). Finally, the stability is lost through a supercritical Hopf bifurcation (Fig. 16f).

2.4. Optical oscillators

The experimental realization of a coupled-map lattice with using a liquid-crystal spatial light modulator has been
mainly investigated in the past three decades. Due to this importance, the spatiotemporal dynamics of this network were
studied by Hagerstrom et al. [130] in both 1D and 2D configurations. The network contains the optical nonlinearity which
is created by the polarization optics. The nonlinear relation (I(¢) = (1 — cos(¢))/2) is between spatial phase shift that is
exerted by spatial light modulator, and the light intensity measured by the camera. The phase of the network elements
is updated with the following iterative equation

R
n+1 __ n € n _ n
o = Zna{l(qb,-)-l- —ZRE_R: [1(¢i+j) I(¢) )]} (27)

where i is the index of the oscillator, R is the number of elements in the coupling, and € characterizes the strength of the
coupling. The temporal dynamics of an isolated map is controlled by the parameter a; such that for a = 0.85 is chaotic.
For the 2D lattice, the phase is updated according to

¢§H_27ra[ R2 Z[ ) 1(¢;jj)]}. (28)

k,l=—R

The dynamics of the elements can be determined by the temporal entropy. Fig. 17a,b indicate the dynamics of 1D
and 2D configurations, respectively, by changing the coupling strength and coupling radius r = R/N. The blue region
refers to the low entropy and periodicity, while the orange region shows high entropy and chaos. For 1D lattice, the
results are obtained by setting N = 256, and for 2D, a square of 128 x 128 is considered. In Fig. 17a, three tongues are
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Fig. 16. The dynamics of the chemical oscillators (Eq. (26)) with increasing 8. (a) In-phase synchronization with large amplitude for 8 = 0.0078312.
(b) Anti-phase synchronization for 8 = 0.0078313. (c) Chimera state for 8 = 0.0116107. (d)) In-phase synchronization with large amplitude for
B = 0.0116108. (e) In-phase synchronization with small amplitude for 8 = 0.04. (f) Stable fixed point for § = 0.2. The initial conditions are
(uq, v1) =(0.63, 2.83) and (u3, v2) = (3.27,2.70) and parameters are a = 6.54, d, = 0.00081, and d, = 0.0018.

Source: Figure reproduced with permission from [129].

observed, marked by K = 1, 2, 3. These regions are periodic in time and have spatial wave numbers of K (the number
of maximum). In these regions, by decreasing the coupling strength, the spatial behavior is changed from coherence to
incoherence. During this transition, the chimera state is also observed. The snapshots showing this transition are illustrated
in Fig. 17¢,d, for 1D and 2D lattices, respectively. Both experimental and numerical simulation results are shown. The
highlighted parts in the chimera state plots show the incoherent parts. The hatched regions in Fig. 17a,b represent the
region of the stable global synchronization.

The chimera state has also been demonstrated in an optical comb experimentally and numerically [131]. In a passively
mode-locked laser, each line of the comb is a linear mode of the laser, and each mode is an oscillator. In the passively
mode-locked laser, the modes are coupled to each other with different coupling strengths to have a non-local coupling.
By varying the pumping current, a coexistence of coherent and incoherent modes is observed in the comb. The coherent
modes (oscillators) have a constant phase difference and are phase-locked. While in the incoherent ones, there is no fixed
phase difference. The reason for this coexistence may be the nonlinear field-matter interactions. When the chimera state
occurs, the coupling is naturally operated by the system, not with a defined preset or feedback adaptive operations.

2.5. Map lattices

The discrete-time systems can be used for the modeling of many processes. The network of discrete-time systems
coupled with nearest-neighbor coupling is called the coupled map lattice. Diverse dynamical behaviors and synchroniza-
tion patterns, such as chimera state, have been observed in the map lattices. A coupled map lattice is described by the
following equation

o P
i =1+ o5 Yl —fE)] i=1.. N (29)

j=i—P

where z; is the real discrete variable, t shows the discrete-time, and o and P are the coupling strength and the number
of nearest-neighbors in coupling. f(z}) describes the dynamics of the lattice elements. For studying the chimera state in
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Fig. 17. The dynamics of the optical map lattices in 1D (left panel) and 2D (right panel) configurations. The temporal dynamics of the lattices by
computing the temporal entropy is shown in parts a and b, by varying the coupling range (r) and strength (e¢) (blue: low entropy and periodic,
orange: high entropy and chaotic). The tongues marked by K are periodic and have spatial wave numbers of K. The experimental and numerical
results of different spatial patterns are shown in parts ¢ and d for 1D and 2D, respectively. A and D: coherence , B and E: chimera state, C and F:
incoherence. The highlighted parts show the incoherent regions.

Source: Figure reproduced with permission from [130].
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Fig. 18. Different dynamics of the coupled Logistic lattice in the (r, ') plane. The hatched and colored regions represent coherent states with wave
number k. The synchronous state with k = 0 is inside the BB bifurcation curve. The coherent and incoherent states in the colored regions are
separated by the CIB bifurcation curves, where below CIB, the network is two-cluster incoherent. The parameters are a = 0.38 and N = 100.
Source: Figure reproduced with permission from [132].

discrete systems, the Logistic map f(z) = az(1 — z) has been widely used [132-139]. Different dynamical behaviors of
the coupled Logistic map lattice in the plane of 0 and r = P/N are demonstrated in Fig. 18 for a = 3.8. When the
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Fig. 19. The time snapshots of the Logistic maps for r=0.32 and different coupling strengths. (a) o = 0.43, (b) o0 = 0.4, (c) 0 = 0.32, (d) 0 = 0.3,
(e) o0 = 0.2, (f) o = 0.1. The gray regions in parts ¢ and d represent incoherent cluster of chimera state.
Source: Figure reproduced with permission from [134].

maps are coupled locally, the network shows spatiotemporal chaos. In contrast, when the coupling is global, a complete,
coherent state is formed in the network for sufficient value of coupling strength. The synchronous state appears in the
hatched region shown in Fig. 18, and losses its stability after passing the bifurcation curve BB. The colored tongues in this
figure show other coherent regions with the wave number k. In these regions, the maps have periodic behavior and are
subjected to period-doubling bifurcation with the decrement of o and r. The insets in Fig. 18 indicate the time snapshots
of z variables in each state.

During the transition from coherence to incoherence, firstly, some of the elements loose coherence, and the chimera
state is formed. The dynamics of the network for r = 0.32 is represented in Fig. 19 for different coupling strengths. In
r = 0.32, the network is coherent above o = 0.4, as can be seen in Fig. 19a. In this case, the profile of z; constitutes
upper and lower branches. With decreasing the coupling strength to o = 0.4, two branches separate at the points x; and
X, in Fig. 19b, and further decreasing leads to the formation of incoherent clusters, and thus the chimera state appears
(shown by a7 and «; in Fig. 19¢,d). For smaller coupling strengths, the incoherent clusters become wider, and finally, the
network is incoherent (Fig. 19e,f). .

To understand the mechanism of formation of chimera, the dynamics of the coupling function 55 ]'.;'i.i,, [f (zj‘) —f(zf )]
is investigated [135]. To this aim, instead of the time snapshot, the space-time plot, which is the accumulated 100 last
iterations, is shown for f(z{). Therefore, the dynamics of the systems that is periodic or chaotic can be identified. Fig. 20
shows the space-time plot of f(z{) and the snapshots of the z variables for a = 3.8, r = 0.32, N = 1000, and different
coupling strengths. As the coupling strength decreases in parts a-c, the coupling function remains periodic, but its period
is duplicated. The corresponding snapshots show that the network is coherent. At o = 0.35, the coupling function
enters chaos with period-doubling bifurcation, and simultaneously the formation of incoherent regions is observed in
the snapshot. The temporal dynamics of the systems in each case are similar to the coupling function. Thus, for o = 0.43,
the oscillators are periodic and finally reach chaotic behavior by period-doubling bifurcation root to chaos. Consequently,
the chimera state is generated by the period-doubling bifurcation in both the coupling function and the local dynamics.

The chimera states in Logistic maps are also robust to the parameter inhomogeneity [136]. The inhomogeneity can
be applied by assuming different values for the parameter a of the Logistic maps. Malchow et al. [136] considered that
the parameters a of maps are chosen from a Gaussian distribution with the mean value of (a) = 3.8 and the standard
deviation s. Therefore, the non-identical Logistic maps may have different periodic or chaotic dynamics. To investigate
the effect of the inhomogeneous parameter, the value of the standard deviation is varied. By introducing inhomogeneity,
the behavior of the network is mostly influenced in small coupling strengths. By increasing the standard deviation, the
coherent tongues (shown in Fig. 18 for k = 1, 2, 3) are affected. Firstly, the tongues with larger k disappear gradually.
Moreover, the tongues which are related to k = 1 and k = 2, shrink and are visible only for higher coupling strengths. The
effect of adding the inhomogeneity to the chimera state in the Logistic lattice is shown in Fig. 21, wherein the left panel
shows the time snapshot, and the right shows the spatiotemporal pattern. Fig. 21a represents the chimeric behavior of the
identical maps (s = 0) for r = 0.32 and o = 0.22. Then, the standard deviation is increased, and the network’s behavior is
shown in parts b-f. It is observed that the general behavior of the systems is preserved. But, the pattern becomes blurred
with increasing s.
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Source: Figure reproduced with permission from [135].

The coupled sine circle maps have also shown the chimera state [140,141]. This map is described by the following
equation

0t+] =f(9[) = 9[ + 2 — L Sin(27'[9f) mod 1, (30)
(27)
where 0 < @ < 1 is the angle, and £2 and K are the winding number and the nonlinearity parameter. With increasing K,
the map tends to the mode lock, and Arnold’s tongues appear in the K — 2 space. Nayak and Gupte [140] considered two
populations of sine circle maps in which each system was coupled to the other systems in its group with coupling strength
&1 and also to the systems of the other group with coupling strength ¢,. Thus, the whole network can be described by

07.,(1) = 2 — &1 — &2) + (B2 (D) + 2 — % sin(2767 (i)))
2 e N,/
+ 2N 26 0)
o/=1 j=1
+ 2 — X Sin2ro7' () mod 1. (31)
(27)

The coupling strengths have the values between 0 and 1, with the condition 1 +¢, = 1. They considered similar initial
conditions for the first population and the random initial conditions for the second one. With these initial conditions, the
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Fig. 21. The chimera state in non-identical Logistic maps. The left and right panels show the snapshots and the spatiotemporal patterns, respectively.
The parameter a is selected from a Gaussian distribution with the mean (a) = 3.8 and the standard deviation s. (a) s = 0, (b) s = 0.01, (c) s = 0.05,
(d) s =0.1, (e) s =0.15, (f) s = 0.2.

Source: Figure reproduced with permission from [136].

network shows different dynamical behaviors by varying the parameters K and §2. When the value of K is very large, both
groups are completely coherent, but there is a phase difference between them. The snapshot of the maps, in this case, is
shown in Fig. 22a. With decreasing K, the oscillators in the second group fall into several synchronous clusters (Fig. 22b).
By more decreasing K, the systems of the second population are clustered into two synchronous and asynchronous groups,
where the synchronous systems have the same phases as the first population. This state can be called the clustered chimera
(Fig. 22c¢). Finally, further decrement in K leads to the complete asynchrony in the second population, and a chimera state
is formed (Fig. 22d). Singha and Gupte [ 141] represented that the chimera state also arises by selecting completely random
initial conditions for both populations. They reported the occurrence of the chimera states with synchronized phases in
one group and asynchronized phases in another one. In special cases, the synchronous group was not perfect and consisted
of different oscillating oscillators.

The dynamical properties of the elements of the network influence on its collective behavior. Some researches
have reported that in the network of non-locally coupled chaotic systems, the chimera state emerges only when the
single element has a nonhyperbolic attractor [142-144]. The trajectories of the hyperbolic system are of saddle type.
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Fig. 22. The time snapshot of the coupled sine circle maps in two populations (Eq. (31)) with different parameter values.
Source: Figure reproduced with permission from [140].

The hyperbolic attractor has a homogeneous structure and is robust to slight changes in parameters. In contrast, a
nonhyperbolic system has unstable homoclinic trajectories. The nonhyperbolic system is multistable and has several
periodic and chaotic attractors in constant parameters. In these systems, the periodic and chaotic attractors bifurcate
by changing the system parameters.

To examine this hypothesis, the Hénon and Lozi maps have been chosen as examples of systems with nonhyperbolic
and hyperbolic attractors. These maps can be obtained as the Poincaré sections of the nonhyperbolic class of Rossler
oscillators and the hyperbolic class of Lorenz oscillators, respectively. A ring of Hénon (or Lozi maps) with non-local
coupling can be considered as

i+P
o
= SO0+ o5 D IR0 YD) = FOE YD),

j=i—P
t+1 — ,BX,a (32)

where for the Hénon map f(x,y) = 1 — ax? +y, and for the Lozi map f(x,y) = 1 — a|x| + y. The dynamical regions of
these two maps are shown in Fig. 23. It is observed that the behavior of the Hénon map (Fig. 23a) is very similar to the
Logistic map. The regions labeled with D and E represent the spatially incoherent and synchronous states, respectively,
and the tongues labeled with A, B, and C refer to the coherent regions with wave numbers k = 3, k = 2, and k = 1. In the
transition from coherence to incoherence, the chimera state emerges in the Hénon maps. The dynamics of the Lozi maps,
which is demonstrated in Fig. 23b, is completely different from the Hénon map. It consists of a completely synchronous
region (shown by purple), an incoherent region (shown by blue), and the traveling waves (shown by white). In contrast to
the Hénon maps, the chimera states are not observed in the coherence-incoherence transition of Lozi maps. Instead, this
transition occurs through solitary states. In a solitary state, most of the oscillators are synchronized, while some of them
escape from the synchronized group and oscillate differently. Therefore, the chimera state emerges only in the systems
with nonhyperbolic attractors.

2.6. Neuronal networks

One of the significant steps in the evolution of life was the progression from unicellular to multicellular. This
development required the interdependent metabolic activities of cells to get coordinated and controlled [145]. A brain
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Fig. 23. Dynamical regions in the non-locally coupled Hénon (a) and Lozi (b) maps in the (r, o) plane. (a) A, B, and C show coherent regions
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coherence-incoherence transition. (b) The purple, blue and white colors show the coherent, incoherent, and traveling waves regions, respectively.
The parameters are « = 1.4, 8 = 0.3 and N = 1000.

Source: Figure reproduced with permission from [142].

neuronal network is a self-organized system consisting of a significant number of interconnected components called
neurons [146]. It has been estimated that the human brain network involves more than 86 billion neurons, quadrillion
synaptic connections, and a trillion bit/second equivalent processing [147]. Brain networks are represented with graphs
in which neurons or brain regions are nodes, and structural or functional interactions are edges (connections) [ 148]. One
of the most exciting features of a neural network is that each neuron behavior is not only dependent on its single activity,
but it is also affected by the behavior of its neighboring neurons with electrical and chemical synapses [149]. Therefore,
studying the function of the human brain and the mental disorders and any processes in the biological system requires a
good understanding of neurons, neuronal activity, and the connectivity of the neuronal network [150-152].
Brain connectivity has three different categories [147,153]:

1. Structural connectivity, which is the connection between the anatomical and physiological structures of the brain.
This network can be considered as individual neural nodes linked by synaptic edges connections to other neurons in
a microscopic scale. Anatomical and electrophysiological data of the neuronal activity are used for constructing the
brain structure. These data provide information about the connectivity patterns and population density of specific
cell types within a brain region. By using graph theory, a realistic estimation of the structural connectivity can be
produced [154].

2. Functional connectivity, which is usually defined as the statistical dependencies between spatially unconnected or
remote neurophysiological regions. Most of the connectivity data for these studies are based on histologic tract-
tracing experiments that have been done on different kinds of animals [ 155,156]. Since tract-tracing on living people
is not appropriate, in-vivo structural connectivity data from the human subjects are collected with non-invasive
imaging methods such as Magnetic resonance imaging (MRI), diffusion tensor imaging (DTI), and tractography.
MRI data can be used for quantifying the volume density of local correlations in cortical thickness or gray matter
(GM). DTI and tractography are also useful for calculating interregional white matter connectivity, large-scale brain
regions connected by bundles of axons.

3. Effective connectivity, which is the influence one neural system exerts on another. These networks are often
generated for multiple frequency bands of the time-series signal and make it possible to study a wide range of
time scales.

Communications between neurons and their synchrony determine the functional activity of the brain. In other words,
brain functions are based on dynamical interactions between neural assemblies distributed within and across distinct
cerebral regions. This connectivity is recorded by high-resolution time series of neural activity such as electroencephalog-
raphy (EEG) and magnetoencephalography (MEG), or even by imaging methods like functional magnetic resonance
imaging (fMRI). Blood-oxygen-level-dependent signals also give information about neuronal activity [157]. The data type
specifies the construction of the network and the choice of nodes and edges. For instance, network nodes are surface
electrodes in EEG data and the voxels represent anatomical or functional areas in fMRI data. A network edge can also
be obtained by tracing white matter tracts through the brain or based on statistical relationships between time series
of regional activity, such as interregional correlation, coherence, or phase synchronization in undirected or directed,
weighted or unweighted mode [148]. These statistics can help in recognition of pathological brain disorders such as
epilepsy, Alzheimer, schizophrenia, multiple sclerosis (MS), etc. [158,159].

Information processing and neuronal collective behavior in the mammalian brain is based on the ionic current
flow across neuron membranes. These signaling can be divided into two main groups: chemical synapse and electrical
synapses [69,160]. Synapses are the specialized sites of functional interaction between neurons [161]. Electrical and
chemical synapses have significant differences in both the molecular mechanisms of information transfer and in their
morphological organization. There is no continuity between the cytoplasm of the two cells at the chemical synapse.
The synaptic cleft is the distance separating the pre- and post-synaptic membranes that is approximately 20-40 nm in
chemical synapses. In contrast, this space in electrical synapses is much smaller, in the order of 2-4 nm between the pre-
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and post-synaptic membranes. Through this area of apposition, the two cells communicate with each other. The difference
in the distances between pre- and post-synaptic ends in electrical and chemical synapses demonstrates that time delays
of electrical synapses are generally shorter than those of chemical ones. It is worth mentioning that electrical synaptic
transmission is not appropriate for too complex and complicated processes of higher organisms, while chemical synapses
are suitable for providing higher diversity and fine-tuning signals [162]. Although different parts of a nerve cell (dendrites,
somata, and axons) can transmit information through both electrical and chemical synapses, the chemical transmission
usually occurs between synaptic terminals of axons and dendrites or soma neurons of a second neuron, muscle fiber, or
gland cells [163].

The most typical synapses are chemical synapses that release neurotransmitters from synaptic vesicles tonically with
a high rate that make information transfer possible [164]. Transmission of information by chemical synapses occurs in
all organisms, from unicellular organisms such as bacteria to highly complex mammals [163]. Chemical synapses have
two types, excitatory and inhibitory. Spikes of an inhibitory pre-synaptic neuron can prevent the post-synapses neuron
connected to it from spiking. In contrast, spikes of an excitatory neuron induce the post-synaptic neuron to spike [165].
One of the most important excitatory neurotransmitters in the mammalian brain that has attracted a lot of attention
in the last two decades is glutamate. The Glutamate released from synapses activates ion channel-forming receptors at
post-synaptic cells [ 166]. When the spikes cross the axon of the pre-synaptic neuron and reach the synaptic area causing
changes in the ionic permeability of the post-synaptic membrane. Therefore the calcium channels open, and the calcium
flows lead into the neuron, which releases neurotransmitters in the synaptic region. This happening activates ligand-gated
ion channels and enables data transfer [167]. Therefore, in modeling the chemical synapses in the neuronal networks, a
nonlinear coupling function is used. This nonlinear coupling function is mostly the sigmoidal nonlinear input-output
function as

r'(x)

where A defines the slope of the function, and ©; is the synaptic threshold.

Electrical synapses are much faster than chemical synapses and can almost do everything that they do. The interesting
point is that the chemical synapses can work as modulatory for electrical synapses and create mixed excitatory synapses
that can be found in many regions of the mammalian CNS [161]. Electrical synapses discovered in the 20th century [168]
are the communication pathways of many nerve cells in the mammalian central nervous system that communicates
through bidirectional ionic currents and small organic molecules. Therefore, they can produce changes in the membrane
potential of neighboring neurons and provide velocity and reciprocity to the communication allowing the synchronization
of neuronal clusters. They play an important role in all the functions of neural circuits of mammalian brains and can be
found everywhere in their neuronal system. Transmitting excitation from an active axon to a post-synaptic cell (which
can be quite similar in electrical and chemical synapses) and synchronizing the activity of neurons are the main functions
of electrical transmission between cells [160]. There is also some evidence of electrical synapses and the gap junctions
between neurons in non-mammalian systems. The first evidence was the contacts between the giant axon and the giant
motor fiber of the crayfish, which was followed by some other evidence in fishes and birds. These discoveries were made
after the advancement of technology and the possibility of combining electrophysiological data and ultrastructural images,
which helped to identify the electrical communication and gap junctional coupling [168].

Most of the time, the electrical synapses work as low pass filters. It means that they prefer to transmit low-frequency
stimuli typically and transmit high-frequency oscillations in particular circumstances. This feature helps them to transfer
a pre-synaptic impulse into an electrical excitatory post-synaptic potential in the post-junctional cell rapidly. Action
potentials occur when the voltage-gated ion channels are activated, due to membrane depolarization, followed by
sufficient transmitted current to the post-synaptic cell. The easy movement of ionic current between two cells can
represent bidirectional transmission via the intercellular channels. Thus, these synapses are usually modeled with a simple
diffusive function. One of the benefits of electrical synapses to the chemical neurotransmission is the unique interchange
of the stimulus helped by electrical neurotransmission and the transfer of sub-threshold potentials. However, electrical
transmission cannot be equated to shared excitation. A more depolarized cell can excite a less depolarized cell and
vice-versa. Besides, some electrical synapses are not bi-directional; instead, transmission in only one direction is more
significant, i.e., at the motor synapse of the crayfish that was mentioned as the first evidence of gap junctional coupling
in non-mammalian systems [162].

As the action potential is the communication path between neurons, understanding the excitability feature, which
determines the mechanism of the generation of the action potential, is very important. Excitability can be divided into
two parts: type I yields a response of finite amplitude and infinite period through a global bifurcation, and type II
gives rise to zero-amplitude and finite period spikes via a Hopf bifurcation. Type II excitability is often modeled by the
FitzHugh-Nagumo system. The FitzHugh-Nagumo model is described by the following equations

1

T it e oy (33)

U=u L
€U=U—— —0v,
0 3
V=u+u, (34)

where u and v are the activator and inhibitor variables, ¢ > 0 is the time scale parameter, and w is the excitability
threshold. For || < 1, the system is in the oscillatory state, while for || > 1, it is in an excitatory state. Another neuron
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model is the Hindmarsh-Rose model, which is representative for both type I and type II excitability and exhibits very
complex behavior, including spiking, regular and chaotic bursting. The Hindmarsh-Rose model is described by

x=y+ax*—-x>—z+],
y=1-—dx*—y,
z = ¢(b(x — xo) — 2), (35)

where ¥, y, z are the membrane potential, fast and slow variables, respectively. ] denotes the stimulation current, and a, b,
¢, d are the control parameters. The chimera states and other collective dynamics have been identified in this model [169].
The level of excitability and its type and also non-local network features can make different types of synchrony in the
system [170].

The communication and information exchange among the neurons determine the brain function. During these
interactions among an abundance of neurons in a huge neuronal network in behavioral and cognitive tasks, a group of
neurons oscillate coherently and get synchronized [171]. Changes in the structure of connections between neurons or the
removal of any of the connections can cause the synchronous structure to be asynchronous or, in general, the collective
behavior changes from one type to another [172]. The coupling strength also has a remarkable influence on the collective
behavior of the neuronal network [173]. Intercellular communication also affects the individual neural behavior, which
exhibits spike or burst activities [174].

One of the most important factors for synchronizing neuronal behavior is the electromagnetic radiation (ER), which
can be internal or external. The source of internal electromagnetic fields is the charge movement in the cell membrane
channel of neurons that can regulate the collective behavior among subnetworks in a positive or negative way. When
the effect of ER is positive, it can enhance the synchronous behavior, while negative feedback may suppress it [175].
Membrane potential differences between two adjacent neurons can also produce an electromagnetic induction effect.
The electromagnetic induction acts as a memristor synapse to connect the two neurons and can lead to state-dependent
collective behaviors such as chimera states [50,176,177]. The external electromagnetic fields from any source outside
the system can regulate the dynamical behavior of the neural network according to the intensity and frequency of the
electromagnetic radiation [178].

Neuronal synchronization for the coherency of perceptual and cognitive states has critical importance in order to
execute behavior and motor action that depend on multiple sources of information [179]. The level of synchrony in
different regions of the brain can be measured by the electrophysiological or neuroimaging data. Neuroimaging studies
show that in many neurological and psychiatric disorders, network connections and the neurons’ synchrony are different
from the normal condition. On the other hand, neural synchronization is not desirable for all brain processes. Neurons in
a healthy brain also work asynchronously in some situations. The asynchronous population activity can help for efficient
information processing, decision making, and regulating some other vital tasks. For example, during waking and REM
sleep, the brain cortex operates in a highly asynchronous state. Another example is the subthalamic nucleus, a specific
location in the basal ganglia, which exhibits asynchronous electrical activity in the beta frequency band as a measure for
movement preparation [180].

Several studies show the occurrence of surprising chimera states in neuronal networks, the situation that the two
common synchronous and asynchronous states can coexist within the same neuronal circuitry at the same time [47,181,
182]. Recently, Majhi et al. [45] presented a complete review of the chimera studies in neuronal networks. Chimera can
potentially explain the so-called “bumps” of neural activity, which is a state that the firing rate is constant at some spatial
locations and higher at other spatial positions. Therefore, this state is crucial for the dynamical activity of the brain [183].
For example, it is believed that the neurons are in the chimera state for visual orientation tuning and the head direction
system in rats [184]. Another evidence of the coexistence of synchronous and asynchronous states has been seen in the
uni-hemispheric slow-wave sleep. This sleep, with one eye open, is seen in some migratory birds [185], ducks [186],
lizards [187], and aquatic mammals such as dolphins, eared seals, and manatees, where one cerebral hemisphere sleeps
and the other stays in an awake condition. It means that they shut down only one cerebral hemisphere of the brain
and close the opposite eye. Meanwhile, the other half of the brain monitors what is going on in the environment (for
migratory birds) and controls breathing functions (for aquatic mammals). In this case, the neuronal oscillations in the
sleepy part are synchronous, whereas the neurons in the wake part of the cerebral hemisphere oscillate asynchronously.
The experimental records of EEG also shows that the electrical activities in the sleeping hemisphere have higher amplitude
and lower frequency than the awake hemisphere [188]. Recent studies show that the neuronal behavior in asymmetric
sleep in human patients with sleep apnea, is almost the same as uni-hemispheric sleep in animals [189].

Chimera-like state is also strongly connected to various types of pathological brain diseases such as Parkinson’s disease,
Alzheimer’s disease, autism, and schizophrenia [45]. The current theories of autism and schizophrenia emphasize that
the main problem in these patients is deficits in the coordination of distributed processes result of reduced neural
synchronization that involve multiple cortical areas leading to impaired specific cognitive functions [190]. Another
example in this regard is Alzheimer’s disease (AD), which is a chronic, progressive neurodegenerative disorder that may
cause dementia, has been associated with a reduced proportion of long-distance connections. In the early stages of the
disease, a decrease in the beta band synchronization appears and in the more advanced stages, the loss of gamma band
synchronization found in AD [191]. Although studies in healthy elderly have shown a decrease in the synchrony of neurons

28



F. Parastesh, S. Jafari, H. Azarnoush et al. Physics Reports 898 (2021) 1-114

in cognitive activity (especially in the alpha band frequency spectrum) and a decrease in neuronal activity in general,
in some cases, an increase instead of a decrease of synchronization is associated with pathological aging. For instance,
researches have reported an increase in the delta band synchronization due to cholinergic deafferentation, and excessive
parietal-temporal cortical synchrony has been observed in the preclinical stages of AD [191]. Another example of increased
abnormal neural synchronization is the essential tremor (ET) or Parkinson’s disease (PD), which is the most frequent
movement disorder in terms of prevalence. Studies report the existence of two significant coherencies in patients with ET:
first, significant coherence between muscle activity and brain areas at tremor frequency and, second, coherence between
distinct brain areas at the same frequency [192]. The results of the experiments on the cells after systemic treatment with
1-methyl-4-phenyl-1,2,3,6-tetrahydropyridine (MPTP) also show that the cells fire less at passive limb movements, which
suggests a relationship between excessive beta oscillations and reduced specificity for movements [193].

There is also some relation between chimera state collapses and epileptic seizures [194]. Electrocorticography (ECoG)
data from patients with intractable focal epilepsy demonstrate that before the start of seizures, the onset channels are
asynchronous, while the other channels are synchronous. By starting the seizures, the non-onset channels become more
asynchronous. At the end of the seizure, this synchrony can be observed that might facilitate termination. Delay differential
analysis (DDA) of these ECoG data suggests the hypothesis that the asynchrony-synchrony transition, which leads to
epileptic seizures, can be explained by the induction and dynamics of chimera states. The analysis results, in some cases,
also show that the brain stays in the chimera state for up to 2 h prior to a seizure. Therefore, this feature can be used
as a long-term seizure forecasting in some patients [195]. More generally, changes in synchronization can be said to be
a promising feature for seizure prediction [194]. Epilepsy has different types. Sometimes it affects the frontal lobe area,
sometimes the temporal lobe, and in more advanced cases of the disease, the enhanced synchronization extends to more
areas. These remarkable observations suggest that epilepsy may have an anatomical basis rooted in the symmetry of the
brain network [196].

Most of the neuronal networks’ studies show that the chimera state occurs due to chemical synapses, but there is also
some evidence that the electric synapse current can also evoke chimeras [84]. One particular pattern of the chimera state
that plays an important role in the brain functions is “mixed oscillatory state” (MOS), in which asynchronous neurons
are distributed uniformly among the stable stationary groups of neurons [197]. Two kinds of chimera-like states can be
produced in neuronal networks due to interactions among different cortical areas: spiking chimera-like state (SC) with
desynchronized spikes, and bursting chimera-like state (BC) with desynchronized bursts [198]. One of the special types of
chimera states is coherence-resonance chimera (CR chimera) that is characterized by periodic switching of the position of
the coherent and incoherent parts. The interesting point of this kind of chimera it that CR chimera appears only when the
noise intensity belongs to a certain space. If the amount of noise is higher or lower than that value, there is no oscillation,
or the system becomes completely desynchronized [199,200]. The chimera state can be used for the classification of
external stimulus in order to consider a threshold value for the pulse amplitude. If the amplitude of the input signals is
above that threshold, they are classified as the first type, whereas pulses whose amplitude is below the threshold, are
classified as the second type. Survey results also show that the inhibitory coupling decreases the range of uncertainty in
the stimulus amplitude classification [51].

Very recently, Bansal et al. [201] performed an empirical study on the brain network by considering 76 brain regions
(nodes). They turned their attention to understand how brain structure influences the dynamical patterns produced by
stimulation. Thus, instead of analyzing the recorded brain signals and examining their correlations, they considered nine
different cognitive systems for the brain and assigned each part of the network into one of them. The intended systems
can be divided into three parts as follows: (1) sensory motor-related systems, including auditory (Aud), visual (V), motor
and somatosensory (MS), ventral temporal association (VT) systems that are knowledge-related areas. (2) systems with
functional roles, including attention (Att), medial default mode (mDm), cingulo-opercular (CP), and frontoparietal (FP)
systems. (3) subcortical system that is related to autonomic and primal functions. For supporting a generalized class
of cognitive functions, each of these nine cognitive systems consists of the coactivated regions. Then, they presented a
“cognitive chimera states”, which cognitively informed a framework to study how large-scale brain structure influences
brain dynamics and functions. The results show that due to the correlation of the brain functions and cognitive systems,
the contributions to the three states (coherent, chimera, and metastable) are different from one cognitive system
to another. The coherent states are mainly from the nodes’ stimulation within subcortical and medial default mode
systems. Frontoparietal, cingulo-opercular, ventral temporal association, and auditory systems contribute substantially
to metastable states. The interesting point is that all nine systems produce chimera states. It means that chimera states
have a higher possibility of being observed than either coherent or metastable states. It is also noteworthy that the regions
of coherent states, which enable integrated neural processing, are mostly in the middle of the brain. While almost all the
entire regions of metastable states, which enable segregated neural processing, are distributed in the surrounding areas.
However, the regions of chimera states are relatively uniformly distributed within the brain space. Huo et al. [196] also
studied the collective behavior of the brain network, which emerges from the interaction of neuronal population on real
data of the human cortex. For better understanding the structure-dynamics relationship, they analyzed the data from
both global and local regions and observed that the chimera state appears on both global and local levels.
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3. The mathematics of chimeras

This chapter attempts to review some notions in the mathematical analysis of complex chimera phenomenon in
networks of spatially extended coupled oscillators. The chapter is organized into two sections. In the first subsection,
for a system of spatially extended coupled oscillators, we describe a general stability analysis, the formulation of the
continuum limit equation, and its simplification using the Ott-Antonsen manifold reduction technique. Moreover, the
stability analysis of chimera states in some different network topologies is discussed. Next, with the aim of quantifying
chimera state characteristics, some quantitative measures like the Strength of incoherence, Discontinuity measure, Order
parameters, ... are introduced in the second subsection.

3.1. Stability analysis of phase oscillators

In this subsection, first, we deliberate the mathematic and stability analysis behind the chimera states in a universal
spatially extended oscillator system using Continuum limit and Ott-Antonsen attitude. Following this, we review the
stability analysis of chimera states for specific networks including ring network, two-population network, heterogeneous
network, and small network.

3.1.1. Continuum limit and the Ott-Antonsen approach

In this part, we explain the continuum limit approach when and suppose there is a probability density function that
characterizes the state of the system. To do this, first, we consider a generalization of Eq. (1) that can be in the form of
the following stochastic ODE equations [202]

do, 18
d—t‘ = oy j;g(xk,xj)f(ek(t) —6i(t))

+&(), k=1,...,N (36)

where wy, are independently and randomly selected from the distribution h(w) defined as

h lim — 8( 37
(0) = lim Z = o). (37)
Since h(w) is probability measures on R, it satisfies the following condition
+00
/ h(w)dw = 1. (38)
—00

In this generalized equation, f is a periodic function with a period of 27, and &(t) is an uncorrelated Gaussian noise
with the following condition

(&(t)) = 0,
(E(0)E (L) = 208;,8(t — t'). (39)

The coupling function is g : D x D — R and x; are uniformly distributed in a bounded domain D defined as

d(x) = lim —ZS x—x¢)=|D|”", (40)

N—>oo

where d(x) satisfies the normalization condition on D

/d(x)dx =1. (41)
D

In the mean-field reduction approach, when N — oo, instead of individual 6, we look for their probability distribution
p(6, w, x, t) as an empirical measure. p(6, w, X, t) gives the relative number of oscillators with 6, = 6, w, = w, and x;, = x
for the time t.

N

1
Pu(O, ., 1) = = > 80 — 28X — x)3(0 — O(D)) (42)
k=1
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tends to the solution of the Fokker-Planck equation

+o0 2
§+— w+fdx/ dw/ g(x, x) (43)

8 p
— 08, ', X, t)d6 ] -
<[ — (0’ o X 00 |) = v
Specifically, when v = 0, Eq. (43) describes the dynamics of Eq. (36) in the absence of noise. Since the solution in the
noiseless case of Eq. (43) is hyperbolic type, it is irregular and potentially can have some singularities and discontinuities.
However, in the presence of noise v # 0, the solution is parabolic and is more regular.
Usually, to find the solutions to Eq. (43), their Fourier series representation are used as

PO, w,x, 1) = M) (14 Yo, x 0™ (44)

2
n=1
+up(w, X, t)e‘i"‘)]).

Here, u, and u, are n-th Fourier coefficient and its complex conjugate, respectively. The Fourier coefficients are obtained
by

[T PO, @, X, 1) 4
un(a), X, t) = /0 We do. (45)

In this definition, u,(w, x, t) is a local order parameter and depends on w and x that can quantify the correlation
between oscillators’ behavior with the approximately equal wy, and x,. Although u, is dimensionally infinite and then
complicated, in the noiseless case of Eq. (43) with individually selecting function f, the most straight forward analysis
will be achieved. To do this if v = 0 and, f(6) = sin(6 —«), the simplification can be done by the help of Ott and Antonsen’s
discovery of the invariant manifold reduction method [203,204]. Since using this method, the solutions of Eq. (44) reach
the invariant manifold; the method is beneficial when the steady-state dynamics of the system is more critical than the
transient dynamics.

In this method, it is supposed that with considering u,(w, x, t) = u"(w, X, t) to Eq. (44), the solution will be the solution
of Eq. (43) in the absence of noise; where u : R x D x R — C is the solution of the following equation

du . 1 .,
T = iou(w, X, t)+ie Fu
1ew‘uz(w X, t)Fil,
+oo
u(x, t) / dw/ y)gx, yu(w,y, t)dy,
and, |u(w, x, t)] < 1. (46)

More importantly, Eq. (46) potentially can reveal all chimera states existing in Eq. (36). When F is a bounded operator
on L°(R x D;C), forU={uel®R xD;C) : |ul <1},ifu(.,,0) e U, thenu(.,t) € U.
Using the local order parameter, the flow-invariant coherent and incoherent regions can be distinguished as

Scon(U, £) = {(w,x) e R x D : |u(w, x, t)| = 1},
and
Sincon(, t) = {(w,x) e R X D : |u(w, x, t)| < 1}.

If we calculate the conditional probability density P,(6), which is a distribution of oscillators’ phases in the system

with w, = w, and x; = x, for the incoherent region we obtain
pey— POx 0 1 1 [uf?
T hw)d(x) T 27w 1 — 2|u|cos(6 — argu) + |ul?

This is the Poisson distribution with the center positioning on argu and the distribution width and degree of non-
uniformity characterized by |u|. For the coherent region, the distribution is a delta function centering on arg u (see Fig. 24).
This implies that in the coherent region with |u| = 1, the oscillators are phase-locked, P,(6) = §(6 — argu).

With considering a system of identical oscillators in the noiseless case v = 0, and h(w) = §(w), Eq. (46) will be
meaningful only for w = 0. Therefore, the equation can be rewritten to a new version with z(x, t) = u(0, x, t)

dz _ 1e‘“"]—‘z 1e'A"‘zz(x t)Foz
T = 32 0z =3 , £)Foz,

31



F. Parastesh, S. Jafari, H. Azarnoush et al. Physics Reports 898 (2021) 1-114

P,(6) (a) P,(6) (b) P,(0)
1 |e 1 |e
-marg . argu  mtarg u -mtarg . argu  mtarg u -mtarg u aT u n+algu

Fig. 24. The Poisson distribution for coherent, and incoherent regions, (a) |u| =0, (b) 0 < |u| < 1, (¢) |u| = 1.
Source: Figure reproduced with permission from [202].

Foz(x t) = / dy)gtx. Y20, t)dy, (47)
D

and for the coherent region with |z(x, t)| =1, which can be presented in the form of z(x, t) = ¢®®0 and ® : Dx R — R,
Eq. (47) is equivalent to Eq. (48). This equation is an integral representation of Eq. (36) for the identical oscillator in the
noiseless case

RIC)

5 = [ s ysin(e0. 0 - 0 1)~ o)ty (48)
3.1.1.1. Chimera states in CGLE model (Eq. (1)). In model Eq. (1), for the identical oscillators h(w) = §(w), distributed in
the form of x, = —m + 2kx /N, in the domain D = [—, 7], the dynamics on the Ott-Antonsen manifold is obtained as

d 1 . 1
é — Eeﬂagz zeza Z(x t)g
+7
6o = [ Guolr = ey (49)
-7

where g(x,y) = 27 Gip(x — y), and Gyp is the coupling function defined in Eq. (1). Finding the solutions of Eq. (49) can
determine the probability density p(6, 0, x, t) of the Eq. (44).
The linearized form of Eq. (49) around the completely incoherent state z(x, t) = 0 is
dz

1
= 5e""‘gz (50)

Here, if the integral operator has a spectrum on the imaginary axis, the critical spectrum o, the solution of the linearized
equation can bifurcate from a completely incoherent state. It is determined that the nonzero critical spectrum for @ = +% oL

and o = —Z is: o = Uk {Fin g}, where the gi are the coefficients of Fourier series of the even coupling function Gip
defined as
1 i
g = 5 G1p(x) cos(kx)dx. (51)
Y =T
With considering
2(x, t) = qe'k*+20, (52)

in Eq. (49), a new equation will be obtained as
i2 = nge ™™ — nga’e®, (53)
whose solutions for each k € Z are

_ {—2ngksinoz, fora=1, anda € R (54)

—ng(1+ a*)sina, fora>0, and o = £3.

In this analysis, the bifurcation points of solution branches from zero, completely incoherent, are the points (a = 0,
a = *m/2, 2 = Frg). Furthermore, the points (a = 1, « = £7, 2 = F27g) that undergo complex fold bifurcation
are vital in the emergence of chimera states.

It is noteworthy that rather than emerging chimera state on branches bifurcating from zero, chimera states may emerge
on the higher-order branches. For instance, for gg = 0 with k = 0, and a € (0, 1), secondary branches are bifurcating from
the solutions of Eq. (52) that by performing continuation of them, chimera states can be found [205].

The complex fold bifurcation for u € C, and p € R is defined as u> = p. Therefore, for Eq. (53) around the points
(a=1a= j:%, 2 = F2mg), the following transformation can be done

-1/2
i i2 2 2
u=|ae"“+ 1F ,p=1=% . (55)
2mwgra 2mwgra 2mgra

The completely coherent state is the solution of this equation for k = 0.
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It is essential to mention that due to the symmetry of Eq. (49), it has other solutions that bifurcate from zero. Also, it

has rotating wave solutions as
z(x, t) = a(x)e'?", (56)

where 2 € R, and a € Cpe([—m, ]; C), that Cper is a space of complex-valued and periodic function on [—m, 7]. The
stable rotating waves that satisfy |z(x, t)| < 1, are given by

z(x, t) = H(Jw(x)|* )w(x)e'?", (57)
where
{1‘ I=s — 1 for0<s<1
H .

N 1+/1=s
1—-iv/s—1 1
>
s 1+iy/s—1 fors > 1,

and w(x), o, and £2 satisfy a self-consistency equation as

. +7[
26" W(x) = pw(x) = / GuoH(W)2W()dy. (58)

—TT

After computing the solution branches (., w(x)) of Eq. (58), these can be transformed into solutions of Eq. (49).
To analyze the stability of rotating waves (Eq. (57)), Eq. (49) should be linearized concerning the small perturbation.
To do this the ansatz, z(x, t) = (a(x)e’? + v(x, t))e**t is considered in Eq. (49) that results in this equation
dv

& WP + 2o (G + dgD), (59)

where v(x, t) is perturbation and 7(s) is

isv/y1—s for0<s<1
_ = 60
n(s) {—«/s—l for s > 1. (60)
The equivalent form of Eq. (59) is
d
d—? — £v where £ = M + K, (61)
that M is a multiplication operator as
(M)(x) := M(x)v with M(x) = —2n(|w(x)[*), (62)
and K is an integral operator as
+
Ko = [ Kx ey (63)
-7

and K(x, y) is the matrix kernel defined by: K(x, y) = %QP(X)G(X —y). Here Q, and P are determined by
p_ (Re(l+(ePa(x)p)  —Im(1 — (e *a(x)?)
—\Im(1+(e7#a(x)?)  Re(1—(e*ax)?) )’
and
[ sing  cosp
Q= —cosB sing )
The operator £ is a linear operator, and its spectrum consists of the essential spectrum o,s and point spectrum op;. Its

essential spectrum is oess(£) = {—2n(|w(x)]?) : x € [—7, 7]} U {c.c.} C RUIR.
A point spectrum is a finite number of eigenvalues. With considering the perturbation

u(x, t) = vp(x)eM + v_(x)e™, (64)
as a solution to Eq. (59), it is obtained that
1 [e-iatt2n(wi?) ™ (Gry+a®Gr-)
) == i (w2 )=1 2 : (65)
v_ ) T 2\ elatren(w?) T (Gv-+aGuy)
Eq. (65) should be solved numerically, especially in the case of having a first-rank integral operator G, it can be solved as
a nonlinear finite-dimensional eigenvalue problem. Generally, the obtained eigenvalues will be real or complex conjugate
pairs. Fig. 25a shows the possible spectrum for a chimera solution of Eq. (57). The spectrum has two parts; a solid curve

which shows the essential spectrum o, and the dots that are eigenvalues representing point spectrum op. Since the
real parts of eigenvalues are non-positive, the spectrum corresponds to a stable chimera-like solution.
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Fig. 25. (a) The schematic of spectrum of a stable chimera-like solution of Eq. (57). The essential and point spectrum is depicted by the solid lines and
dots, respectively. The interval along real and imaginary axis corresponds to the coherent and incoherent parts, respectively. (b-d) Destabilization
scenarios: (b) Symmetry breaking (c) Hopf bifurcation, (d) Non-standard Hopf bifurcation. In contrast to other scenarios, in non-standard Hopf
bifurcation, unstable eigenvalues do not emerge from the neutrally stable essential spectrum.

Source: Figure reproduced with permission from [202].

The real part of eigenvalues determines whether they are stable or not, i.e., when the real parts of A are negative, they
are stable, and when the real part is positive, they are unstable. Therefore, there are three possible scenarios for a chimera
state to destabilize: symmetry breaking, Hopf bifurcation, or non-standard Hopf bifurcation. Fig. 25b-d shows these three
scenarios. Because of continuous symmetry, the essential spectrum consists of zero eigenvalues.

3.1.2. Stability of chimeras

Below, we reconsider different networks of coupled phase oscillators that Ott-Antonsen ansatz is applied to reduce the
partial differential equation number. In these studies, the bifurcation analysis is done on the steady states that provide
stability information for chimera states.

3.1.2.1. Ring of oscillators. After the discovery of chimera, Abrams et al. [29] presented an exact solution and stability
analysis for chimera state in a ring of oscillators (Eq. (1)) coupled via a cosine kernel (Eq. (5)) that makes the model
analytically solvable. They found a close-form and stationary solution (where parameters depend on space only) for the
self-consistency equation of the complex order parameter (Eq. (66))

+m
R(x) exp[i®(x)] = eiﬁ/ G(x — x) exp[iO(x)]

¥
A— /A2 —R(X)
R(X)
= c+ acosx, (66)

dx’

where 8 =7/2 —a, A = w — £2, and £2 is the angular frequency of the rotating frame. Their solution way was finding
real and imaginary parts of ¢, a, and A (Eq. (67)), which can be followed in [29]. For € — 0, and 8 = B¢,

A~ 14 Ase + Aye?,

c ~ 14 cie + cr€?,

ar ~ a2r€27

a; ~ ay€’. (67)

Their approach provides valuable information about the chimera state [29]. Fig. 26 left panel shows the fraction of

drifting oscillators fgri = %cos‘1 ﬁ as a function of 81, where
U=y = — Re[ﬁ(cos XA/ — ucosx>], (68)

with § = A, — c;. The figure indicates the solutions as two branches. The upper branch is stable, and bifurcates from
a pure drifting state with 8; = 0. By increasing the control parameter, drifting oscillators alter to a locked group. The
minimum fraction of drifting is about 44% that corresponds to a stable chimera state. This occurs at the largest value of
the control parameter 81, and this is a point that the upper and lower branches of solutions colloid. The lower branch is
an unstable solution that appears at 8; = 0 from a homoclinic lock state.
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Fig. 26. Left panel: The fraction of oscillators fgi as a function of control parameter f;. The solid and dotted lines indicate stable and unstable
chimera state, respectively. Right panel: Display of u as a function of §. Different dash styles indicate a different state. The shape of the corresponding
A(x) vs. x for each state is plotted in the inset panels.
Source: Figure reproduced with permission from [29].

In Fig. 26 right panel, there is a complete representation of results that is a plotting of u(8) as a function of the relevant
parameter §. Although in this case § cannot be considered as a valid control parameter to signify bifurcations, it helps
to present some significant events that were not possible in Fig. 26 left panel, e.g., two critical events in the genesis of
chimera states happen in the f4 = 0, 81 = 0 point that will be seen as a single point in Fig. 26 left panel. In Fig. 26
right panel, different states are indicated with different dashing styles of the branches. The solid zero branches along
the horizontal axis represents a group of spatially uniform drift states. More than uniform drift states, modulated drift
states appear just with g = 0. This is the first crucial event occurring at § = % where in this point a spatially drift state
emerges. In this case, for states that are on the dashed branches all oscillators are drifting with the same average phase
and different amounts of coherence based on the values of x. The stable chimera state is created when the first locked
oscillators emerge. This occurs at the intersection of the dashed branch with the line u = § ~ 0.18. Furthermore, in Fig. 26
right panel, the time averaged frequency A(x) as a function of x is plotted too. For locked oscillators, the time-averaged
frequency is equal to zero, and for drifting oscillators, it is equivalent to €4/§ — ucosx, to leading order in €. Hence,
A(x) for the homoclinic locked state is zero, for uniform drift states is a fixed line, for modulated drift states is positively
modulated, and for chimera states contains both zero and nonzero parts. Totally, one can conclude that the time-averaged
frequency is decreased when circulating back toward the origin.

A comprehensive analysis of the infinite-dimensional nonlinear eigenvalue problem (NEVP) corresponding to standing
wave solutions was further presented by Omelchenko et al. [205]. They indicated that every nonzero harmonic in the
Fourier series of G function leads to solution curves as primary and secondary branches that bifurcate from a trivial
solution. Each branch can be interpreted as a phased-lock solution or coherence-incoherence pattern. In their study, they
presented the continuum limit equation form of Eq. (1) as

of d _
ac T ) =0,

: 69
J0,x,t)=w+Im (Z(x, t)e"(‘“"‘)). (69)
Then using Ott-Antonsen invariant manifold method by supposing that z(x, t) is a solution of the equation

dz 1 _. 1. _

= iwz(x, t) + Ee"‘"gz - Ee""zz(x, t)6z, (70)
the solution of the continuum limit equation (Eq. (69)) is obtained as

1 o]
0,x,t)= —|[ 1 Z'(x, t)e™ + z"(x, t)e"’] . 71

f( )ZH(+;[()+()]) (71)
Furthermore, they reached nonlinear eigenvalue problems (NEVP), the same as Eq. (58), where

w=(w— ) =(w— ) /2 (72)

w(x) = (0 — £2)'(Ga)(x). (73)

It should be mentioned that every solution (, w) of NEVP corresponds to a solution of Eq. (70) (with Eq. (56) as ansatz).
Nonlinear eigenvalue problem Eq. (58) can be rewritten in the form of

Flp, w) = puw — GH(w) = 0, (74)
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where G is defined as Eq. (49), and H(w) = H(Jw|?*)w. Some solutions of Eq. (74) are as follows

w(x) = pe'™, (75)
where k € Z and p € (0, 00), and by considering Eq. (75) into Eq. (74), this is obtained

1 =2rgH(p?), (76)

that is equivalent to

27 g
p<land p = —————, (77)
1+/1—p?
27rgk
p>land py = ————.
1—iy/p?—1
In order to find the primary solution branches, Eq. (74) is linearized around the trivial solution w = 0, thus
, 1
OwF(u,0) = uZ — gH'(0) = uz — 59. (78)
The derivative in the left-hand side is invertible for 4 = uy = ng, k = 0,1,.... And for each nonzero ti,

ker 8, F(jik, 0) = span {el*, e~}

Using Eq. (76), it is achieved that 27 g,H(0) = ux means all solutions of Eq. (74) bifurcate from zero at critical values
of 9,,7(u, 0). In addition, it was proved that for (u — u)gx > 0, and for all sufficiently small & — u, € R, a non-trivial
asymptotically solution of Eq. (74) is

1

w(x) = 4 3 (1 — p)sin(kx) + O(|p — pg|) for p — pug. (79)
T 8k

Since all Fourier coefficient g, are different and nonzero, Eq. (79) demonstrates that there is an infinite number of
primary branches that bifurcate from the trivial solution and can be continued numerically. Besides, there are secondary
bifurcation points that appear as a result of numerical continuation of primary branches. For (u — v¢)Co/C; > 0, and for
all sufficiently small 4 — vy € R, a non-trivial asymptotically solution of Eq. (74) is

C
w(y) = po(m,/c—‘jw — vi) cos(kx) 4 O(|i — i), (80)

where for u — vy
2ngs
Vg i = ——.
8o + 8k
Here it is supposed to have gy # 0, g—g € (0, 1] for some k > 1, and

Co = 1—2mgkcopg(vie),

1 47 goc2 477 g5y, C2
Ci = -mglcs+ 506 + £24% >
4 Vg — 27goC1  Vk — 27 gaxkCy

and

dk
Cm = H(m)(Po(Uk)) = ( Z ) . (81)

M ]+‘/]_u2

There is a main difference between secondary and primary branches, i.e., just for the condition g—’é € (0, 1], the
bifurcation occurs. In other words, the emergence of secondary branches is related to both the absolute value and sign of
g, As an example, Eq. (74) is considered with the coupling function Eq. (5). In this case, nonzero Fourier series coefficients
are: go =5 and, g1 = g1 = A~.

Therefore, there exist two primary solutions bifurcating at @ = o, and © = u;. The secondary solution branch
bifurcates at u = v that exists only for g—’[; € (0, 1] or equivalently A € (0, 2). The solution for A = 0.9 is displayed in
Fig. 27. In this figure, the thick black line is a branch of a spatially uniform solution; the thick blue line is the second
primary solution, and the thick red line is the secondary solution. The solid blue line denotes a coherence-incoherence
pattern with two coherent regimes, and the solid red line denotes a coherence-incoherence pattern with one coherent
regime. Thin lines are the projection of thick lines in the plane |w(x)| = 0. In the figure, the right panel shows |w(x)|
for each solution, before and after bending bifurcation point. In this panel |w(x)] > 1 indicates coherent regions and
|[w(x)| < 1 indicates incoherent regions.

u=po(vi)

36



F. Parastesh, S. Jafari, H. Azarnoush et al. Physics Reports 898 (2021) 1-114

[lwl L 7
0
1 ,,,,,,,,,,,,,, -
Y1
0
0

Fig. 27. The solution of Eq. (74) for cosine coupling function with A = 0.9. The left panel displays primary branches with solid black and blue lines
and a secondary branch with a solid red line. The right panel is [w(x)| before and after empty circles (bending bifurcation point).
Source: Figure reproduced with permission from [205].

(a) (b)

al

/2 - o

(¢)

y_i_l

0 1 2
A 0

Fig. 28. (a) The bifurcation diagram of the solutions of Fig. 27. The shaded and hatched regions represent the stability regions of the primary and
secondary solutions, respectively. The solid line shows the fold bifurcation and the red and blue lines correspond to the appearance of single real
eigenvalue (b) and pair of complex conjugate eigenvalues (c) from the essential spectrum.

Source: Figure reproduced with permission from [205].

The bifurcation diagram for solution branches of Eq. (74), corresponding to Fig. 27, for two different patterns, is shown
in Fig. 28. One of the solutions (blue pattern) is stable in the blue region, and another (red pattern) is stable in the hatched
region. The black line indicates fold bifurcation; the red line corresponds to the case of single real eigenvalue emerging
from the essential spectrum, and the blue line corresponds to the case where a pair of complex conjugate eigenvalues
emerges from the essential spectrum.

3.1.2.2. Network with two populations. The chimera states arise from a completely symmetric partially synchronized state
of the Kuramoto model within a symmetry-breaking pitchfork bifurcation [206]. To show this, a network of two clusters
is considered as

2 Nyt

: Kyor . 4

by =of = ) 5D sin(e — 6 +a). (82)
=1 7 j=1

Here, o € {1, 2} identifies the clusters, w{ are selected from g(w), and N, is the number of oscillators in cluster o.

K, is the coupling strength with K11 = Ky, = u > Ki2 = K»1 = v > 0, where u +v = 1, and 4 — v = A are considered.
The Ott-Antonsen ansatz is used as

o ) g(w) - i0yn
o rw) =S 14 (;(aa(w, D’y +cc) ). (83)
where f is the probability density function, g(w) is a Lorentzian distribution with scale parameter D and mean zero as

ng(w) = ﬁ, and c.c. stands for complex conjugate. Therefore, the corresponding continuity equation is written in

2
04, 1 9 i o
— +iwa, + = Koo (zoraze™™ — Z,%) =0, 84
o 08 5 D Kooz ) (84)
o'=1
where z,(t) = fj:;o g(w)a,(w, t)dw = a,(—iD, t). As a result, Eq. (84) is a two-dimensional complex ODEs describing the
order parameter of the clusters. By rewriting Eq. (84) in polar coordinates, with z; = r1e¥1, z, = 1,€2, and ¢ = @1 — @3,
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the three-dimensional real ODEs are obtained as

; 14712
¢ = ( ;_r L) [ury sine — vr; sin(¢ — )],
1
14712 . .
- (T)[Mrz sina + vry sin(¢ + )],
L (85)
1—r
ri = —Dry + ( L)[ury cosa + vr; cos(¢ — o),
. 1-r13
ry = —Dry + ( )[urz cos o + vry cos(¢p + ).
The bifurcation analysis is done with considering u = 132, v = 154 and g = 7/2 — «. In the study [29], by selecting

D = 0, it was revealed that the chimera state disappears through a saddle-node bifurcation. Now, the problem is to find
the connection between the fully synchronized state and stable chimera state. Plotting the bifurcation diagram of A vs. 8
shows that in contrast to the case D = 0, for D > 0 a pitchfork bifurcation is obtained and the saddle-node bifurcation
does not reach the origin. If the bifurcation is plotted with fixed A, the pitchfork bifurcation is balloon-like where inside
of the balloon is a region of stable chimera state. The region between saddle-node bifurcation and pitchfork bifurcation
is the bistability region.

From Fig. 29, it is obtained that for D = 0, the bifurcation type is just saddle-node. With increasing D from 0, the
heterogeneity among the natural frequency of oscillators increases, which results in decreasing in the order parameter of
spatially symmetric synchronous states. Moreover, as D increases (D = 0.003), the horizontal line alters, and a new
intersection with saddle-node branch shifts to supercritical and subcritical pitchfork bifurcations. When D increases
to D = 0.001, the subcritical pitchfork bifurcation, and saddle-nodes bifurcations collide to a supercritical pitchfork
bifurcation. Therefore, it is found that the chimera states are connected to the synchronous state through a pitchfork
bifurcation, a connection that was not observable in the D = 0 case.

Laing considered a network of two populations with uniform intra-populations and different inter-populations
coupling [207]. It was assumed that in a network supporting chimera states, the oscillators in the incoherent population
are in a smooth and closed curve C. For the analysis of the dynamics of the curve C, and the probability density on this
curve, the Stuart-Landau oscillators are reconsidered. In [208], a network of N oscillators is considered, and the state of
the jth oscillator is described by the complex variable z; as

dz; _
Eﬁ:f@thL (86)

and the mean field z is

z—]ﬁy (87)
- N k=1 ¢

Moreover, K is the coupling strength between an oscillator and z. It is observed that, by plotting the state of oscillators
in a complex plane, the points lie on closed smooth curve C. This curve is parametrized by ¢ as the angle, and R(¢; t) is
the distance from the origin, and P(¢; t) is the density at the angle ¢. Eq. (87) with using z; = r;e', could be rewritten as

dr; _

o = F5.4.2), (88)

do; _

o = O 4.2) (89)
and the dynamics of R and P are determined by

oR _ _.0R

E(qsvt):F(Ra(p!Z)_G(R? ¢7Z)%7 (90)

apP d _

5(& t)= —%[P(fb, t)GR, ¢,2]], (91)
where

2
2:/’wamwxww¢ (92)
0

This approach is used in a network of Stuart-Landau oscillators to study the splay state in a single population of
all-to-all coupling oscillators. However, it can be used to study the chimera state in a network of two populations where
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Fig. 29. Cluster order parameters (r, r2) as a function of phase lag parameter (S). Stable and unstable branches are displayed with solid and dashed
curves, respectively. Center branch corresponds to the symmetric extension of the synchronous state with r; = r,. In the top panel, chimera states
have ry = 1,1, < 1orr, =1,r; < 1, and in other panels, symmetric pairs of chimera states have r; =a,r, =band ry = b, 1, = a.

Source: Figure reproduced with permission from [206].

one is perfectly synchronous, and the other lies on smooth closed curve C. It should be mentioned that this approach is
valid if oscillators do lie on curve C that should be examined by solving the original equations.
Considering the definition mentioned above, for a network of two populations, supposing that the population one

(j = 1,...,N) is asynchronous, and population two is completely synchronous (j = N + 1,...,2N), the equations
governing the dynamics are
dR - - oR
—(p,t)=FR,¢,X,Y)—GR,¢,X,Y)—, 93
5t (600 =FR. 9.X.¥) = GR 6. X, V) (93)
P 4.0 = (6, 0GR 6, %, V) + D P8, 0 (94)
at 9 - a¢ 9 9 9 b a¢2 9 9
dy . 1 . 2 — i Y
o oY +e (1= (14 8€)|YP}Y + e (Y + vX), (95)
- 27[ .
x= [ P oR@. e, (96)
0

where Y = X; describes the identical dynamics of oscillators in the coherent population. The intra-group and inter-group

couplings are assumed as u = %, v = %, respectively, and 8 = 7. One of the solutions of Egs. (93) to (96) for the
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Fig. 30. The snapshot of a solution of Egs. (93) to (96). (a) and (b) show R(¢), P(¢),
Source: Figure reproduced with permission from [207].

respectively.
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Fig. 31. (a,b) The steady-state of Eqs. (93) to (96) as a function of € with unstable dashed line and stable solid line.
Source: Figure reproduced with permission from [207].

parameters € = 0.05, w = 0, § = —0.01, A= 0.2, 8 = 0.08, and D = 1078 is shown in Fig. 30. This solution is obtained
by numerically integrating Eqs. (93) to (96) in time. Here, the stability in the steady-state is derived from eigenvalues
of the linearization of Egs. (93) to (96). The eigenvalues are two clusters, one cluster is around Re(A;) = —40, and the
other cluster is around Re(A;) = 0. The first cluster is related to linearizing F with respect to R, and the second group is
related to the dynamics of p, presumably. Fig. 31 shows the following of the solution in Fig. 30 by varying € and using
pseudo-arclength continuation.

The steady-state of Egs. (93) to (96) can be obtained by integrating the equations in time to find a periodic solution
of these equations. This steady-state as a function of ¢ is presented in Fig. 31 for parameters w =0, § = —0.01, A = 0.2,
B = 0.08, and D = 10~3. For all of the points in figure, Eqgs. (93) to (96) have a stable and periodic solution. Fig. 32 is
obtained by following the saddle-node bifurcation in Fig. 31a,b as A varies. For ¢ = 0.05, as A increases, a supercritical
Hopf bifurcation appears that the oscillation created in this bifurcation is destroyed within a homoclinic bifurcation. It
should be mentioned that this bifurcation is obtained by following the algebraic equations that define the bifurcation,
not by direct simulation. Furthermore, this approach is not valid in the case that a completely coherent group becomes
incoherent.

3.1.2.3. Heterogeneous network. The stability of chimera states in networks of identical Kuramoto oscillators has been ex-
amined in numerous studies. However, real systems can be adequately modeled with the networks having heterogeneity.
Therefore, investigating the robustness of chimera states that corresponded to the network’s heterogeneity is worthwhile.
Laing considered several networks of heterogeneous phase oscillators [108,109]. In this part, the analytical investigation
of the robustness of chimera states in a model of two coupled networks (Eq. (85)) is done concerning the heterogeneity
in the natural frequencies of oscillators. The natural frequencies of oscillators are chosen from a Lorentzian distribution

D,
(0 — 90)2 +D§ ’
where w{ are from a distribution that is centered at £2, with half-width at half maximum D, and £2; is set to zero.

78, () = (97)
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Fig. 32. The continuation of the saddle-node bifurcation in Fig. 31a,b.
Source: Figure reproduced with permission from [207].
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Fig. 33. The figure shows r; as a function of 2, for r; = 1 (r, > 1 is not physically meaningful). The circles are minimum and maximum of stable
periodic oscillations. The solid and dashed lines show the stable and unstable fixed points of Eq. (85). A = 0.2, 8§ = 0.1. Figure reproduced with
permission from [109].

The first case is varying the frequency offset §2, with Dy = D, = D = 0. It is considered that one region is wholly
synchronized with r; = 1. When §£2, = 0, then (r,, ¢) = (1, 0), which is a completely synchronized state. Fig. 33 indicates
that as £2, increases from zero, a state corresponding to a completely synchronized state, the r, = 1 bifurcates through
a transcritical bifurcation involving saddle chimera. Further, with increasing £2,, the stable chimera bifurcates within a
supercritical Hopf bifurcation that results in an oscillation in r,; the minimums and maximums of stable oscillation are
depicted with circles in Fig. 33. If £2, decreases from zero, the stable chimera destroys soon, concluding that the stable
chimera is much more robust to speeding up than slowing the asynchronous oscillators in the network.

The second case to examine is varying the distribution width D; = D, = D. The system described by Eq. (85) has
a symmetry, i.e. (ry, 2, ¢) — (2,11, —¢). For this system with A = 0.2, 8 = 0.7, and D=0, five fixed points are 1)
(r1, 12, ¢) = (1,1,0) as the perfect synchrony, 2) one stable chimera for (r; = 1,1, # 1,¢ # 0), 3) its symmetrical
state, 4) one saddle chimera for (r; = 1,15, # 1, ¢ # 0), 5) its symmetrical state. Increasing the control parameter D as
the heterogeneity parameter can destabilize and restabilize the symmetric state. Moreover, increasing the heterogeneity
causes a decrease in the width of the angular distribution of the incoherent region in the chimera state.

Fig. 34, represents the third studied case with modifying one distribution width D,, with no frequency offset. In this
case D; = §2, = 0. Since the system is not symmetric, the effect of varying D, on the chimera state with (r; = 1,1, # 1)
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Fig. 34. The fixed points of Eq. (85) for D; = £2, = 0. (a) r, as a function of D,, when r; = 1. (b) ry (red curve) and r, (blue curve) as a function
of D,. In this figure, dashed lines are unstable and solid lines are stable. A= 0.2, § =0.1.
Source: Figure reproduced with permission from [109].

is not the same for the chimera state with (r; # 1, = 1). When D, = 0, there exist five fixed points for Eq. (85).
When r; = 1, as D, increases the perfect solution is destroyed in a saddle-node bifurcation; however, a chimera with
desynchronization in region 2 persists (Fig. 34a). Fig. 34b indicates that as D, increases, both stable chimera and saddle
chimera are destroyed in a saddle-node bifurcation. Therefore, when one region is sufficiently heterogeneous, the only
chimera with desynchronization in its population persists.

3.1.2.4. Small network. The chimera states not only occur in systems with large numbers of oscillators, but also may
appear in systems with a small number of oscillators. Since the order parameter is not stationary in small networks, the
chimera states are challenging to characterize. Therefore, fewer improvements have been made to analyze chimera states
in small networks, and often a continuum approach is replaced with a given finite network. This approach leads to solving
an eigenvalue problem that makes the opportunity of characterizing chimera states. In the study [209], It is found that in
a network with 2N phase oscillators with two groups, chimera states emerge even for two oscillators per group. In this
study, two groups of N phase oscillators with unique natural frequencies are considered as

do; 1+AY ¢
@ =w_(2N>;cos(0,-—9j—,3)
N
_ (%) ]gl:cos(ei — ¢ — B),
do; .
dei :w—(lzz’*)gcos(@—«pj—ﬂ)

dt
()Y costan -6 )
2N &

(98)
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Fig. 35. The positive and negative curves are the values of p and A, respectively, on the Poincaré section ¥ = 7 of Eq. (99). The solid line is stable,
and the dashed line is unstable. 8 = 0.1, and N = 4.
Source: Figure reproduced with permission from [209].

where 6 and ¢ are phases of oscillators in group 1, and 2. The intra-group and inter-group coupling is assumed as u = %,
v = %, respectively, and 8 = 7 — a. To reduce the system’s dimensionality, the Pikovsky and Rosenblum method can

be used. Thus, the network in chimera state can be described with the following three equations (see [209])

dex
dt

2
_ (1 4'°2>[(1+A)rsin(s+ﬂ)

+(1—A)sin(A + B)],
2

dA  1+A 1+ p;5
T 2|:—cosﬂ+1“(2p2) cos(§+/3):|

1-A
+2|:—FCOS(E—A+/3)

2

+<1;;)p22>cos(A+,3):|,

== . )T+ A cos( + )
+(1 —A)cos(A + B)]. (99)

These equations describe the chimera state in a network having two groups, i.e., group 1 is completely synchronized, and
group 2 is asynchronized. p; is a degree of synchronization in group 2 and this measure for the completely synchronized
group is p; = 1. A = ¢ — ¢, that ¢; is related to the mean phase of group i for i = 1, 2. ¥, is the spread of the phases
of oscillators in group 2 and for the completely coherent region, this variable is equal to ¥; = 0.

For a network of N = 4 oscillators in each group, a Poincaré section ), in the flow at ¥ mod 27 = = is placed, and
as ¥ decreases through ), the values of p, and A are recorded. The results are shown in Fig. 35. The figure indicates
that with increasing control parameters from zero, stable and unstable chimera states appear through a saddle-node
bifurcation. By increasing A further, the stable chimera becomes unstable via Hopf bifurcation. This kind of bifurcation is
similar to the continuum limit case that is compared in Fig. 36.

This study [209] ascertains that stable chimera states exist even for N = 2. For N = 4, and N = 3, they obtained the
bifurcation qualitatively the same as N = oo case. Fig. 36 shows that in N = oo case, as A increases for small 8, one
stable and one saddle chimera states appear in a saddle-node bifurcation. As A increases repeatedly, the stable chimera
bifurcates to a supercritical Hopf bifurcation that commences with emerging a breathing chimera. By further increasing
the control parameter A, the solution collides with the saddle chimera in a homoclinic bifurcation, and stable chimera
states die. In N = 3 and N = 4 cases, similarly, as A increases from zero, stable, and unstable chimera states arise in a
saddle-node bifurcation. The stable chimera state becomes unstable within a supercritical Hopf bifurcation, as A increases
further. Furthermore, for the more considerable value of A, the stable solution created from Hopf bifurcation is destroyed
via a global bifurcation. In the N = 2 case, first, stable periodic orbits appear through a global bifurcation. As A increases,
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Fig. 36. Bifurcations of A vs. g for different number of network oscillators. Top left: N = oo, Top right: N = 4, Bottom left: N = 3, Bottom right:
N = 2. For N = 2 case, the black, blue, red, and green curves are saddle-node of fixed points, pitchfork of chimera, heteroclinic connection and
homoclinic connection between fixed points, respectively. The stable chimera exists in the region between red and green curves and 8 = 0 axis.
Source: Figure reproduced with permission from [209].

the supercritical Hopf bifurcation occurs, and the stable periodic orbits bifurcate to an unstable orbit and two stable orbits.
When the second global bifurcation occurs, both stable chimera states disappear; however, the unstable periodic orbit
insists. Although the bifurcation is different and contains global and pitchfork bifurcations, stable chimeras exist in wedge
again.

3.1.2.5. Turbulent chimeras. In a homogeneous chain of non-locally coupled oscillators, a supercritical bifurcation from a
coherent state leads to a self-emerging chimera state [210]. This chimera state emerges from the general initial conditions
without necessitating specific initial conditions. Near the bifurcation point, the chimera state is stable, but it becomes
turbulent with increasing fluctuations in parameters. Thus, an irregular merging of synchronous and partially synchronous
regions occurs. Further, a turbulent state occurs beyond the instability of the stationary chimera state. In this case,
although the synchronous regions are persistent, they appear at various locations. So the pattern is called a turbulent
chimera.

3.2. Characterizing chimeras in dynamical systems
In this section, we discuss some quantitative statistical measures to characterize chimera States.

3.2.1. Kuramoto global order parameter
The global order parameter is defined as [28,206,211,212]

N
1 0,(6)
R(t) = ’;e KO (100)

where 6, is the phase of oscillator k, and N is the number of oscillators in the network. The continuum limit analog of
the global order parameter is determined by

r(t) = ﬁ /n z(x, t)dx|. (101)

e

Here, z(x, t) is the complex local order parameter [205]. For a completely incoherent state with z(x, t) = 0, the global
order parameter is r = 0, and for completely coherent states, it is r = 1. This parameter takes a time-independent
constant value of 0 < r < 1 for chimera states.
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3.2.2. Local order parameter
The local order parameter is another notion that can characterize the coherent and incoherent regions of chimera
[61,213-215]. This method signifies the local ordering of oscillators and indicates the coherence degree defined as

1 .
E Z eld’k ,

li—k|=<v

L= i=1,2,...,N. (102)

Here, j = +/—1, and the oscillators are supposed to be on a ring having v nearest-neighbors on each side. @y is the
geometric phase of ith oscillator. For coherent regions of chimera states L; &~ 1, and for the oscillators belonging to
incoherent regions of chimera states L; < 1.

3.2.3. Strength of incoherence and the discontinuity measure

To describe the strength of incoherence (SI) [216], firstly, it is needed to introduce the new variable z; = (z1, ..., zq) =
X; — X;+1, where x; represents the state vector of ith oscillator for i = 1,2, ..., N. The variable z;;, [ = 1,2, ..., d has its
minimum value when oscillators i, and i+ 1 are coherent. For incoherent neighboring oscillators i and i+ 1, z;; has a value
between =|X; i max — X1.i.min|- FOr chimera state, some of z;; have the same value, however some others have distributed
values between =X ; mgx — X1,i,min|. Thus, the standard deviation is used to quantify the synchronization level

1 N
m=< N 2 lai— <z,>12> : (103)
i=1

t

where (z;) = ﬁ ZL z;4(t). For a coherent state, o is zero, and for both incoherent and chimera states, it has a nonzero
value. Therefore, to distinguish between the incoherent and chimera states, the local standard deviation is used as
_l mn
o(m) = — zi—(z)?) ., m=1,2,....M 104
i(m) < D DR Y <,>]> (104)
i=n(m—1)+1

t

where M is an even number, and oscillators in the network are divided into M bins. Thus, o; is calculated for every bin
having n = % oscillators. Using local standard deviation, the SI is introduced as

Zl\n/{ﬂ Sm
M
where s;, = ©(8 — o;(m)). Here, ©® is the Heaviside step function with a small threshold 8. When o is less than 8, s;,, = 1,
otherwise s,;, = 0. Therefore, for coherent states SI = 0, for incoherent states SI = 1, and for chimera states 0 < SI < 1.

The measure that can distinguish between chimera states and multi-chimera states is the discontinuity measure, that
is based on the distribution of s, calculated as
M
N (106)

The discontinuity measure n = 1 specifies the chimera state, and integer discontinuity measure n > 1 shows the
multi-chimera states.

SI=1-— , (105)

3.2.4. Mean phase velocity
The mean phase velocity approach also verifies the existence of a chimera state in coupled systems. It is defined as [217]

ZJTMi
wi =
AT
Here AT is a sufficiently long time interval, and M; is the number of oscillation during AT for ith oscillator. For coherent

states, w; are constant values and for incoherent states w; are randomly distributed. For chimera states w; have values on
a continuous curve such that constant values correspond to the coherent regions of phase-locked oscillators.

,i=12,...,N. (107)

3.2.5. The size of coherent and incoherent clusters
Two measures can be applied to quantify the relative size of the coherent region of the chimera state. First, the relative
size of the incoherent regions can be calculated as [218]

N
1
Ninconh = N Z O(wy — weoh — €), (108)
k=1
where © is the step function, wy is the mean phase velocity of the element k, wep is the mean phase velocity of the
coherent part and c is a small tolerance. When the argument of the function @ is positive, it takes the value of 1; otherwise
it takes the value of zero.
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Another measure is the extensive cumulative size of the incoherent parts, Mincon, Which is defined by

Mincon = Z (@ — @con)l.- (109)
k=1

This measure determines the area below the arcs in the mean phase velocity profiles and demonstrates the degree of the
incoherence of chimera states. For purely coherent states, this extensive measure is zero.

3.2.6. Root-mean-square deviation
In this method to quantify the chimera states, the root-mean-square deviation of oscillators is defined by [47,219,220]

A = ((in(t) — Xi+1(t) - Xi—l(t))2> ’ (110)

where x;(t) describes the dynamic of ith oscillators in the network, and () is time averaging. Using A;, the average
difference between the instantaneous states of adjacent oscillators can be estimated. Since A; has significant local
maximum in incoherent clusters, the boundaries of synchronous and asynchronous clusters can be determined.

3.2.7. Normalized coefficient of mutual correlation
To quantify the degree of oscillation disorder in the chimera states, the normalized coefficient of mutual correlation
(CMC) of oscillators is employed [221]. The CMC can provide measurable characteristics of chimera states and describe
features of the amplitude, phase, and intermittent chimeras. The CMC is defined by
= (& (Ox(0)) , (111)
(o) E o)

where (1, i) denotes the first and the ith oscillators at the same time, the brackets define the average in time and
X(t) = x(t) — (x(t)) is the fluctuation relative to the mean value. In the phase chimera region, the CMC is close to unity,
and for incoherent phase chimera regions, its sign changes from negative to positive.

Using this method, for phase and amplitude chimera, a difference of correlation is revealed. The CMC has a value
below unity for all elements of the incoherent region. Therefore, decreasing of CMC in an amplitude chimera indicates
an incoherence in oscillations that conform to the chimera state definition. Further, the intermittency phenomenon
is characterized by the random alternation of time intervals. In this case, the oscillator with the fixed number i can
correspond to either phase or amplitude chimera regions.

3.2.8. Finite-time Lyapunov exponents for chimeras

For the general Kuramoto system that supports chimera states, by calculating the probability distribution of the local
Lyapunov exponents, a specific shape of the distribution is observed. This shape has an asymmetric Gaussian-like peak,
with a shoulder on each side. In general, the central peak is positioned near the left shoulder of the distribution shape.
Therefore, the knowledge of expected shape can be a characteristic for chimera state identification in the case there is
the possibility to measure the phases of all oscillators directly or in the case that the systems are possible but not directly
measurable [222]. Fig. 37a represents the local Lyapunov exponents distribution as the number of oscillators increases.
It is observed that by increasing N, the distribution shape has an expected shape, however, shoulders and the main peak
become more pronounced. Fig. 37b shows the distribution shape for different phase-lag parameters. It is observed that
the location of the central peak shifts from the left side extreme to the center extreme as « changes. However, the central
peak never moves away from extremes, since the chimera becomes unstable for marginally larger or smaller value.

3.2.9. Correlation measures for spatial and temporal coherence

3.2.9.1. Correlation in space. In this method, local curvature is used as a measure of spatial coherence. Generally, the local
curvature is quantified with Laplacian for any point in the spatial dimension [223]. For one snapshot in time t with spatial
data f, the discrete Laplacian D in one spatial dimension system is defined as

Df = AX*Df (112)
= f(x+ Ax, t) — f(x, t) + f(x — Ax, t).

In this definition, each data in f can have a real, complex, or higher dimension values. Following this concept, for a
chimera state observed in the Kuramoto model, the local curvature values at each point are depicted in Fig. 38. This
figure indicates that the chimera state is mapped onto a new function using D, as the maximum of |D|. Here, D, is the
curvature of an oscillator on the circuit with neighboring oscillators located in the opposite position. For a ring network
with constant amplitude A, D, converges to 4A in the continuum limit. In the synchronous regions limy_, |D| = 0, while
in the incoherent regions |D| has a finite value. By considering the normalized probability density function of |D| as g(|D|)
the g(|D| = 0) determines the relative size of spatially coherent regions. When the system is completely synchronized
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Fig. 37. The local Lyapunov exponents distribution for chimera state. (a) For the different number of oscillators (N). (b) For the different phase-lag

parameter (o).
Source: Figure reproduced with permission from [222].
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Fig. 38. (a) The snapshot of the chimera state in the Kuramoto model. (b) The values of the local curvature calculated using discrete Laplacian D.
Source: Figure reproduced with permission from [223].
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Fig. 39. (a) The probability distribution function g(|b|) for the Kuramoto model corresponding to Fig. 38. (b) The go(t) for a longer time series.
Source: Figure reproduced with permission from [223].

g(|f3| = 0) = 1, while for a completely incoherent system g(|l§| = 0) = 0. Therefore, the values of 0 < g(|l§| =0)<1
correspond to the coexistence of coherent and incoherent regions.
It is proposed that for a spatially extended system, a point § = 0.01D;, should characterize the system as coherent or

incoherent. Therefore, the correlation measure

8
golt) = f g(t. 1BdiD). (113)
0

is useful to describe the spatial extent of the coherent region. Fig. 39a displays an example of g for a Kuramoto model.
Fig. 39b indicates go(t) as a function of time. In this case, gg ~ 0.3 corresponds to the chimera state.

3.2.9.2. Correlation in time. The temporal correlation of oscillators can provide valuable information for distinguishing
chimera states, too [18]. For oscillators with X;, and X; time series, that their means and standard deviations are w;, u;,
and o;, oj, respectively, the pairwise correlation coefficient is

Xi — wi) * (Xj —
pj = <( i) * (X I“Lj)>. (114)
0i0j
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Fig. 40. (a) Spatiotemporal pattern of a chimera state in the Kuramoto model. (b) Pairwise correlation coefficients {pogy}.
Source: Figure reproduced with permission from [223].
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Fig. 41. (a) The distribution function h for a chimera state in the Kuramoto model. (b) The comparison of time series of go(t), and time-independent
ho.
Source: Figure reproduced with permission from [223].

Here, (-), and * indicate temporal mean and complex conjugate, respectively. For linearly correlated time series p; = 1,

and for linearly anti-correlated time series p;; = —1. For complex time series |p; = 1|, Zp; = o and « is a constant phase
shift. Therefore, the normalized distribution function h of
R = {lpyl}, i # ], (115)

can measure the correlation in time. For static chimera state with the coherent cluster localized at a specified position
over time, the normalized distribution function h(|p;;| ~ 1) is nonzero. For instance, for the chimera in Fig. 40a, the first
row of the correlation matrix R, {pox}, that is the correlation between oscillator positioning at x = 0 and the rest of the
oscillators, is shown in Fig. 40b.

The distribution function h is displayed in Fig. 41. The distinct peak at p = 1 demonstrates that the majority of
oscillators are positioning at the same positions that correspond to a static chimera. Another peak is at o ~ 0.5 that
corresponds to partial linear correlation between synchronous oscillators and oscillators positioning at x ~ 0.5. The
percentage of oscillators that are correlated in time is quantified with

1
ho = / h(pDdlol. (116)
Y

It should be noted that hg does not always indicate the size of the coherent region, spatially for non-static chimera, that
the regions are changing their positions over time. Moreover, if and only if the chimera is static with no spatial coherence
in the synchronous cluster, hg coincides with gy.

4. Different types of chimeras

The development of the chimera studies to various oscillatory systems has led to discovery of different types of
chimeras, including breathing chimera, amplitude chimera, chimera death, etc. The chimera types although consisting
of coherent and incoherent regions, have different properties in space and time. These chimera states are described in
this section with detail.
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Fig. 42. The order parameter of the network of phase oscillators with two populations. The coupling strength between the groups is v and within
the groups is w. (a) The stationary chimera for x4 — v = 0.2. (b) The breathing chimera for © — v = 0.28. (c) The breathing chimera with longer
breathing for © — v = 0.35.

Source: Figure reproduced with permission from [224].

4.1. Breathing chimeras

Before the study of Abrams et al. [224], it was assumed that the chimera states are statistically stationary, i.e., the
positions of the coherent and incoherent domains are static in time. In 2008, Abrams et al. [224] investigated a network
of phase oscillators and found that the chimeras can also be non-stationary and called this state breathing chimera. The
network they considered consisted of two populations, with stronger within groups coupling strength than the between
groups coupling strength. It is possible to detect the stationary and breathing chimera states by calculating the order
parameter in time. In fact, in the stationary chimera, the order parameter is constant, while in the breathing one, the
order parameter changes periodically. The order parameter of the second population of the phase oscillators network is
shown in Fig. 42. Fig. 42a shows the existence of a stationary chimera with a constant order parameter. By increasing the
difference of the within and between groups coupling strength, the chimera is changed to the breathing, which is shown
in Fig. 42b. More increasing of this difference gives rise to breathers with a longer period (Fig. 42c), and finally, leads to
the appearance of complete synchronization.

The emergence of breathing chimera has also been revealed in ring networks [108,225]. As discussed in the previous
section, Laing [108] studied a ring network of phase oscillators with heterogeneity in the frequencies of the oscillators. By
using the OA ansatz, this network was analyzed, and the formation of the breathing chimera was investigated. A similar
study has been done on a network of identical phase oscillators with nonlinear coupling. In contrast to most studies,
Bolotov et al. [225] considered the phase shift of the force acting on oscillators to be non-constant and claimed that
probably this factor is necessary for the emergence of breathing chimera.

4.2. Multi-headed chimeras

Strengthening the coupling between the phase oscillators can lead to the appearance of multiple coherent clusters
within the incoherent region [217]. This state was firstly reported by Omelchenko et al. [217] and called the multi-
headed chimera or multi-chimera. They considered a ring of non-locally coupled FitzHugh-Nagumo (FHN) oscillators
with direct and cross-couplings. This network exhibits classical chimera state (with one coherent and incoherent domain)
for small values of coupling strength. Increasing the coupling strength gives rise to the formation of two incoherent
clusters. This can be seen in Fig. 43a-d. In these figures, the left column shows the time-snapshots of the activator
variables of the oscillators, and the right column shows their mean phase velocities. The right panel of Fig. 43 shows
the transition from classical chimera to three-headed chimera due to increased coupling strength and decreased coupling
range.

The local dynamics of the oscillators of the network plays an important role in the emergence of multi-chimeras.
The multi-chimera states are also observable in non-locally coupled van der Pol oscillators when their local dynamics is
sinusoidal oscillation [226]. Varying the bifurcation parameter of the oscillators leads to the change of the local dynamics
to nonlinear relaxation oscillation. In this case, the stability regions of multi-chimeras are strongly influenced. As the
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Fig. 43. The time snapshot (left column) and the mean phase velocity (right column) of the network of non-locally coupled FitzHugh-Nagumo
oscillators. The left panel (a-d) shows the formation of chimera states with two incoherent clusters by increasing the coupling strength (o), and the
right panel (e-h) shows three incoherent clusters by increasing the coupling strength (o) and decreasing the coupling range (r).

Source: Figure reproduced with permission from [217].

nonlinearity becomes stronger, the emergence of multi-chimeras is enhanced, and the stability regions in the coupling
strength and coupling range plane are extended.

The multi-headed chimera has also been observed in coupled pendula [227]. Jaros et al. [227] reported the existence
of the chimera state consisting of the active and the passive pendula, for a specific range of coupling stiffness. With the
appearance of passive clusters with chaotic behavior in the large active pendula, which are synchronous, the multi-headed
chimera is formed. However, the active pendula in different clusters have different periods. The number of the pendula
in each cluster, and the number of their neighboring passive pendula, and also the synchronization type, determine the
periods of the active pendula.

Tsigkri-DeSmedt et al. [228] investigated the emergence of multi-chimeras in the network of the Leaky Integrate-and-
Fire model. They considered two different cases of absence and presence of a refractory period in neurons’ behavior. They
realized that the refractory period leads to longer chimera states and also gives rise to the appearance of chimera states
with multiple coherent and incoherent clusters. While the value of the refractory period does not affect the number of
coherent and incoherent clusters.

4.3. Alternating chimeras

The mechanism of the uni-hemispheric sleep is an alternation in the coherency and incoherency of two cerebral
hemispheres [229]. This phenomenon can be related to the alternating chimera, in which the coherent and incoherent
groups alternatively change their spatial position in time [230]. To model this phenomenon, Ma et al. [229] used two
coupled groups of oscillators with the following equation

,+Z Koo Zsm@" —07(t) — )

+Asm(.(2(t—ro)), (117)

doy

where o = 1, 2 is the number of the groups and N, is the number of oscillators in each group. K,/ denotes the coupling
strength from oscillators of o’ to o. The parameters are set at Kj; = Ko = 4 =5,K; = K;1 =v=—4anda = 7 /2—0.1.
The term Asin £2(t — t,) is an external signal with the amplitude A and the frequency £2 to model the environmental
changes, and the 7, is the time when the system responds to the environment. Since two cerebral hemispheres have
different response times, t; = 0 and 1, # 0 are assumed. Furthermore, the oscillators are considered to be non-identical
with different w;, chosen from a uniform random distribution in [1 — 8, 1 + 8], due to the non-identical property of two
hemispheres. Therefore, in this network the non-identity of w; and also, the existence of the external signal are required
for the emergence of alternating chimera. To characterize the chimera states, the authors in [229] used the average of the
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Fig. 44. The alternating chimera state for the network of Eq. (117). The first row shows the variation of r; and r, in time, for § = 0.01 and 7, = 1.5
in (a), and for § = 0.1 and 1, = 0.5 in (c). The second row shows the variation of R; and R,, with respect to diversity parameter §, for r, = 1.5 in
(b) and with respect to the time delay 7, for § = 0.1 in (d).

Source: Figure reproduced with permission from [229].

order parameter of the synchronized (R) and asynchronized groups (R’) as
R = (max(r1,12)), R = (min(ry, 12)), (118)

where (- --) denotes the time average, and the order parameter (r) is obtained by
1 Yo
io (1) _ i0;(t) —
ro(t)e =N ]E,l e, o=1,2 (119)

where ¢,(t) is the average phase at time t, and r(t) = 1 and r(t) = 0 show synchronization and asynchronization,
respectively.

Fig. 44a shows the order parameter of two groups for §; = 0.01 and t, = 1.5. This figure represents the alternation
of synchronization and asynchronization between two groups. For higher diversity parameter values (8), the alternating
chimera still exists but with poor quality synchronization, as is shown in Fig. 44c. To illustrate the dependency of existence
of alternating chimera on the diversity parameter, Fig. 44b is presented. As is shown, by increasing &, the average of
the order parameter of the synchronized and asynchronized groups is decreased slowly. Finally, Fig. 44d illustrates the
variation of R and R with respect to the time delay 7. Thus, the alternating chimera is robust to both the variation of
diversity parameter and the time delay.

As mentioned, the non-identity of the oscillators and the presence of an external signal is required for the emergence
of chimera state in the network of Eq. (117). However, the alternating chimera state has also been observed in a
two-dimensional network of modified CGLE oscillators with nonlinear global coupling [231]. This network is capable
of exhibiting different dynamics such as two-phase cluster state, ordinary and alternating chimera states, and so on
by changing the parameters’ values. Fig. 45 shows an example of the alternating chimera observed in this network.
Initially, the network is composed of two domains of asynchronous and synchronous states (Fig. 45a), similar to the
ordinary chimera state. But as time passes, these two domains are exchanged, and the primary synchronous state becomes
asynchronous, while the asynchronous one becomes synchronous (Fig. 45a—-c). This alternation is firstly disordered in
time, and then, becomes regular. Fig. 45d illustrates the one-dimensional spatiotemporal pattern of the network along
the x-axis.

Since the most relevant phenomenon to the alternating chimera is the uni-hemispheric sleep, the study of neuronal
dynamics in the emergence of this chimera type is of particular importance. In this regard, Majhi and Ghosh [230]
investigated a network of Hindmarsh-Rose neurons coupled indirectly through ephaptic coupling (i.e., through the
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Fig. 45. Alternating chimera state in a two-dimensional modified CGLE network. (a-c) The snapshots of the network after the formation of two
synchronous and asynchronous states, at t = 0, 600, and 1000. (d) One-dimensional spatiotemporal pattern of the network along the x-axis, showing
regular alternations.

Source: Figure reproduced with permission from [231].

electromagnetic field). The equations of this network are described as

=yi+bx —ax} —z +1 — ep(gixi,
Yi=a—dx; —yi,
Vi = cls(xi —e) — zl,
' j=itr (120)
¢i = —ki¢i + kax; + Z [¢; — &il,
j=ip

p(pi) = B1 + 3B2¢7,

where the fourth variable (¢;) shows the magnetic flux across the membranes and p(¢;) is the memristive conductance
that provides the coupling between the membrane potential and the magnetic flux. It is clear that the coupling in this
network is between the magnetic flux variables through nearest-neighbors. The parameters were set at b = 3, a = 1,
a=1d=5s=4,e=-1.6,¢c=0.0051=3.25,1.9,k; =0.5,k, =0.9, 8 = 0.4 and B, = 0.02.

In this study, different dynamical behaviors of the neurons, such as chaotic bursting, periodic bursting, and plateau
bursting, were considered. Their results showed that in the case of chaotic bursting, the stationary alternating chimera
appears in all coupling schemes (local, non-local and global coupling), while in the local coupling the chimeras are
transient. Besides the alternating chimera, the oscillation death states also reveal for specific coupling parameters. By
changing the local dynamics of the neurons to periodic bursting, the chimera’s lifetime is increased in local coupling.
Furthermore, in the non-local and global coupling, the alternating chimeras transit directly to the complete, coherent
state. Finally, by using the plateau bursting as the local dynamics, the region of the emergence of alternating chimera in
the parameter plane is extended.

4.4. Traveling chimeras

The traveling chimera state is formed when the position of the coherent group of the chimera moves at a constant
speed in time. This type of chimera was firstly observed in a network of identical phase oscillators similar to Eq. (4) with
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X
Fig. 46. The snapshot of the phases of coupled phase oscillators with coupling function G = cos(2x) + cos(3x) and 8 = 0.03, exhibiting traveling

chimera state. The coherent cluster in (a) travels to left and in (b) travels to the right.
Source: Figure reproduced with permission from [232].

considering « € [0, 5] and by defining 8 = ;- [232]. The coupling function is considered to be as

Gp = cos(nx) + cos[(n + 1)x], (121)

where n is a positive integer. An example of the traveling chimera observed in this network is shown in Fig. 46, by setting
n = 2 and n = 3. The gradient of the phase in the coherent group defines the direction of traveling, such that for the
positive gradient, the motion is toward the left, and for the negative gradient, the motion is to the right.

To obtain the position of the coherent group, the following function is defined

1
) = ;[et — (e X,
f(x, x*) = —cos(x — x*). (122)

The value of x* at which the Function F is minimized, determines the position of the coherent group. Fig. 47a shows
the position of the coherent group in the traveling chimera, which is a periodic function in time and depicts that the
coherent group moves with a constant speed (obtained for N = 512 and 8 = 0.03). Fig. 47b illustrates the speed of
traveling for different numbers of oscillators (N). This figure shows that the traveling is inherent and not dependent on
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Fig. 47. The traveling chimera properties of the phase oscillators network. (a) The position of the coherent group in time, for N = 512 and g8 = 0.03.
(b) The average speed (c) of the traveling chimera with respect to the number of oscillators (N) for 8 = 0.03. (c) The average speed (c) of the
traveling chimera with respect to g for N = 512.

Source: Figure reproduced with permission from [232].

54



F. Parastesh, S. Jafari, H. Azarnoush et al. Physics Reports 898 (2021) 1-114

the value of N. Fig. 47c shows the variation of speed with respect to 8. It is observed that by increasing S, the traveling
chimera state is less probable to appear. The numerical simulations have shown that the traveling chimera is stable for
0.015 < B < 0.065.

Hizanidis et al. [214] represented that the hierarchical coupling topology can cause the emergence of traveling chimera
states. Their investigation on a lattice limit cycle (LLC) model demonstrated that based on the topology of the coupling
(i.e., the fractal dimension of the limiting set, and the base pattern), different one-cluster or multi-cluster traveling
chimeras can emerge. To detect the traveling chimera from the stationary one, they presented a method based on the
position of the maximum of the oscillators in time. Since the incoherent region is traveling, therefore the position of the
oscillator with the maximum value (J;,qx(t)) must change periodically. This period can be attained by the Fourier transform
of Jmax(t). Thus, the speed of the traveling can be obtained by: v, = % In the network of LLC, by increasing the coupling
strength, the speed of the traveling chimera decreases.

The traveling chimera state has also been found in neuronal networks. Considering a network of Hindmarsh-Rose
neurons with both types of synapses, the traveling chimera state was observed in [233]. In this network, the local
connections were through the gap junctions, and for the non-local ones, the chemical synapses were used. The describing
equations of this network are

X = yi+b¢ —ax} —zi+1
+ k(X1 + Xio1 — 2x;)
K i+P

— 55— x) ) T(), (123)

j=i—P

Yi = c—dx} —yi
Vi = rls(xi — xg) — zl,
where I'(x) denotes the chemical synaptic function.

Fig. 48a shows the spatiotemporal pattern of the formed traveling chimera in which there are two groups of
synchronous and asynchronous oscillators. The two groups are not static in time and travel from the bottom left corner to
the top right corner. However, the direction of the traveling is not fixed, and by changing the chemical coupling strength,
the direction can be reversed. The time snapshots of the neurons’ membrane potential are illustrated in Fig. 47b for two
different time instants. The snapshots confirm that the position of the synchronous cluster moves in time. The behavior
of the neurons in this pattern is chaotic bursting that is shown in Fig. 47c. In the asynchronous part of the network,
the neurons are in the bursting state, while in the synchronous part, the neurons are in resting state. Furthermore, the
investigations have shown that the pure chemical coupling with higher strengths can also induce traveling chimera, while
the pure electrical coupling cannot.

By changing the coupling of the Hindmarsh-Rose neurons to the gradient coupling, the traveling chimera, and the
imperfect traveling chimera states are observed [213]. The gradient coupling can represent both the excitatory and
inhibitory effects in the neurons’ connections. The Hindmarsh-Rose network with gradient coupling is described as follows

X=al —X —yi—z
+ (Vs — xi)((e + 1) (Xi41) + (6 — 1) (xi-1)),
yi = (a+a) —yi,
Vi = u(bxi + ¢ — z), (124)

where I"(x) is the chemical synaptic function Eq. (33) with A = 10 and 6; = —0.25. Depending on the values of coupling
parameters (¢) and (r), different couplings such as the asymmetric excitatory coupling (¢ > r) with different synaptic
strengths for the nearest-neighbors, one-way local excitatory (¢ = r), and the simultaneous occurrence of excitatory and
inhibitory synapses (¢ < r) can be implemented. The proper selection of the coupling strength in the one-way excitatory
coupling, and also the simultaneous excitatory-inhibitory coupling can lead to the emergence of traveling chimera. While
the asymmetric excitatory coupling causes the appearance of imperfect traveling chimera state. In this type of chimera,
the incoherent part of traveling chimera extends into the coherent domain. Fig. 49 shows the pattern of the imperfect
traveling chimera. The spatiotemporal pattern of this chimera is illustrated in Fig. 49a, which shows an irregular traveling.
The time snapshots of the membrane potential of the neurons are depicted in Fig. 49b,c for two different time instants.
It is observed that at t = 1750, there is one incoherent cluster, while at t = 2250, there are two incoherent clusters. At
this state, the neurons have a chaotic bursting behavior (the combination of square-wave bursting and plateau bursting),
as shown in Fig. 49d.

4.5. Amplitude mediated chimeras

In 2013, Sethia et al. [234] studied the Complex Ginzburg-Landau Equation with non-local coupling and exponential
kernel, by considering strong coupling strength. While in the past studies, the couplings were investigated to be weak,
which led to ignoring the amplitude variations and considering only the phase dynamics. This study revealed that the
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Fig. 48. The traveling chimera state in the network of Hindmarsh-Rose neurons with local gap junctions and non-local chemical synapses. (a) The
spatiotemporal pattern of the neurons’ membrane potential. (b) The snapshots of the neurons at two different instants. (c) The chaotic behavior of

one neuron of the network.
Source: Figure reproduced with permission from [233].
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Fig. 49. Imperfect traveling chimera in Hindmarsh-Rose neuronal network with asymmetric excitatory coupling (r = 0.2 and ¢ = 0.56).
(a) Spatiotemporal pattern of the neurons’ membrane potential. (b) The snapshot at t = 1750, with one incoherent cluster. (c) The snapshot at
t = 2250 with two incoherent clusters. (d) The time series of one of the neurons exhibiting a mixed bursting behavior.

Source: Figure reproduced with permission from [213].
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Fig. 50. (a-c) The snapshots of the amplitude (|W| in blue) and phase (¢ in black) of the network of Complex Ginzburg-Landau Equation.
(a) 1-cluster amplitude mediated chimera with K = 0.4, C; = —0.5, C; = 2. (b) 2-cluster amplitude mediated chimera with K = 0.4, C; = —4,
C;, = 0.5. (c) Phase chimera with K = 0.05, C; = —0.9, G, = 1. (d-f) The time average of the complex order parameter (R in black) and the average
frequency (w in blue) corresponding to parts a-c.

Source: Figure reproduced with permission from [234].

strong coupling causes the oscillators in the incoherent domain to have amplitude differences, in addition to the phase
fluctuations. This state was named amplitude mediated chimera. The network of CGLE was investigated in a wide range of
parameters (linear and the non-linear dispersion (C;, C;) and the coupling strength (K)), and 1-cluster, 2-cluster (stationary
and non-stationary) amplitude chimeras were obtained (shown in Fig. 50). Fig. 50a-c illustrate the time snapshots of the
phase (black) and amplitude (blue) of the oscillators corresponding to the 1-cluster amplitude mediated chimera, 2-cluster
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Fig. 51. Region of amplitude mediated chimera in (C;, K) plane, in the network of globally coupled CGLE for different values of the fraction of the
inactive oscillators to the active ones (p). The arrow shows the shift of the region of the chimera from p = 0 to p = 0.1. The network parameters
are N=201,G=2,a=1,b=1.

Source: Figure reproduced with permission from [235].

amplitude mediated chimera and phase chimera, respectively. It is observed that in the amplitude mediated chimera
(Fig. 50a,b), there are both amplitude and phase fluctuations, but the amplitude variations in phase chimera (Fig. 50c) are
ignorable. The time-averaged of the complex order parameter (R(x) in black), and the averaged frequency of the oscillators
(blue) corresponding to the parts a-c are shown in Fig. 50d-f, respectively.

The amplitude mediated chimera has also been studied in the presence of inactive oscillators in a network of globally
coupled CGLE [235]. The coupling of the inactive oscillators with the active ones leads to their revival, and they appear in
the amplitude mediated chimera as a separate coherent cluster with lower amplitude than the active oscillators. However,
they cause a decrement in the overall frequency of the coherent part. Furthermore, the fraction of the inactive oscillators
to the active ones (p) significantly affects the region of the emergence of amplitude mediated chimera. Fig. 51 shows the
existence area of chimera in the parameter plane (C;, K) for different p values. This figure represents that by increasing
the number of inactive oscillators, the chimera region is lessened and also moves toward larger coupling strength values.
The amplitude mediated chimera is also robust to the presence of a large number of inactive oscillators (p = 0.9).

4.6. Amplitude chimeras

In amplitude chimera, the chimera occurs in the amplitude of the oscillators rather than their phase. Therefore, in this
case, the network consists of two groups of coherent and incoherent oscillators, one with spatially coherent amplitude
and the other with spatially incoherent amplitudes. The phases of the oscillators are synchronous [236]. To illustrate this
pattern, consider a network of non-locally coupled Stuart-Landau (SL) oscillators as

z=f@z)=M+io—|z*),
o I
4 =fa)+ o, > (Rez —Rez), (125)

k=j—P

where z = x+ iy, and A and w are real. o is the coupling strength, and P/N is the coupling range. By setting the coupling
parameters at ¢ = 14 and P = 4, and N = 100, the amplitude chimera emerges in the network. Fig. 52a shows the
distance between the center of mass of each oscillator and the origin (¢, ). It is observed that the center of mass of the
coherent oscillators is at the origin, while the incoherent oscillators have different centers of mass. Fig. 52b illustrates
the mean phase velocity of the oscillators, which is a flat profile, representing the same phase for all oscillators. The limit
cycles of the oscillators in the complex plane are shown in Fig. 52c.

The stability of the amplitude chimeras can be obtained by using the Floquet theory, which determines the local
stability of the periodic oscillators [238]. For Floquet analysis, first, consider that a system with describing equation
x = F(x(t)), has a periodic solution as x(t) = x(t+T). Then, the stability of the periodic solution is obtained by considering
the adjacent solutions

x(t) = x(t) + ox(t). (126)
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Fig. 52. The amplitude chimera in the network of Stuart-Landau oscillators. (a) The distance between the center of mass of each oscillator and
the origin (.. ). (b) The mean phase velocity which is a flat profile. (c) The phase space of the oscillators in the complex plane, representing the
coherent limit cycles centered at the origin and the incoherent limit cycles with different centers of mass. The parameters are N = 100, P = 4,

oc=14,2=1and w = 2.
Source: Figure reproduced with permission from [237].

The linearized equation, by computing the Jacobean of the system equation at x (t)(Df(x(t))), is as follows

3x(t) = DF(x(t))8x(t), (127)
with the solution

3x(t) = U(t)sx(0), (128)

where §x(0) is the initial condition and U(t) is the monodromy matrix with the property U(t + T) = U(t)U(T), and is
obtained from the following equation

U(t) = DE(x (£))U(t), U(0) = 1. (129)

The eigenvalues of the monodromy matrix are called the Floquet multipliers and describe the stability of the periodic
solution y(t). The Floquet multipliers have the following relation with the Floquet exponents

ik = exp( Ay + i82,)T. (130)

Thus, the periodic solution is unstable if there is only one positive Ay.

The results of the Floquet analysis of the Stuart-Landau oscillators, which exhibits amplitude chimera is presented
in Fig. 53 [238]. In Fig. 53, the transient time t; of amplitude chimeras is shown in the coupling parameter plane, (the
coupling strength o and the coupling range r). Therefore, the long-lasting amplitude chimera exists for weak coupling
and a large coupling range. The maximum real part of the Floquet exponents A of the amplitude chimeras with t;, > 320,
is illustrated in Fig. 53b. According to this diagram, the amplitude chimera in all of the parameter values has at least one
positive A. In some cases, there are two positive A. The number of Floquet exponents with positive real parts is depicted
in Fig. 53c. Therefore, the amplitude chimeras are saddle cycles, which have one or two unstable manifolds.

Bogomolov et al. [135] investigated the spatial transition from the coherence to incoherence in the network of
chaotic oscillators with non-local coupling. They studied the bifurcation diagram of the coupled Logistic maps in the
plane of coupling strength and coupling range. It was found that the vertical front formation and the chaotic dynamics
are necessary and sufficient conditions for the emergence of chimera states. The chaotic dynamics disturbs the phase
synchronization of the network and leads to the in-phase and anti-phase oscillations. Therefore, the phase chimera state
is formed. Furthermore, the oscillators in the incoherent group have weak chaotic dynamics. While decreasing the coupling
strength leads to stronger chaotic behavior in the incoherent domain and creates the amplitude chimera state. The authors
have stated that the formation of amplitude chimera is the result of the instability of the chaotic synchronization in the
coherent group.

In most of the studies, the patterns of amplitude mediated chimera and amplitude chimera have been observed
in distinct networks. However, observation of both amplitude and amplitude mediated chimera has been reported
in a network of non-locally coupled Rayleigh oscillators [239]. The increment of the coupling strength leads to the
transition of the network’s behavior from amplitude mediated chimera to amplitude chimera. This transition occurs at
a specific threshold, which is the point of symmetry-breaking pitchfork bifurcations of nontrivial inhomogeneous steady
states [239].

59



F. Parastesh, S. Jafari, H. Azarnoush et al. Physics Reports 898 (2021) 1-114

. .

o
0 3000 5000 0 02 0.4 1

2
30
30
(a) (b) (c)
20
o
10
1 T T T T 1 1 + T T T T 1~ T T T T
0.05 0.1 0.2 0.05 0.1 0.2 0.05 0.1 0.2

r r - r

Fig. 53. (a) The transient time of the amplitude chimeras in the network of SL oscillators (Eq. (125)) in the (r, o) plane. (b) The maximum value
of the positive real parts of Floquet exponents (A). (c) The number of the positive real parts of Floquet exponents. The parameters are N = 100,
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Source: Figure reproduced with permission from [238].
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Fig. 54. The chimera death state in the network of Stuart-Landau oscillators (Eq. (125)). (a) The spatiotemporal pattern of the y variables. (b) The
time snapshot of the y variables. (c) The phase space of the oscillators in the complex plane, representing two fixed points shifted by a phase 7.
The parameters are N = 100, P =5, o =26, A=1and w = 2.

Source: Figure reproduced with permission from [237].

4.7. Chimera death

The oscillation death is a symmetry-breaking phenomenon in the network of coupled self-sustained oscillators. This
state is formed by splitting a homogeneous steady state into at least two different branches (upper and lower) [236,237].
Combining the properties of the chimera state and the oscillation death, a new pattern called chimera death is formed.
In the chimera death state, there exist two groups of spatially coherent oscillation death (with the same branch of the
inhomogeneous steady state) and spatially coherent oscillation death (with random branches in the inhomogeneous
steady state) [236].

In the network of the Stuart-Landau (SL) oscillators (Eq. (125)), by varying the coupling parameters, the amplitude
chimera disappears, and the chimera death emerges. This state is shown in Fig. 54 for N = 100, P = 5, and o = 26 [236].
The spatiotemporal pattern of the network is shown in Fig. 54a, which represents the existence of multiple clusters of the
coherent and incoherent steady states. The time snapshot of the y variables is depicted in Fig. 54b, and the phase portrait
of the oscillators in the complex plane is shown in Fig. 54c. Thus, the oscillators are attracted to two fixed points, which
are located on the lower and upper branches of the inhomogeneous steady state.

The realistic coupling channels may have dispersion, which leads to behaving as an all-pass filter or has both dissipation
and dispersion, which causes a low-pass filtering behavior. Therefore, it is of importance to investigate the appearance of
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Fig. 55. (A) Different behaviors of the SL network (Eq. (131)) with no filtering in the (P, ¢) plane. Sync: synchronization, AC: amplitude chimera,
CD: chimera death. (B-D) The spatiotemporal patterns of the network for P = 10 exhibiting synchronization for ¢ = 5 in (B), amplitude chimera for
& =20 in (C), and chimera death for ¢ = 30 in (D).

Source: Figure reproduced with permission from [240].

amplitude chimera and chimera death in the presence of local filtering. Considering the network of coupled SL oscillators
with non-local symmetry-breaking coupling, the filtering effect can be applied through the self-feedback path in the
coupling term [240]. So the equations of the network can be as follows

i+P
. 3
Xo=(1=x =y — yio + > Z (% —Uy),
Jj=i—P
Vi =(1=x =y} Wi+ xio. (131)

In the case of U; = x;, there is no filtering effect. By setting U; = z;, Z; = a(x; — z;), a low-pass filter will be present
in the network, while all-pass filtering can be described by U; = 2z; — x, Z; = a(x; — z;). The parameter « is the cut-off
frequency and controls the filtering effects. When there is no filter in the coupling, by increasing the coupling strength and
range, the SL network transits from complete synchronization to the amplitude chimera and then to the chimera death.
The patterns of the network with no filtering in the (P, ¢) plane, is shown in Fig. 55. With considering the filter in the
coupling, the regions of the chimeras shrink, and instead, the synchronization appears. Fig. 56 shows the behavior of the
network in the presence of low-pass filtering. For larger « values, the network patterns are less affected and the overall
behavior of the network is similar to Fig. 55. By decreasing the value of «, the chimera regions are more influenced and
the synchronization appears in the wider region. Finally, for very low « values, the chimeras are completely suppressed.
Using the all-pass filter instead of the low-pass filter leads to similar results.

The patterns of amplitude chimera and chimera death have also been observed in chaotic oscillators in addition to the
limit-cycle oscillators. Xiao et al. [241] studied a network of Lorenz oscillators with repulsive coupling and found that
by increasing the coupling strength, the network’s behavior changes from spatiotemporal chaos to amplitude chimera,
then to the chimera death (or coherent oscillation death), and finally, to the traveling wave states. In this network, the
occurrence of the amplitude chimera and the chimera death are also dependent on the initial conditions and coexist in
specific coupling strength. In contrast to the coupled Stuart-Landau oscillators, the amplitude chimera and the chimera
death states in the Lorenz network are not transient, but stable and long-lasting. Furthermore, the number of coherent
clusters in chimeras is related to the number of the nearest-neighbors in coupling with a power law.

4.8. Imperfect chimeras

The imperfect chimera state was firstly observed in a network of the coupled pendula [123]. The network was consisted
of N identical pendula, hung from a fixed disc, and coupled non-locally with the two nearest-neighbors. The coupled
pendula could show the one-headed and two-headed chimeras. In addition, a special state called imperfect chimera was
observed. In this state, a few oscillators (solitaries) in the synchronous cluster of the chimera oscillate differently from the
most incoherent oscillators. As an example, the phase space and the frequency spectrum of a solitary pendulum and one
pendulum of the synchronous cluster are illustrated in Fig. 57. Fig. 57a shows that the solitary pendulum has a periodic
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Fig. 57. The phase spaces and the frequency spectra of the pendulums in imperfect chimera. (a) The solitary pendulum. (b) One pendulum of the
coherent cluster.
Source: Figure reproduced with permission from [123].

oscillation, while the synchronous pendula have chaotic behavior (Fig. 57b). The existence of the imperfect chimera has
also been confirmed experimentally in coupled metronomes.

The imperfect chimera also occurs when some of the oscillators escape from the synchronized cluster of chimera. This
type of chimera was found in the network of the Kuramoto model with inertia (pendulumlike elements) [242]. The phase
of each element of this network can be given by

i+P
mé+ e6, = - 3" sin(g — 6, — a), (132)

2P +1 4~

where m is the mass of each element, £ denotes the damping coefficient, and @ and « are the coupling strength and the
phase lag, respectively. To investigate this network, the parameters were set at m = 1, ¢ = 0.1, P = 40 and N = 100.
The results showed that this network has a transition from a complete synchronous state to a rotating wave by varying
the phase lag («) of oscillators and the coupling strength (u). But during this transition, the imperfect chimera and multi-
headed chimeras appear. Fig. 58 shows the creation of the imperfect chimera in this network. The frequency-time plot
(Fig. 58a) shows that initially, the pattern is imperfect synchronization (Fig. 58b), but as time passes, the chimera state is
formed, and further, it becomes imperfect (Fig. 58d).
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Fig. 58. The formation of the imperfect chimera in the network of the Kuramoto model with inertia, for the phase lag « = 1.5308 and coupling
strength © = 0.024. (a) The frequency-time plot. (b-f) The snapshots at different time instants.
Source: Figure reproduced with permission from [242].

4.9. Spiral wave chimeras

The first study of the spiral chimera was done by Kuramoto and Shima on the FitzHugh-Nagumo model [243]. They
carried out numerical simulation for different values of coupling strength. They observed that for large values of K, the
spiral pattern rotates steadily, and there is nothing anomalous. It means that the center of rotation of the spiral is mapped
to a certain fixed point in the phase space. But when the coupling strength K becomes smaller, the overall spiral pattern
will change, and the characteristic wavelength, which is comparable with the core radius, becomes smaller. Decreasing K
also changes the phase portrait qualitatively. As a result, a neighborhood in the physical space can no longer be mapped
to a neighborhood in the phase space. So the spatial continuity of the pattern in the central core will be lost, and some
of the oscillators in the core behave individually rather than collectively.

One year later, in 2004, these authors worked on a corrected reduced form of a non-local version of the complex
Ginzburg-Landau equation [244]. They noticed that by plotting the mean-field phase on a special cross-section, a critical
radius is observable that on its outer domain, the oscillators are coherent, and on the inner domain, they are incoherent.
They also realized that the same phenomenon happens in the distribution of the mean frequency. The frequency pattern is
clearly separated into two parts. In the outer domain, the frequency of the oscillators is identical, while in the inner field,
they have distributed frequencies. Although they did not use the chimera name for describing the observed phenomenon
in neither of the two articles, their results showed the existence of spiral waves with a phase-randomized core, which
can be called as a spiral chimera.

These spiral patterns were studied further deeply by Kim et al. [245]. They investigated the effect of phase-shifted
coupling on the dynamics of a two-dimensional array of coupled oscillators and founded many interesting patterns. They
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Fig. 59. Patterns in the 2D network of Eq. (133) with R = 6 and different « values. (a) « = 0.2x: spiral chimera, (b) « = —0.27: anti-spiral chimera,
(c) @ = 0.4x: irregular pattern, (d) o = 7: plane waves coexisting with square-like pinwheels.
Source: Figure reproduced with permission from [245].

introduced a finite interaction radius as realistic coupling and studied over the whole range of phase shifts with the
equations below

o

1 .
&= = NE ; Sin(Omn — O — ), (133)

where 6; — wt 4 ®; indicates the phase of the oscillator at position (i, j) on a two-dimensional network. e is the natural
frequency so ©; maintains the spatial pattern as 6y, but not temporal behaviors.} ., = >, o, <R where 7y is the
distance between two oscillators located at (i, j) and (m, n). N(R) shows the number of the neighbors of each oscillator
within a finite distant R. t — % that K is the coupling strength between oscillators. « is the phase shift in a way that
|| < /2 leads to in-phasing of the two oscillators, whereas |«| > /2 leads to their anti-phasing. In this equation, «
and R are the only control parameters.

The simulations of this network showed that the emerging pattern is very sensitive to the value of o, when R = 1.
In case R > 1, the non-locality of interactions inflicts several changes on patterns and leads to the formation of some
asynchronous parts. Fig. 59 illustrates the network patterns for R = 6. It is observable that non-local interactions develop
(anti)spirals with a phase-randomized core (Fig. 59a,b), which are not obtained with R = 1. It can be observed that the
long-range coupling of oscillators, which have a broad frequency range due to the gradient of effective frequency near the
core, results in the incoherence in the cores. Further increasing of «, creates irregular patterns consisting of incoherent
phases (Fig. 59c). For |¢| > 7 /2, plane waves and square-like pinwheels exist in the network (Fig. 59d). In conclusion,
this study shows that by changing « various spatial patterns emerge, and unravel that the symmetry properties of the
system play an important role in the formation of patterns.

5 years later, C. R. Laing [108] worked on the same system (Eq. (133)) with non-local interactions, while most of the
previous studies of spiral waves were based on the local coupling. They used the Ott-Antonsen ansatz and derived a
probability density function to define the dynamics of the network. In 2010, Martens et al. [246] studied the spiral wave
chimeras analytically and computed the radius of the incoherent core and the rate of rotation by using the perturbation
theory. In addition to the simple oscillatory systems, the spiral wave chimera has also been discovered in oscillators with
complex and chaotic dynamics [31]. One of the general properties of the period-n spiral waves is the creation of the
synchronization defect lines (SDLs), which divide the regions of different oscillation phases. An investigation of a two-
dimensional network based on the Rossler model revealed that the SDLs are also available in spiral wave chimeras [247].
The SDLs can be discovered by the absolute temporal change in the X field between neighboring points of the network,
where X is the first variable of the Rossler system. Fig. 60 shows the formation of spiral waves with asynchronized cores
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Fig. 60. The time snapshots of the X variables of the Rdssler oscillators in 2D network. (a) The local dynamics of the oscillators is period-2, (b) The
local dynamics of the oscillators is period-4, (c) The local dynamics of the oscillators is chaotic. (d-f) The SDLs corresponding to the parts (a-c).

Source: Figure reproduced with permission from [247].

in the left panel, and the SDLs in the right panel. In the SDL figures, the nonzero values show the existence of the SDL
between the neighboring nodes, and the integer indicates the period of the SDL. Fig. 60a shows a period-2 spiral wave,
which has a period-1 SDL shown in Fig. 60d. In Fig. 60b, the spiral wave is period-4, and it has period-1 and period-2 SDLs.
In Fig. 60c, the local dynamics of the nodes is chaotic. It is observed that in this case, SDLs with period-1 and period-2

exist.
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Fig. 61. Snapshots of the phase patterns of the 2D network of Eq. (134) showing the twisted chimera states with g = 0.05, N = 256, and random
initial conditions. (a) Gy = G, = G\". (b) Gy = G, = G"\.
Source: Figure reproduced with permission from [248].

5. Chimeras and network topology

Most of the studies that have been done so far in the field of chimera are on one-dimensional ring network. This is
the simplest model that can be considered for the coupled oscillators. On the one hand, the network is one-dimensional,
and the computational cost is less than two-dimensional or more complex networks. On the other hand, all elements
are symmetric, which simplifies the expressions of the dynamic of oscillators and their connection. But it is evident that
this topology is elementary and cannot provide a sufficiently accurate model of real-world phenomena. Therefore, after a
while, researchers began to study the chimera state in more complex networks that can provide a more accurate model
of real events, including the neural network in the human brain. In this section, we review the complex structures of
networks that exhibit the chimera state.

5.1. Two-dimensional networks

Recently, the researchers have worked on the chimera state in two-dimensional arrays by different coupling func-
tions [59,248,249]. Like one-dimensional systems, most of the studies are focused on phase oscillators. The first observa-
tions of the chimera states in two-dimensional networks refer to the discovery of spiral wave with incoherent phases in
the spiral cores, which was explicitly described in the spiral wave chimera section.

One of the recent studies of chimeras in 2D networks is the investigation done by Xie et al. [248] in 2015. They studied
twisted chimera states and multicore spiral chimera states on an oscillator array on a two-dimensional torus. They used
the following equation for the phase 6(x, y, t)

W0 [ [ Gy

X sm[¢(x y.t)— ¢,y t)+aldxdy’. (134)

For the system to be analytically tractable, it was supposed that the coupling kernel G is decomposed of G(x,y) =
Gx(x)+G,(y) where G, and G, are functions representing the coupling in the x and y directions, respectively. By considering
Gy and Gy as follows, the twisted chimeras and a variety of spiral wave chimeras were observed on the two-dimensional
torus with random initial conditions

G(x) = cos(nx), GH(x) = cos(nx) + cos[(n + 1)x]. (135)

The twisted chimera states are obtained when the coupling kernels are Gy = cos(nx) and G, = cos(ny). Fig. 61 shows
two examples for this type of chimera in case n = 1,2 and 8 = 7 /2 —« = 0.05. In these situations, the coherent clusters
form bounded stripes on a torus. Also, the phase changes monotonously along with the stripes. In Fig. 61a, there is only
one strip wrap in the x (or y) direction, while Fig. 61b shows two twisted chimeras.

Furthermore, many stable configurations of multicore spiral wave chimera states are observed in this system for larger
values of 8. As mentioned before (in Section 4.9), spiral wave chimera is an incoherent core surrounded by spiral arms
consisting of phase-locked oscillators. Fig. 62 shows three examples of spiral wave chimeras observed in the network of
Eq. (134) with G(1” and different values of 3.

In 2017, Schmidt et al. [250] discussed chimera patterns in two networks with different models relating to the neuronal
spiking activity, FitzHugh-Nagumo (FHN) and Leaky Integrate-and-Fire (LIF) oscillators. It was assumed that the oscillators
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Fig. 62. Snapshots of the phase patterns of the 2D network of Eq. (134) showing the spiral chimeras. (a) 8 = 1.5. (b) B =1.(c) B =0.5.
Source: Figure reproduced with permission from [248].

are non-locally phase coupled in two-dimensional toroidal geometry. They considered a two-dimensional N x N-network
with N = 100 nodes in a ring. The network of FHN oscillators is defined as

3

dx., X o
67: =XU_§_YU+NT—1 Z”[bxx(x,-j
(m,n)eBy(i.j)

— Xmn) + by (Vij — Ymn)],
dyii o
ditv :Xij+a+Nr_l Z [byx(Xij — Xmn)

(m,n)eBN (i j)
+ by (¥ij — Ymn)ls (136)

with considering a = 0.5, which locates the system in the oscillatory regime. The parameter ¢, which determines the
timescale separation, is fixed at ¢ = 0.05 and the coupling strength at o = 0.1. The network is considered in a way that
all oscillators (x;;, y;;) are identical and coupled isotropically to all other oscillators in a circular neighborhood given by

BPN(, j) = {(m,n): (m — > + (n — j)* <r?}. (137)

The coupling between the x- and y-variables is defined as follows

B= (gxx EY> = ( cosg Si“‘”), (138)
v byy —sing cosg
where the coupling phase ¢ € [0, 27r] allows diagonal or direct coupling, cross-coupling, and mixed-coupling scenarios.
The coupling phase ¢ corresponds to the parameter « in the Kuramoto system, and the mapping from ¢ to « is by
phase-reduction technique.

The LIF model is described by a single dynamical variable (u) that can be considered as a membrane potential of the cell
and a threshold value (ug,) which the potential value is reset to the rest (us) when reached to that. The constant value
i is u > ug for consistent oscillatory motion, so yu represents the maximum possible u value. There is also a refractory
period (p,) that the LIF element is held at the resting potential during that

G=n—u

! (139)
lim, o u(t + &) = Upesr, When u > uyy,.

They considered a two-dimensional N x N network with N = 100 nodes in a square of side 2R + 1 with the equation
below

du,'j o
' :M—Uij‘f‘ﬁ Z [uj — umpl, (140)
(m.n)eBRF (i.j)
where the neighborhood of each node u; withi,j =1, ..., N is as follows
BY(i.j)={(m,n):i—R<m<i+R (141)

ANj—R<n<j+R}.

To observe the synchronous state of the system, they used the mean phase velocity variable which is defined as
wjj = 2mci(At)/ At where c; (At) is the number of periods that the oscillator (i, j) has completed in a time interval
At. They observed different kinds of chimera pattern in both networks, such as spots and ring patterns, stripes, and grid
patterns. We bring here an example of spot chimera in the FHN system and a case of grid chimera in the LIF network.
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Fig. 63. Spot-pattern of chimera states in the 2D FHN network. (a) Incoherent-spot for r = 33, ¢ = 7 /2—0.2. (b) Coherent-spot for r = 42, ¢ = 7 /2.
The left panel shows the snapshots at t = 2000; the center panel shows the mean phase velocity wj; and the right panel shows a horizontal cut of
jj.

Source: Figure reproduced with permission from [250].

Fig. 63 shows incoherent and coherent spot chimera state in the FHN model. Fig. 63a shows a single-headed incoherent
spot surrounded by coherent oscillators. The left panel shows a snapshot of x; at t = 2000. The center panel and the
right panel depict the mean velocity w; over 1000 time units and a horizontal cut of w;; through the center of the spot,
respectively. Another chimera spot pattern is a spot with a coherent center, which is shown in Fig. 63b. In both examples,
it is obvious that the w;-values are lower in the coherent area than in the incoherent region.

Fig. 64 shows the grid chimera patterns for high coupling values in the LIF network with random initial conditions.
The left panel depicts the snapshots of u;. The corresponding mean phase velocities are shown in the middle panels,
and a section of mean phase velocities is shown in the right panel. Fig. 64a illustrates a 36-headed chimera located in a
6 % 6 square, and Fig. 64b shows a 12-headed chimera organized in two horizontal double-spotted bands, each with six
incoherent regions.

This study indicated that even though the dynamics of the neurons in two networks are different, the chimera states
happen in both networks in the case of non-local coupling. It seems that the characteristics of the coherent/incoherent
patterns follow a general rule. For instance, by increasing the coupling range in both models, the diameter of the ring
patterns grows linearly.

2D chimera pattern has also been studied in the network of neuronal systems with local coupling through the nearest-
neighbor method and non-linear coupling function [251]. In [251], the authors considered a network of Stuart-Landau (SL)
oscillators, a network of Hindmarsh-Rose neurons, and a network of Rulkov maps. They observed chimera phenomena
in all networks by numerical simulation. Also, the occurrence of chimera in the SL oscillators’ network was analytically
verified through Ott-Antonsen method, which is generally used for the non-identical systems. Their study has shown that
the nonlinear coupling plays a crucial role in the emergence of chimera states in 2D lattices of locally coupled oscillators
and can remove the restriction of non-locality in the coupling topology.

5.2. Three-dimensional networks

Some years after the studies of two-dimensional networks, a question arose that whether the chimera states can
exist in three dimensions. And, what shapes can 3D chimeras have, or how robust are they? Since many interesting
chimera patterns were observed in the Kuramoto model in two-dimensional systems, some groups started studying these
oscillators in three-dimension [252-254]. In 2015, Maistrenko et al. worked on non-locally coupled Kuramoto models
placed in a 3D cube with periodic boundary conditions to answer these questions [253]. The Kuramoto system in three
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Fig. 64. Grid chimera and double-spotted chimera in the LIF system. The left panels show the snapshot of the variable u;;, the center panels show
the mean phase velocity of left panels, and the right panel show sections of mean phase velocities. Parameters are set at R =22, 0 = 0.7, u = 1.0,
N =100, and p, = 0.22T,, where T; is the period between two resets.

Source: Figure reproduced with permission from [250].

dimensions is described by these equations

Dijk =w

K
T Yo sinleir — g — @),
(' K )eBy(iijik) (142)
By(i.j. k) ={{.J. K): (i =1V +(G—J)

+(k—KY <P},
where gjj, is the phase variable, w = 0 is the natural frequency, K = 1 is the coupling strength, and « € [0, 7 /2] is the
coupling lag. Each oscillator g is coupled with equal strength K to all its nearest-neighbors ¢y within a range P to
those oscillators located in a ball-like area around it. The distances i’ — i, j/ — j, and k' — k are calculated regarding the
periodic boundary conditions of the network. Here, « is one of the control parameters, and the other control parameter
is the coupling radius, which is defined as r = P/N and varies from 1/N (local coupling) to r = 0.5 (close to global
coupling). In this model, the chimera state arises with a non-local coupling that means r should get an intermediate
value between 1/N and 0.5. N = 50 is the number of oscillators in each side of the square; therefore the network size is
equal to N3 =125,000. Fig. 65 illustrates four different patterns of 3D chimera in the Kuramoto network. These patterns
are an asynchronous ball (Fig. 65a) and tube (Fig. 65b) in a synchronous surrounding, and a synchronous ball (Fig. 65c)
and tube (Fig. 65d) in an asynchronous surrounding. These chimera types are the three-dimensional counterparts of strip
and spot chimeras in two dimensions, which were described in the previous section. They also found cross-chimeras,
sandwiched-like chimeras, scroll wave chimera, and also a two-rolls chimera state in the Kuramoto network for different
parameters.

The authors continued to study this network in more depth, and a little while later, they reported observation of
cascade of scroll wave chimeras with multiple incoherent rolls, cascades of multiple Hopf links, and trefoils, hybrid scroll
wave chimeras, single-linked and double-linked chimera states [254].

3D chimera has also been studied by Kasimatis et al. [255] on a similar network structure of LIF oscillators. They found
different chimera patterns such as spheres (a generalization of the 2D spot chimera and the 1D single chimera pattern),
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Fig. 65. Three-dimensional chimera state in Kuramoto network with random initial conditions. Snapshot of the phase distributions g, are shown.
(a) Asynchronous ball (@ = 1.15, r = 0.28). (b) Asynchronous tube (@« = 1.305, r = 0.334). (c) Synchronous ball (¢ = 1.53, r = 0.39). (d) Synchronous
tube (a = 1.49, r = 0.43). In the bottom panel the cross-sections in coordinates x; = i/N, y; = j/N, zx = k/N are shown.

Source: Figure reproduced with permission from [253].

layers (a generalization of the 2D single and multiple layers), and cylinder grids (a generalization of the 2D grid). Besides,
they found some other patterns that do not have an equivalent in 2D networks like cylindrical and cross-layered chimeras.

Recently, Kundu et al. extended their two-dimensional network study (explained well in the previous section) [251] to
3D networks. They studied chimera phenomena in a cubic network of coupled Stuart-Landau (SL) limit cycle oscillators
and Hindmarsh-Rose neuronal oscillators with local interaction topology [61]. Again, it was shown that the nonlinearity
presence in the interaction function acts as an essential condition for the existence of chimera states in a network
with local connections. They also demonstrated the existence of chimera state analytically through the approach of
Ott-Antonsen in the SL oscillators’ network.

5.3. Multilayer networks

The multilayer networks can demonstrate a variety of communications and multilevel interactions. Thus, it seems that
they can provide more accurate and sophisticated models for real-world phenomena. The multilayer framework creates a
platform for studying a situation in which the function of one layer gets affected by the properties of other layers. Some
researchers believe that the neural network in the cortex has a multilayer structure [256]. In general, the multilayer
network model consists of nodes having two types of links. The first type establishes the interaction between the nodes
located in the same layer. The second one determines the intersection of dynamical elements between layers. Depending
on the specific purpose of the multilayer configuration, the interconnection between layers may be quite different [257].
Studying chimera in multilayer networks has attracted a lot of attention in recent years [258-261]. In many studies,
researchers have considered a framework consisting of two or three layers, where each layer is a ring of non-locally
coupled identical oscillators [262-264].

We start the explanation of this part by examples of two- and three-layer networks of Kuramoto-Sakaguchi phase
oscillators. The networks are considered in two cases of the homogeneous multilayer network, where all the oscillators
are identical, and the heterogeneous multilayer network, where all the oscillators in each layer are identical but there
exist parameter mismatches between the layers [257]. Interestingly, it was obtained that in the heterogeneous network,
one layer can be in the chimera state, while the other layer is in either the coherent state or the incoherent state. If the
coherent oscillators have the same indexes in all the layers, it is called “synchronous chimera state”, but if the indexes are
different, it is called “asynchronous chimera state”. Re-emergence of synchronous chimera state or inter-layer chimera
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state has also been discovered for larger inter-layer coupling. Interaction between two layers of the network has also
been studied analytically by applying the Ott-Antonsen approach, and it has been shown that increasing the strength of
the inter-layer coupling can prove the possibility of excitation of the inter-layer chimera state. Extending the results to
a three-layer multiplexing network demonstrated an enhancement of the stability of chimera states by the inter-layer
interactions [65].

One of the parameters which bring the simulation closer to reality is the time delay. Beforehand some studies have
investigated the effect of time delay on the emergence of the chimera state in one-dimensional networks [265]. The
intra-layer time delay in the multiplex network causes a special type of chimera, called “layer chimera state”, which is
unique to the delayed multiplex systems [266]. The emergence of a chimera state in these networks is dependent on
the parity of the delay. One of the examples of the studies on this content is a triplex network (multiplex network with
three layers) with time delay in the inter-layer coupling, where each layer consist of a ring of non-locally coupled identical
FitzHugh-Nagumo (FHN) oscillators [267]. This study showed that the delay is a powerful tool for controlling the system’s
pattern and can be used to construct different scenarios for synchronization and chimeras.

Ghosh et al. [268] also studied the emergence of chimera states in multilayer rings. For this research, they discussed
two different cases: (1) a multiplex network having two homogeneous layers with different connectivities, (2) a multiplex
network consisting of one homogeneous and one inhomogeneous layer. In both cases, each layer has N nodes. They
considered a discrete-time Logistic map zj(t + 1) = uzi(t)(1 — zi(t)) in the chaotic regime (« = 4) for describing the
dynamic of each node of the network with the following equation

2(t +1) = f(z(t) )
2N
&
Ty oAU EO) ~ FE)

j=1
where f describes the Logistic map equation. A is the adjacency matrix that can be expressed as

AD
A:(l A ) (144)

where AV and A® are N x N dimension matrices that represent the adjacency matrix of the first and second layers,
respectively, such that A; = 1 if the nodes i and j are connected and A; = O if they are not. I is an N x N identity
matrix representing the interactions between the two layers. k; = Zf; Ajj is the degree of the ith node in its own layer,
and 0 < ¢ < 1 is the overall coupling constant. The observations showed that multiplexing of these two homogeneous
non-local rings results in the emergence of chimera state in the whole network, while there is no chimera in the single
layer with the same parameters. Furthermore, by increasing k in the second layer (intensifying the second layer), the
chimera state in the first layer is enlarged. _

For identifying chimera states clearly, a normalized probability distribution function g(|D|) of the Laplacian distance
measure |D(t)| was used, where |D(t)| is a vector with components

di(t) = |(ziy1(t) — zi(t)) — (zi(t) — zi—1(1))]. (145)

They defined the correlation measure as

P
@m=lg®mm®mu (146)

where the upper limit § denotes a small positive threshold value. This measure essentially evaluates the relative size
of spatially coherent regions, and ideally, an intermediate value between O and 1 indicates a chimera state. However,
numerical results show that 0.4 < gy < 0.8 is the best estimation of the parameter regime displaying chimera states.
Fig. 66 demonstrates a diagram of the correlation measure gy in the plane of the node degree (k") and ¢. In Fig. 66a, the
node degree (k) in both layers are the same, but in Fig. 66b, the node degree of the second layer is fixed to k'® = 64
and only the node degree of the first layer is variable. Fig. 66b shows that for large k"), where both layers are dense, the
chimera state can only be found in a small range at intermediate values of ¢ (light color in Fig. 66b). Also, a comparison
between the left part of Fig. 66a and Fig. 66b shows that in a parameter regime of large ¢, when a sparse layer (low k(")
is multiplexed with a denser layer (k' = 64) the chimera state appears, while it could not be found when both layers
are sparse (Fig. 66a).

In the next step, the multiplexing of a homogeneous 1D lattice with an inhomogeneous random network has been
studied. Two different types were assumed for the inhomogeneous layer: Erdés-Rényi (ER) network and scale-free (SF)
network. The interesting phenomenon in this part is that unlike the case of two sparse homogeneous layers, if one layer
is represented by a random connection architecture, the homogeneous layer exhibits chimera for the same connection
density. It means that the sparse layer, which does not exhibit chimera upon multiplexing with a sparse homogeneous
layer, starts displaying chimeras when multiplexed with a sparse inhomogeneous layer in both cases of ER and SF network.
In conclusion, this study showed the effect of the connection density and the coupling architecture as control parameters
on the emergence of the chimera state. Also, the effect of the changes in the mean node degree of one layer on the
appearance of chimera patterns in another layer was investigated.
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Fig. 66. The normalized correlation measure gy (Eq. (146)) of the first layer of the multiplex network of Logistic maps Eq. (143), in the (kV, &)
plane. (a) The node degrees of the layers are the same. (b) The node degree of the second layer is fixed at k® = 64. The parameters are fixed at
N® = N® =100 and § = 0.01.

Source: Figure reproduced with permission from [268].

As mentioned in Section 2.6 neuronal networks are one of the most significant biological phenomena in which chimera
has been studied. As multilayer networks can provide more accurate and sophisticated models for stimulating real-world
neuronal networks, some researches focused on this concept. Ref. [269] presented a two-layer Hindmarsh-Rose neuronal
network, one layer composed of N non-locally coupled and the other layer made up of N uncoupled neurons. Each isolated
neuron in the uncoupled layer is connected directly with one neuron (its replica) in the coupled layer. The results show
that as the intensity of the coupling between the layers increases, the neurons of each layer became more coordinated
and go from the incoherent state to the chimera. Then by more increasing the coupling strength, they show cluster
synchronization, and eventually, the full synchronization happens. To ensure that the network behaves as described, the
strength of incoherence (SI) was performed. This measure was also used for studying a multiplex network of Hastings-
Powell oscillators [270]. Moreover, a transmission delay (7) between the layers is considered in the network, and proper
delays for obtaining chimera states have been found in cases that the instantaneous interaction between layers is unable
to show chimeras.

One of the other frameworks for studying chimera dynamics in multilayer neuronal networks is a bipartite network of
non-locally coupled oscillatory FHN systems [271]. The bipartite network is a special type of multiplex network in which
there is no interaction between nodes in the same layer. In this structure, the 2N identical FHN oscillators are divided
into two rings, each of which having N oscillators in a way that the ith units in layers 1 and 2 are mirror units. Each
oscillator in layer 1 interacts with 2R nearest-neighbors of its mirror oscillator in layer 2 and vice versa. The equation of
the bipartite network of non-locally coupled FHN oscillators is as follows

o\3
. U
el = uf — ( '3) -y (147)
o i+Ry
e Y (G — 1)+ Cu(v] — o],
2R, +1 4=
W =u +a
o i+Rg
o Y [Cou] — 1)+ Cou(vf — vf)],
2R, + 1 flrard

where the superscripts @ and § indicate layers « = 1 and 8 = 2. The positive parameter ¢ = 0.05 separates the time
scales of the dynamics of the variables u and v. The value of the parameter a is considered a = 0.5, which puts the neuron
in an oscillatory state. o and R denote the strength and range of non-local coupling, respectively, which are the control
parameters in this model. The coupling matrix here is considered as follows which depends on a single parameter ¢ (set
at¢p =mw/2—-0.1)

Cu Cu cos¢ sing

€= <Cw Cv,,> = (— sing cos ¢> ’ (148)

To better show the chimera state on the network, they used the mean phase velocity of the FHN units. They
considered two different modes for the network: homogeneous bipartite networks and heterogeneous bipartite networks.
In homogeneous networks, the coupling strength (o) and the coupling range (R) are assumed to be the same for both
layers. While in heterogeneous networks, it is not necessary to establish this condition. The 1-cluster, 2-cluster, and 3-
cluster chimera states can be observed for different combinations of o and R in the homogeneous networks. Interestingly,
in contrast to the synchronous chimera states in a two-layer multiplex network, the mirror units in incoherent domains
can be either synchronized or unsynchronized here. It means both ‘in-phase multi-cluster chimera states’ and ‘anti-phase
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Fig. 67. The solitary state in the multiplex network of FHN oscillators with weak inter-layer coupling strength and a small mismatch in the intra-
layer coupling strength. The left and right panels refer to the first and second layers, respectively. (a,d) The spatiotemporal patterns. (b,e) The time
snapshots. (c,f) The mean phase velocities. The parameters are N = 300, ¢ = 0.05, a = 0.5, r = 0.35, 01 = 0.4, 0, = 0.3, ¢ =7 /2 —0.1.

Source: Figure reproduced with permission from [274].

multi-cluster chimera states’. In the normal in-phase multi-cluster chimera state, the coherent/incoherent oscillators in
the two layers have the same locations. However, in spatially anti-phase multi-cluster chimera state, the mirror FHN
oscillators of coherent/incoherent domains in one layer are always incoherent/coherent in the other layer. The other type
of chimera dynamics that happens here is that the numbers of coherent domains in the two layers are different, which is
called 1-2-cluster chimera state. One more type is out-of-phase 2-cluster chimera state in which two coherent/incoherent
domains are located in each layer.

Like homogeneous bipartite networks, the heterogeneous bipartite networks still display strong multistability, and a
variety of chimera states can be observable. In addition to the types of chimera expressed in homogeneous model, another
type of chimera state happening here is displaying the chimera dynamics in one layer and the coherent dynamics in the
other layer.

The effect of the electromagnetic induction has also been investigated on the behavior of a multilayer Hindmarsh-Rose
(HR) neural network. Neuronal memristive model was introduced by Ma et al. according to the Maxwell electromagnetic
induction theorem (MEIT). This effect was also studied by considering the inter-layer coupling connections with mem-
ristive synapses and intra-layer coupling with electrical synapses [272]. The effect of the electromagnetic induction was
introduced by a cubic flux controlled memristive model as a synapse. Their results showed the important role of the
electromagnetic induction in regulating the dynamical behavior of the neural networks and the occurrence of chimera
states.

Another partial synchronization state, similar to the chimera state, is the solitary state. The occurrence of solitary
state has been reported for local, non-local, and global types of coupling in networks of Kuramoto oscillators with
inertia [242,273]. Recently, it has been observed in a multiplex network of FitzZHugh-Nagumo (FHN) oscillators [274].
Considering a weak coupling strength between two rings of non-locally coupled FHN oscillators can significantly influence
the dynamics of the rings. When there is a mismatch in the coupling ranges of the layers, the chimera state emerges,
which is not observed in the isolated rings. If the intra-layer coupling strengths have a mismatch, different behaviors
such as in-phase synchronization and 2-headed chimeras can appear. In the case that the coupling strength mismatch is
small, the solitary state is developed. Fig. 67 shows the dynamics of the layers in the solitary state. Moreover, with weak
multiplexing, the dynamics of each layer can be controlled by adjusting the other layer’s parameters.

5.4. Complex structures

The real networks constitute special properties which has led to the introduction of different structures. According to
the properties of the networks, including short average distance, the clustering and the distribution of nodes’ degrees,
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Fig. 68. (a) The stability region of the chimera state in the coupling range (r) and coupling strength (o) plane. The gray part refers to the non-local
coupling, and the color lines show the variation of the stability region by adding new links with different probabilities (p). (b) The fraction of
obtaining chimera state by adding new random links from random initial conditions in 500 numerical simulations for three points of A, B, and C
specified in part (a). (c) The fraction of obtaining chimera state by rewiring and adding random links from random initial conditions.

Source: Figure reproduced with permission from [218].

they can be categorized in different structures such as random, small-world, scale-free. Recently, a growing interest has
been devoted to the study of the relationship between the network’s topology and its behavior. As well, a number of
studies have been focused on the effect of network topology on the occurrence of chimera states [275-279], which will
be discussed in the following.

A few research works concentrate on the effect of network topology on synchronizability [275-278,280]. However, the
concept of the space is lost on complex networks, which makes it not straightforward to figure out a chimera state [279].

Besides the regular ring networks, the chimeras can also appear in networks with star structure [281]. Considering
N nodes for a network, in the star structure, there is a central hub, and all the other N — 1 nodes are connected to this
hub. Although the peripheral nodes in a star topology have identical dynamics and coupling schemes, the chimera state is
observable in them. This observation is not dependent on the coupling type since it has emerged in diffusive, conjugate,
and mean-field couplings.

Up to 2014, the chimera studies were devoted to the networks with regular structures. Zhu et al. [279] focused
on the appearance of chimera states in scale-free and Erdés-Rényi random networks. This investigation revealed some
consequences in the formation of chimera in these networks, the summary of which is given below:

e The coherent group comprises connected synchronous oscillators, and the incoherent group is formed of many
asynchronous clusters, the majority of them containing one or two oscillators.

e In complex networks, the oscillators are detectable according to the number of their neighbors. This causes that the
initial conditions have no effect on the coherent oscillators. Therefore, the oscillators in the coherent group are not
changed by varying the initial conditions and keeping the parameters constant.

o The oscillators with a higher number of neighbors (degree) have stronger interactions with the environment. In
scale-free networks, the coherent group is composed of the oscillators with a larger value of the interaction strength.

The robustness of the chimera states with respect to the adding or rewiring random links has been investigated in the
ring FitzHugh-Nagumo network [218]. Firstly, it is considered that random new links with probability p are added to the
non-locally coupled oscillators (no link is rewired). Fig. 68a shows the stability region of the chimera state in the coupling
strength and coupling range plane, wherein the gray area belongs to the non-local network. Adding random links causes
the appearance of the chimera state in smaller coupling ranges. As the probability of adding links increases, the stability
region extends to lower coupling ranges. Furthermore, the fraction of obtaining the chimera state from the random initial
conditions is dependent on the probability p (shown in Fig. 68b). For small p values, all the initial conditions lead to the
emergence of a chimera state. When the probability increases, the chimera state is observed in less simulation. Finally,
when the coupling approaches full connection, the chimera is obtained rarely. Next, the simulations are done by randomly
rewiring the non-local links and adding new ones. The fraction of obtaining chimera from random initial conditions, in this
case, is shown in Fig. 68c. The results show that unlike the previous example, the chimera is not formed in all simulations
with the small p values.

The modular structure is one of the models presented for cortical neurons. The neurons in the cortical network have
very complex connectivities. This complexity arises from different numbers of connections per neuron. It has been shown
that the neurons form communities, where the density of the connections within the communities is higher than the links
between the communities [282]. This structure is known as a modular network. Assuming a modular network consisting
of six communities of Hindmarsh-Rose neurons, the equations of the network can be given as [283]

Bi = i —ap; +bp} — i+ lex
N N
+8a ) LiH(D) — en(Pi — Voyn) Y TyS(py),
=1 =1
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Fig. 69. The spatiotemporal pattern of the membrane potentials of the neurons in the modular network Eq. (149). The time series of the neuron
i = 100 of community 3, and also the time snapshot of the network are also shown for each case. (a) Synchronous behavior for g;, = 0.015 and
g = 1.7, where both the metastability index and the chimera-like index are low. (b) Asynchronous behavior for g, = 0.18 and g, = 0.7, where
the metastability index is higher than the chimera-like index. (c) Chimera behavior for g;, = 0.015 and g, = 0.5, where the chimera-like index is
higher than the metastability index.

Source: Figure reproduced with permission from [283].

G = c —dp? —qi,
1y = r[s(pi — po) — mil, (149)

where the within and between community’s interactions are considered to be through electrical synapses with adjacency
matrix L, and chemical synapses with adjacency matrix T. The strength of the electrical and chemical synapses are g
and g, respectively. The parameters are setata = 1, b =3, c = 1,d = 5,5 = 4, pp = —1.6, leyx = 3.25, Vg, = 2,
Osyn = —0.25 and A = 10, and S(p) is the chemical synapse sigmoidal function. By setting these parameters, the dynamics
of a single neuron is chaotic.

Two measures for evaluating the coherence and chimeric behavior of the modular networks are the metastability
index and the chimera-like index. In the modular network of Eq. (149), these indices are dependent on the values of the
synaptic strengths. If both indices are small, the network’s synchronized behavior does not change in time, and thus, the
six communities are almost synchronous. This behavior of the network is shown in Fig. 69a. In this case, the dynamics of
the neurons is spiking. In the case that the metastability index is higher than the chimera-like index, the network shows a
relatively regular spatial behavior. Fig. 69b represents this pattern in which the neurons are synchronous in the quiescent
periods and asynchronous in bursting periods. Finally, Fig. 69c illustrates the network pattern when the chimera-like
index is higher than the metastability index. It is observed that the neurons in the communities 2 and 4, which are larger,
are almost synchronous, while the other communities have asynchronous firings. Thus a chimera-like behavior is formed.

In 2019, Andreev et al. [ 146] studied the chimera state in complex networks of bistable Hodgkin-Huxley neurons with
two coexisting fixed points and limit cycle attractors. They investigated different topologies, including scale-free, small-
world, and random networks, by varying the neurons’ external current, which controls the dynamics of each neuron, and
the synaptic strength, which affects the collective behavior. This study revealed the occurrence of a special coexistence
of spiking and resting neurons in the networks, which can be called as partially spiking chimera state. Fig. 70a-c show
the schematics of scale-free, small-world, and random networks, respectively. The distribution of the relative number of
spiking neurons (Ns’p = Ngp/N, where Ny, is the number of the spiking neurons, and N is the number of the neuron in
the network) is illustrated in Fig. 70d-f, in the parameter plane. Comparing these figures show that the appearance of the
chimera state is robust to the network topology. However, the regions of the existence of chimera state in three networks
are different, such that the chimera region in a scale-free network is the smallest and in the random network is the largest.
The reason is that the small-world and random networks have lower connectivities and are regulated slowly, which leads
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to a smooth change in the network’s collective behavior. In contrast, the scale-free network has higher connectivities,
which leads to the sudden change in the quality of the network’s dynamics near a critical point.

In reality, some networks are composed of interconnected subnetworks with different scales of topologies, which are
called multiscale networks. To reveal the effect of the multiscale structure on the emergence of chimera states, Makarov
et al. [284] considered a network of interconnected networks consisting of Kuramoto-Sakaguchi oscillators. The structure
they used for their network was a non-locally coupled global ring, where each node was also a member of another ring of
oscillators. Fig. 71 shows the schematic of the considered structure. The network was investigated by varying the coupling
of the subnetworks from local to non-local. The dynamics of each node (¢!) of the network is described by the following
equations

i+Ry
wj— 1 Y sing — g, +a) i#1
k=i—Ry
d(pf a)} i+Ry . ) )
== f— A Z sin(¢] — ¢, + @) (150)
k=i—Ry
i+Ry ‘
—A Z sin(¢] — ¢f + a), i=1
k=i—Ry

where « is the phase lag, w{ is the natural frequency of the ith oscillator of the jth subnetwork, A is the coupling strength,
and Ry and Ry are the coupling range of the subnetwork and the global ring, respectively.

To evaluate the emergence of chimera states, the strength of incoherence (SI) has been used. To represent the level of
synchronization in two scales of the network, the authors have calculated the classic order parameter for the global ring,
and the average order parameter for the subnetworks. Fig. 72 illustrates different behaviors of the network, wherein the
first row shows the SI; the second row shows the local order parameter of the global ring, and the third row shows the
average order parameter of the subnetworks in the parameter plane («, A). The left column of this figure refers to a classic
non-locally coupled ring (N = 1). It is observed that the one scale network exhibits chimera state in a thin region, and
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when the order parameter of the global ring is near 0.7. The middle column shows the results when the subnetworks are
extended to N = 20 locally coupled nodes. In this case, the chimera state is appeared in a larger region, with the global
ring order parameter near 0.7, but very small values of average order parameter for subnetworks. Then the subnetworks
are considered to have non-local coupling with Ry = 5, and the results are shown in the right column of Fig. 72. It is
observed that the transition from incoherence to coherence happens in lower « values, and the existence of the chimera
state is dependent on the value of the A. Therefore, the existence and robustness of the chimera states are influenced by
the topology of the subnetworks. These numerical results have been confirmed analytically by using the Ott-Antonsen
ansatz. Furthermore, the authors have also checked the results numerically in a multiscale network of Hindmarsh-Rose
neurons.

5.5. Coupling schemes

Early studies of chimeras were based on the assumption that the chimera state is only achieved in the case of non-
local interactions between the units. Therefore, non-locality was the basis of the network coupling in several primary
studies. Later investigations revealed the appearance of chimera in networks with global or local couplings [285]. Also,
the further analysis uncovered the possibility of the emergence of chimera in the population of oscillators with time-
varying, hierarchical, and fractal topologies. In this subsection, our concentration is on the effects of different coupling
schemes on the chimera states.

5.5.1. Global coupling

In globally coupled identical oscillators, all of the units are homogeneous and under the same force. Since the
chimera is a symmetry-breaking state, the initial impression was that the global coupling cannot exhibit chimera. In
2014, Sethia et al. [286] showed the opposite of this conception by observation of the amplitude-mediated chimera in
the globally coupled complex Ginzburg-Landau equations. Former, they had demonstrated the existence of amplitude-
mediated chimera as a result of the coexistence of one fixed point and a limit cycle attractor or a spiral attractor, in these
oscillators with non-local coupling [234]. After that, Yeldesbay et al. [287] investigated the globally coupled Kuramoto-
Sakaguchi type oscillators. They demonstrated that the chimera can emerges in the global coupling due to the bistability.
This bistability can arise from the internal time-delay feedback in the oscillators, which were basically monostable. The
existence of chimera state in globally coupled systems has also been observed experimentally in [30,288].

The intensity-dependent self-interaction can also lead to the multistability. The intensity causes the increment of the
fixed points and thus, increasing the multistable attractors. The stability of these attractors depends on the coupling
strength between the elements. Motivated by this, Chandrasekar et al. [289] discussed the emergence of chimera state
in the globally coupled oscillators with intensity self-interaction. The network of van der Pol oscillators with additional
intensity-dependent frequency terms is described as follows

X = b(1 —x )k — (wf + a1x? + ax )x;
+eX —x%)+nX—x),i=1,...,N, (151)
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Source: Figure reproduced with permission from [284].

where o and a, are the intensity parameters, € and n are the coupling strength between X and x variables and
X =1/N Zf’zl x, X =1/N ZL X;. In the absence of the intensity parameters, the van der Pol oscillators can only show
chimera state in the non-local coupling. The network of Eq. (151) is investigated in four different conditions according to
the values of the «1, a3, €, . To characterize different behaviors of the network, the strength of incoherence (SI) is used.

Firstly, the network is considered with no intensity (¢; = a; = 0) and € # 0, n = 0. In this case, the network transits
from asynchronization to synchronization by increasing €, and the chimera is not formed. This is shown in Fig. 73a by
(i). Secondly, @1 = 2.15, @y = n = 0 are considered. Similar to the previous case, the chimera state does not emerge in
this condition, too. The SI of this case is shown in Fig. 73a by (ii). Next, the value of «; is increased to «; = 4 and 7 is
set at n = 0.1 (wp = 0). The variation of SI for this condition, which is shown in Fig. 73a by (iii), represents that for a
specified range of ¢, the chimera is formed. Finally, for oy = 2.18, o = 2.15, n = 0.1, the network’s dynamics changes
from asynchronization to chimera and then to synchronization (shown in Fig. 73a by (iv)). These results confirm that the
chimera is the result of the intensity interactions. Fig. 73b shows the time series of the oscillators in the chimera state,
where the black time series refers to the coherent group of chimera. The time snapshots of oscillators, in this case, is
shown in Fig. 73c. The time series of the oscillators in the synchronized state is illustrated in Fig. 73d.

As mentioned, the reason for the existence of the chimera state in the global coupling is the multistability induced by
the intensity. To represent the multistability of the oscillators, Fig. 74 is presented. The oscillation period of the oscillators
in the absence of the coupling o1 = a; = € = 0, is illustrated in Fig. 74a and its phase space is depicted in Fig. 74e with
Aq. If the intensity parameters are changes to oy = 2.18, @y = 2.15, the additional fixed points are created, but the
oscillators have only one synchronized attractor, as shown in Fig. 74b and Fig. 74e by Bj. In the case when the intensity
parameters are zero but there is a coupling strength, again, there exists a synchronized attractor. This case is depicted in
Fig. 74c,f. Finally, when there are both coupling strength and intensity parameters, the network exhibits chimera state,
whose time series are illustrated in Fig. 74d and the phase spaces are shown in Fig. 74g. The existence of multistability is
clear in these figures, where the synchronized and asynchronized oscillators are shown in black and brown, respectively.
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Fig. 73. The network of van der Pol oscillators with intensity-dependent self-interaction. (a) The strength of incoherence with respect to €, for
different parameter values: (i) 1 = oy =7 =0, (ii) 0y =2.15, 0y = =0, iili) &1 =4, @, =0, n = 0.1. iv) & = 2.18, o, = 2.15, n = 0.1. (b) The
time series of the oscillators in the chimera state, where the black and gold refer to the synchronized and asynchronized groups, respectively. (c)
The time snapshots of the oscillators in the chimera state. (d) The time series of the oscillators in the synchronized state.

Source: Figure reproduced with permission from [289].

One sufficient condition for the chimera state is a clustering mechanism. This clustering can split the oscillators into
different groups and break the symmetry of the uniform global coupling. Schmidt and Krischer [290] reported that this
clustering could be attained by a nonlinear coupling, which reflects the nonlinear amplitude effects. To represent this
concept, they used a network of Stuart-Landau oscillators with the nonlinear global coupling as follows

d .
aWk = Wi — (1 +ic)|Wie|* Wi

—(1+ )W) + (1 + ie)((WPW), (152)
where (W) = ZLl Wi /N is the arithmetic mean of the oscillators, and can be described by the following equation

d
dt

The behavior of this network is dependent on the parameters v, 1, c;. There are two types of clustering dynamics in
this network. The first one is the amplitude clusters (shown in Fig. 75a), in which there are two groups of oscillators with
different amplitudes and rather different phases. The second type is the modulated amplitude clusters (shown in Fig. 75f).
In this clustering, the groups not only have the mean-field oscillations but also oscillate around their mean-field [291]. This
can lead to a quasiperiodic dynamic. Each of these clustering mechanisms can give rise to the chimera state, which inherits
the characteristics of the original clusters. The chimera state originated from the first type that is shown in Fig. 75b, is an
intermediate state between the cluster state in Fig. 75a and the synchronous state in Fig. 75c. In this chimera state, the
oscillators with the smaller amplitude are asynchronous, and the ones with the larger amplitude are synchronous. The
second chimera state is caused by the modulated amplitude clusters with similar properties to this clustering. This type
of chimera is shown in Fig. 75e and is between the asynchronous state in Fig. 75d and the modulated amplitude clusters
in Fig. 75f. The experimental observation of chimera in global coupling has been reported in [292].

It has been shown that the combination of attractive and repulsive coupling can also break the symmetry of global
coupling [293,294]. For the oscillators with dynamics X; = F(X;), this coupling can be described by X; = F(X;) + KAB,
where K is the coupling strength, A = g“ Zu is a real matrix and B = ; B ;i is the mean-field diffusions matrix.

21 0 =i
Different configurations of the matrix A gives rise to different couplings, which are described below:

(W) = —iv(W) = (W) = ne ™. (153)

1. a1 = 1, ay2 = az1 = az; = 0: The x variable has a mean-field self-feedback coupling.

2. a11 = a;p; = 0, ay1 = €, a; = 1: The y variable has a self-feedback and also cross feedback of the x variable. The
cross-feedback coupling can be attractive or repulsive.

3. a11 = €, a;; = az; = 0, ax; = 1: Both variables have self-feedback coupling. There is no cross-feedback coupling.

4, a1 # 0, a2 # 0, a1 # 0, apy # 0: The variables have both self-feedback and cross-feedback couplings. In this
case, the coupling is more complicated than previous ones.

79



F. Parastesh, S. Jafari, H. Azarnoush et al. Physics Reports 898 (2021) 1-114

25
RTRIAT \/ |
JUVV VUV VvV
25 =0
2.5 [Tey
A, -
X 0 -3
2.5 2 25
i
2

Fig. 74. The time series of the oscillators of Eq. (151) for different parameters. (a) &y = a3 =€ = 0. (b) o1 = 2.18, a3 = 2.15, ¢ = 0. () a1 =, = 0,
€ = 0.62. (d) o1 = 2.18, @y = 2.15, € = 0.62. (e) The corresponding attractor of part a (A;) and part b (B;). (f) The corresponding attractor of part
c. (g) The corresponding attractor of part d. There exists multistability in the chimera state.

Source: Figure reproduced with permission from [289].
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Fig. 75. The trajectories (lines) and the snapshot (symbols) of the Stuart-Landau oscillators with the nonlinear global coupling Eq. (152) in the
complex plane. The top row shows the first clustering mechanism for c; = 0.58, v = 1.49: (a) Amplitude clusters, = 0.9. (b) Chimera state,
n = 1.02. (c) Synchronization, n = 1.2. The bottom row shows the second clustering mechanism for c; = —0.6, n = 0.7: (d) Irregular oscillations,
v = —0.1. (e) Chimera state, v = 0.02. (f) Modulated amplitude clusters, v = 0.1.

Source: Figure reproduced with permission from [290].

Mishra et al. [293] represented the existence of chimera in globally coupled oscillators with considering the above
second and third coupling schemes. For example, the Liénard network with the second type of coupling is as follows

Xi = Yi,
) _ _ (154)
Vi = —axiyi — X} — yxi + K1 — yi) + (X — )],

where the parameters are set at « = 0.45, B = 0.5, y = —0.5, and N = 100. By this setting, the Liénard system is

bistable. Varying the coupling parameters (K, €) results in various collective behaviors in the network, including one-,
two-, three- and four-cluster states, and the chimera states. The observed chimera states in different coupling parameters
have different properties and can be divided into two types. In the first type, both the coherent and incoherent groups
of the oscillators behave chaotically, although the isolated system oscillates periodically. The time snapshot in the polar
coordinate and the spatiotemporal behavior of the oscillators in this chimera type are represented in the first row of
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Fig. 76. The chimera states observed in the network of globally coupled Liénard systems (Eq. (154)). The first and second rows show the first and
second types of observed chimeras. The left panel: the snapshots in the polar coordinate. The right panel: the spatiotemporal patterns.
Source: Figure reproduced with permission from [293].

Fig. 76. In the polar snapshot, the asynchronous oscillators are shown by blue circles, and the synchronous group is
shown by the red square. The second type of chimera is composed of a desynchronized group of periodic oscillations
and a synchronized group that has irregular oscillation. The second row of Fig. 76 shows the snapshot of the oscillators
and the spatiotemporal evolution of the network. It is evident that the asynchronous oscillators have both amplitude and
phase differences.

5.5.2. Local coupling

The local coupling is in the opposite of the global coupling. After the discovery of the emergence of chimeras in non-
local and global connections, the question was whether they could appear in the local coupling. Laing [295] demonstrated
the existence of chimera in purely locally coupled oscillators for the first time in 2015. To reveal this possibility,
three different systems were investigated under the nearest-neighbor diffusive coupling. The first system was a general
reaction—diffusion equation, whose network exhibited chimera state with coherent and incoherent phases. As the second
system, the Stuart-Landau oscillator was considered, which has an amplitude variable in comparison to the first system.
Finally, an oscillator model with a real variable and an angular variable with the Winfree oscillator form was examined.
It was shown that the chimera state is formed in all three networks for a specific range of parameters.

The requisites for the occurrence of chimera state in local coupling was investigated by Clerc et al. [296] in the network
of nonlinear oscillators without time scales. This model shows the coexistence of a uniform steady-state and an incoherent
state, which is the result of the homoclinic bifurcation. Weak local coupling between the oscillators leads to the inability
of the incoherent state to overcome the coherent state. Thus, the chimera states, which are followed by a homoclinic
snaking bifurcation diagram, can appear.

The existence of chimera has also been studied in locally coupled chaotic and limit cycle oscillators with nonlinear
coupling function [46]. Considering a network of Hindmarsh-Rose neurons with only local electrical synapses (simple
diffusive nearest-neighbor), it is not possible to find the chimera state. But if the coupling function changes from electrical
synapse to chemical one, which is nonlinear, the chimera and multi-chimera are observed. In this case, the coupling term
(added to the x variable of the Hindmarsh-Rose model) is e(vs—x;)I" (x;+1(t)) + I'(xi—1(t)), where € is the synaptic strength,
vs = 2 is the reversal potential, I"(x) is the sigmoidal function (Eq. (166)) with A = 10 and 6; = —0.25. Fig. 77 shows
the transition of the network with local chemical synapses between different behaviors. It is clear that by increasing the
coupling strength (¢), the dynamics of the network changes from asynchronization to multi-chimera, then to chimera
state, and finally, to complete synchronization. The right panel of Fig. 77 demonstrates the corresponding mean phase
velocities.

Next, the effect of time-delay in the chemical synapses was investigated. Thus, the coupling term is changed to
€(vs — x;)(Xi11(t — 7)) + ['(Xi—1(t — 7)), where the parameters are the same as before. Fig. 78 shows the phase diagram
in the (e, 7) plane by calculating the strength of incoherence. This figure represents that increasing the time delay from
a definite threshold leads to the disappearance of the complete synchronization in the network.

The chimeras induced by the nonlinear coupling function have also been confirmed in the locally coupled Mackey-
Glass oscillators and locally coupled van der Pol oscillators. Therefore, the emergence of chimera with local coupling can
be generalized to the other systems with the proper selection of the nonlinear coupling function.
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Fig. 77. The time snapshot (left panel) and mean phase velocity (right panel) of the Hindmarsh-Rose neurons with the local chemical synapses. (a)

Asynchronization for € = 0.18. (b) Multi-chimera state for ¢ = 0.63. (c) Chimera state for ¢ = 0.67. (d) Synchronization for ¢ = 2.
Source: Figure reproduced with permission from [46].

25

20

15

10

Fig. 78. Phase diagram of the locally coupled Hindmarsh-Rose neurons with time delay in the (e, t) plane. The strength of incoherence is calculated
and shown by color.
Source: Figure reproduced with permission from [46].

It has been revealed that the dynamics of the delayed feedback system is close to the one-dimensional spatially
extended system [219]. One property leading to this similarity is the asymmetry in the coupling, which can be applied by
unidirectional couplings. Since the chimera state has been observed in the oscillators with delayed feedback [297,298],
it could also be possible in a ring network with local unidirectional interactions. Shepelev et al. [219] examined this
hypothesis in a ring of linear dissipative oscillators with local and nonlinear coupling. The equations of this network are
given as

X = —axj — 0gy; + of (xj-1) + y (-1 + X1 — 2%))
Yi=4 (155a)
Xj+N = X;
Yi+N =Yj
f(x) A (155b)

T 1+ Asinf(x+ @)
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Fig. 79. The phase diagram of the network Eq. (155a) in the parameter plane («, k). The insets show the spatiotemporal pattern in each case in
a co-moving frame. Region 1: Coherent traveling wave. Region 2: Chimera states with one or multiple heads. Region 3: Intermittency between
coherent and chaotic behavior in time. Region 4: Irregular behavior.

Source: Figure reproduced with permission from [219].

where o and wy are the oscillators’ parameters, o is the strength of the unidirectional coupling with nonlinear function as
f(x), and y is the strength of the local dissipative coupling. For the stationary oscillations in the network, the unidirectional
coupling needs to be a ratio of parameter @ as o = ka.

The network is investigated by setting the constant parameters at wp = 1, N = 300, A = 4.7, 8 = 4, ¢ = 0.4, and
varying the parameters « and k. To consider the most asymmetry, the dissipative coupling strength is set at zero (y = 0).
The simulation results revealed different spatiotemporal patterns in the parameter plane, including the traveling chimera.
The regimes of these behaviors are defined in Fig. 79. For small « values, that is marked by number 1, the coherent
traveling waves appear in the network. In the region marked by 3, the coherent and chaotic behavior intermittent in
time. The region marked by 2 contains the chimera states with one, two, three, and four heads. In some regions, these
multi-headed chimeras coexist. The chimera states are no longer observed as the parameters move to region 4.

The traveling chimera obtained in network Eq. (155a) is not restricted to the coupling function given in Eq. (155b).
In fact, other nonlinear functions with at least one maximum, that is transferred from zero value, can result in the same
results. For example, the following equations have the same chimera patterns like the one described in Eq. (155b) [219]:

1. The shifted Gaussian fugction:

f(x) =A+Bexp{— %), A= 0.5,B=35 1 =0.350 =0.15
2. The shifted Lorentzian function:

f(x) = m B=05andA=04

5.5.3. Time-varying coupling

One of the essential properties of complex systems is the self-organization. In the majority of the real networks, the
interactions are adopted in time in such a way that the network reaches the desirable state. This adaptation can be
considered in networks through either the time-varying topology or time-varying coupling strength. The time-varying
interactions can be observed in social, communication, ecological, and biological networks. Most of the chimera studies
have been done on static networks. However, a few have considered the time-varying connections or weights [299,300].

The simple Kuramoto network with static couplings produces a chimera state by choosing random initial conditions.
If the coupling weights of this network become adaptive with the following equations

N
. o .
0 = w— N E ki sin(6; — 6;),
j=1
n N
ki = N j; cos(i —6;),i=1,2,...,N (156)

then, a two-clustered state emerges instead of chimera state for the same parameter set and conditions [300]. The two-
clustered state is composed of two anti-phase synchronized groups. Furthermore, the adaptive coupling leads to a stable
state in a shorter time.
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Fig. 80. Different collective behaviors of two populations of Kuramoto oscillators with time-varying inter-population links (Eq. (157)) in the (p, 7)
plane. The parameters are Ny = N, = 100, u© = 0.6, w = 1 and « = 1.5. The regions are S: synchronization, BC: breathing chimera, AC: alternating
chimera, SC: stable chimera.

Source: Figure reproduced with permission from [212].

Considering the time-varying links between two populations of the Kuramoto oscillators causes the formation of
different chimera types in the network. Buscarino et al. [212] assumed that each population of the network is globally
coupled with constant coupling strength. While the inter-population links can be either on or off with the probability p.
Thus, the equations of this network can be described by

2 N_/
d 1 < ’ . i o
T =t > FZI,;'“ (t)sin(97" — 67 — a), (157)
g ]:1

o'=1

where K;'(t) = K*(t) = j is the intra-population coupling strength and Kj*(t) = K3'(t) = s;(q) are time-dependent
inter-population coupling strength, which takes the values zero or one randomly at each time interval t as

1 with probabilit
s,-;():{ WIth probabriily p J(g— 1Dt <t <qr. (158)

0 with probability 1 —p

The behavior of this network is entirely dependent on the probability p and the time interval r. Fig. 80 shows
different collective behaviors of the network by varying p in [0, 0.5] and t in [0.1, 100]. For the low and high values
of p, both populations are synchronized. In the intermediate values of p, the alternating chimera is formed. In this case,
the synchrony and asynchrony alternate between two populations in time. For larger p values, in a small region, breathing
chimera is observed. In this state, one population is synchronized, while the phase coherence of the asynchronized
population changes periodically. For a specific region in the (p, t) plane, the chimera state is stable, with one coherent
and one incoherent population. The appearance of the alternating chimera is a consequence of the time-varying structure,
since it cannot be obtained in this network with static links.

Adaptive coupling is also a new idea in studying chimera states in multilayer networks. The effect of this variation of
coupling has been studied in a network of Kuramoto-type oscillators with the equations [301]

dep: 1<,

- Z,»:] s =G

dkj .

% = —8[51I1(¢,’ — ¢j + ﬂ) + Kij]7 (159)

where the dynamics of the coupling is slower than the phase dynamics, and this is reflected by a small parameter
& < 1. Here, the control parameters are « and g. Initial conditions of the phase ¢; are chosen randomly in the interval
[0, 27] and the coupling strength «; is in [—1, 1]. Regardless of the specific characteristics of the final states of the
network, a sequential hierarchical formation of new densely connected subnetworks is observable in all the networks. This
determines the common feature of their formation mechanisms. These features are apparent in all the networks, despite
the dynamic of each subnetwork, which can be coherence, cluster, traveling wave, or incoherence. These subnetworks arise
on different time scales, and their size decreases at each subsequent stage of the network evolution. Fig. 81 illustrates
a series of snapshots of the coupling matrix «;; calculated at different stages of the formation of the chimera state
to display the hierarchical formation of chimera. In order to identify the synchronization patterns and the coupling
structure, the average frequency of each oscillator was calculated after a sufficiently long transient time. It can be seen
that in this situation, the formation of synchronous groups terminates at some stage, and the remaining oscillators stay
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Fig. 81. The generation of the chimera state in the multilayer network with coupling. Parts (a-d) show the development of coupling matrix «;; at
different times: (a) t = 0, (b) t = 350, (c) t = 1500, (d) t =10,000. Part (e) shows the final evolution of the phases ¢;(t). Part (f) is the average
frequencies of oscillators, and part (g) demonstrates the snapshot of the phases at t =10,050, representing the traveling waves within the two
coherent clusters. The parameters are set at ¢ = 0.01, « = 0.37, 8 = 0.37, N = 500.

Source: Figure reproduced with permission from [301].

unsynchronized, so the chimera phenomenon happens. Fig. 81e demonstrates the differences in the relative phase in
oscillators in the coherent and incoherent groups. While the relative phase in the coherent part and resulting traveling
waves remain stable with time, the oscillators’ phase in the incoherent part changes irregularly. A similar structure can
explain the formation of chimera states: while the coupling strength within a group of oscillators is strong, it decreases
among the others. It can be concluded that a variety of adaptation functions and network connectivities can lead to the
self-organized groups with different local synchronous behaviors. Subsequently, in the final state, the network can be in
the multi-cluster synchronized states or different types of chimera states.

The next step is studying the synchronization constructed by the unidirectional and mutual nonlinear non-adaptive
couplings between the layers, which indicate chimera states with different properties. This research is a result of a dis-
cussion about various aspects of the organization of interactions in the multiplex network with adaptive couplings [302].
In order to study this issue in more depth, a two-layer network of the interacting phase oscillators is considered that in
each layer, N = 200 coupled oscillators interact with each other relative to their phase difference. Inter-layer interaction
between the elements of different layers with the same indices was invariant. The phase dynamic of the ith oscillator
within the layer [ (I = 1, 2) is described by the following equation

30 = o’ - ZK sin(@? — 67 + a) —

Z auesin(o — ¢, (160)

k=1,k#l

where a)lw denotes the natural frequency of the ith oscillator in the Ith layer, oy, defines the inter-layer coupling strength
from the oscillators of the layer k to the layer [, and «; is the phase lag in the coupling between the oscillators in layer [.
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Fig. 82. The formation of chimera state in the adaptive FitzHugh-Nagumo network with fully connected topology. (a) The initial coupling strength
matrix A;(0). (b) The adopted coupling strength matrix A;(t). (c) The spatiotemporal pattern of the network. (d) The time snapshot of the u variables
of the oscillators.

Source: Figure reproduced with permission from [303].

Ki(jl) indicates the coupling strength from the jth to the ith oscillator in layer [ and is considered the same as Eq. (159). The
parameter 0 < ) < 2x controls the adaptation properties of the intra-layer couplings. Since 0 < ¢ < 1, if the initial value
of the Ki(j’) is considered in the range of [—1, 1], it will remain in this range forever. It can also be understood from Eq. (160)

that if the oscillators i and j are in-phase synchronized (A¢.(!)(t) = ¢>l.(”(t) — qb}”(t) = 0), the coupling strength between

ij
them should be equal to K,S.') = —sin B and if they are anti-phase synchronized (A¢>§.”(t) = ), the coupling strength will
N _

ij
be Ki(j = sin B. In this research, the parameters were assumed in a way that the layers demonstrate different chimera
states in the absence of inter-layer couplings.

First, the synchronization and chimera state were considered in a two-layer system with unidirectional coupling from
the master layer’s elements to the slave layer’s elements (o1, = 0, 031 # 0). This mode always ensures the forced
synchronization of chimera states. Next, the network with mutual coupling in layers (o1, = 031 = o) was studied. In
this case, the results showed that for weak coupling strength, the network is in incoherent state, and the formation of
multi-cluster state needs a significantly strong inter-layer interaction. The results also showed that the dynamical behavior
of the system is significantly dependent on the parameter o.

In the neuronal ensembles, the synaptic strength and connections evolve in time regularly. In order to model a
realistic neuronal network, Huo et al. [303] considered adaptive coupling strength with the following equation in coupled
FitzHugh-Nagumo oscillators

hij = —ylsin(u; — u; + B) + A, (161)

with y = 0.01. The excitatory and inhibitory synapses are reflected by the positive and negative A;, respectively. This
network was studied under fully connected, random, and scale-free structures. The initial conditions of the oscillators and
the initial coupling strength 1;;(0) are selected randomly. Fig. 82 shows the evolution of the network to a chimera state for
fully connected topology. The initial and the stable coupling strength values are illustrated in Fig. 82a,b, respectively. It is
observed that although A;(0) are distrusted randomly in [—1, 1], the network evolution leads to the adaptation of A;i(t) to
take smaller values in [—0.15, 0.15]. Furthermore, the values of A; for the synchronized group reaches a stabilized value,
while for the asynchronized group changes randomly. The spatiotemporal pattern and the time snapshot of the network
are depicted in Fig. 82c,d, respectively.

By changing the network structure to random ER or scale-free topologies, the chimera state is still organized, but
with different evolution of the coupling strength matrix. Comparing the behaviors of the network in the case of static
coupling with the adaptive coupling reveals that the adaptive coupling is essential for the emergence of chimera in the
fully connected network. In comparison, it is a supporting factor in the random and scale-free networks.

The alternations in the synaptic strength and weights are known as plasticity. During different neuronal activities, the
synapses become stronger or weaker for short or long time intervals. Various rules have been presented for the synaptic
plasticity. One of these rules, which have been investigated in the chimera state, is the burst-timing-dependent plasticity
(BTDP) [304]. This plasticity is dependent on the timing of the pre- and post-synaptic bursts in a way that short and long
latencies result in potentiation and depression, respectively. For this study, the two-variable integrate-and-fire (IF) model
of Izhikevich has been considered

Ui = 0.04v? +5v; + 140 —u; + 1 + 1
U = a(bv; — u;)

syn
i

(162)
Vi < C

u < u+d

’

if v; > 30 mv, then {
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Source: Figure reproduced with permission from [304].

where v and u are the membrane potential and the recovery variables, respectively. " is the synaptic current obtained
by

N
= — Z 8iiGiisi(vi — Uy ) (163)
1(i#))
éj = Ot(Uj)(] — Sj) - Sj/‘L',
() = ao/(1+ e7H/vw),

where s; is the synaptic variable and is approximated by §; = —gs;, if the pre-synaptic neuron is in the silent state,
otherwise, it acts on the post-synaptic neuron with the value equal to one. Thus, the function «(v;) can be estimated by
a Heaviside function. The connectivity of the neurons is determined by the matrix C, such that C; = 1, if neurons i and j
are connected, and C; = 0 otherwise, and C; = Y 1(i) Gi- The synaptic strength from jth to ith neuron is gj;, which is

refined by the BTDP rule !

18.2 — 25.8|At| if |At] < 1,

164
-76 if |At] > 1, (%s™1). (164)

F(At) = {

In this function, At is the time difference between the beginning of the post-synaptic and pre-synaptic bursts. A specific
range is also considered for the synaptic strength to remain in the interval [0, gyax].

Fig. 83 shows the dynamical behaviors of the network for static and BTDP synapses, with considering global and
non-local connections. If the neurons are globally coupled, the BTDP leads to the extension of the chimera region to the
parameter values in which the static network exhibits synchronization. In the non-local coupling, the results are inverse.
As the static synapses are replaced with the BTDP, the synchronization is converted to the chimera for higher g4, values.
Therefore, both the connection type (global or non-local) and the synaptic weight play significant roles in the network
behavior. Furthermore, the stabilized synaptic strengths are different in the synchronized, asynchronized, and chimera
states.

5.5.4. Hierarchical connections

Studies in neuroscience have drawn attention to another peculiar aspect in the topology of the networks’ coupling.
Hierarchical geometry in the connectivity matrix between oscillators causes qualitative changes of chimera state and
induces nested coherent and incoherent regions. A hierarchical pattern is the finite form of the fractal pattern. This idea
comes from diffusion tensor magnetic resonance imaging (DT-MRI) studies that have revealed an intricate architecture
in the neuronal interconnectivity in the human and mammalian brain. This connection has already been used in
simulations [305]. The analysis of DT-MRI images has shown that the connectivity of the neurons’ axons represents a
hierarchical geometry with fractal dimensions varying between 2.3 and 2.8. This variation is due to the local properties,
on the subject, and on the noise reduction threshold [306].

For analyzing different networks with hierarchical connectivity, the “clustering coefficient” variable was defined by
Watts and Strogatz [307]. The clustering coefficient describes the number of neighboring links relative to the maximum
number of possible links. For observing the effect of varying the number of hierarchical steps on the emergence of different
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Fig. 84. Formation of the hierarchical coupling from the non-local coupling, with the initial base pattern of by;=(101), the hierarchical level of
n =3 and N = b" + 1 = 28. The reference, connected, and disconnected nodes are shown by black, red, and gray, respectively. (a) The first
step of the hierarchical formation that is a non-local coupling with R = 9 nearest-neighbors at each side. In this step the clustering coefficient
is C(101, 3, 1) = 0.705882 and the link density is p = 0.64. (b) The second step of the hierarchical formation with C(101, 3, 2) = 0.409091, and
p = 0.428. (c) The final step of the hierarchical formation with C(101,3,3) =0, and p = 0.286.

Source: Figure reproduced with permission from [308].

types of chimera states, a ring network of N van der Pol oscillators is considered in [308]. The dynamical equations for
the 2-dimensional phase space variable x, = (ug, )T = (ug, v)T € R? are

Xi(t) = F(xi(t) ZGU Xi), (165)

withie 1,...,N, and

v
F= <8(] —u?) — u) ’ (166)

where ¢ > 0 denotes the bifurcation parameter, and o is the coupling strength. g = Zszl Gjj is the number of links for

each node and H = (l? 1?2) is the local coupling matrix, which specifies the local interaction. b; = 1.0 and b, = 0.1
1

are interaction parameters that allow us to observe chimera states in non-locally coupled systems.

A classical Cantor construction algorithm for a fractal set is used for generating hierarchical geometry. The algorithm
starts with assuming a base pattern or initiation string b;,;; of length b, where each element represents either a link (‘1’)
or a gap (‘0’). c; is defined as the number of links in by, that each of these links is replaced by an initial base pattern
in each iterative step, while each gap is replaced by b gaps. So the length of the bit pattern in the nth iteration will be
equal to N = b". By using the resulting string as the fundamental row of the circulant adjacency matrlx G a hierarchical

ring network of N = b" + 1 nodes will be generated. The link density in the network is defined by p = - and the fractal
dimension is explained as df = l"—cbl

By considering a stepwise iteration process, the transition between non-local and hierarchical topology is observable.
A base pattern (b ) for both networks with non-local and hierarchical topology is a string of length b that contains an
equal number of links (1) only at its beginning and end, and the other elements are zero (for instance (101) or (110011)).
The stepwise transition between non-local and hierarchical topologies is as follows: First, by m times iteration of bj;
according to the Cantor construction process a pattern of size b™ is generated. Then this pattern expends to its final size
N, by replacing each element with N 1 copies of itself. Fig. 84 shows a schematic view of the coupling topology with mth
Cantor iterations of b before the expansmn, which is defined as a hierarchical step. Each hierarchical step modifies the
compactness and the total number of links of the final topology.

The simplest example of a chimera state in the above network (Eq. (165)) with hierarchical topology is constructed
from the base pattern (101). The first step of the hierarchical network shows a two-headed chimera pattern, and in the
2-step, an eight-headed chimera pattern is formed. For a 3-step hierarchical network, the chimera state disappears and
is not constructed again up to the 6th iteration. This observation shows the effect of the coupling radius and strength on
the system'’s behavior that has also been studied before in [226].

The Logistic maps with a = 3.8 have also been used for studying chimera state in a ring network with hierarchical
connectivity [309]. As the network of van der Pol oscillators, the results show that increasing the hierarchical level of
iteration affects the spatiotemporal pattern of the system. This network can be described with the following equation

7t =f Zcu[f 20, (167)

Cnm

where f refers to the Loglstlc map, o is the coupling strength, and c, , denotes the number of links in the topology. Since
it is assumed that the chimera state is more likely to occur in networks with higher clustering coefficient, in this work,
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Fig. 85. Spatiotemporal patterns of the hierarchical Logistic network with considering bi,; = 110011, n = 4, N = 1297, a = 3.8 for different
hierarchical steps m (the columns) and coupling strength o (the rows).
Source: Figure reproduced with permission from [309].

the base patterns of length b = 6 with at least c; = 3 links are considered. The hierarchical level is set at n = 4, so the
number of nodes will be N = b" 4+ 1 = 1297. The network topology, bifurcation parameter of the Logistic map, coupling
strength, initial condition, symmetry, and hierarchical step, all affect the dynamics of the system. The results show that
with a fixed bifurcation parameter (a = 3.8), various phase and amplitude chimera patterns with multiple incoherent
domains can be obtained from the network. Fig. 85 illustrates the dynamics of the network with base pattern 110011 for
m = 1, 2, 3, 4. Twenty space-time plots are shown for different coupling strengths at each step. For all hierarchical steps,
a transition to a chimera state with two incoherent domains is observable.

The comparison between the dynamics of two exemplary networks with symmetric and asymmetric base patterns
(110011 and 011100, respectively) illustrated that symmetry and specially prepared initial conditions are critical for
the observation of regular chimera patterns. While the asymmetric base pattern and the specific selection of the initial
conditions lead to chimeras with small amplitudes and more complicated nests.

For the next step, researchers studied the effect of time delay on hierarchical networks [310]. For this purpose, a
ring network of van der Pol oscillators Eqs. (165) and (166) with the base pattern b,y = 11011 after four iterative
steps was considered. The results demonstrated that chimera state occurs in hierarchical networks with a high clustering
coefficient. To investigate the effect of time-delay on this system, the network parameter was fixed at by, = 11011, n = 4,
N =5%41 =626, and ¢ = 0.1, where the network without delay demonstrated chimera pattern. The coupling strength
o and the time delay T were considered as control parameters. The behaviors of the network in the parameter plane
are demonstrated in Fig. 86. It is evident that for weak coupling strength (o < 0.3), a small time-delay can immediately
eliminate the chimera pattern and turn the behavior of the system from chimera to asynchronous. However, for larger
values of coupling strength (o > 0.3), chimera states are more stable and do not disappear by consideration of a small
time-delay. By increasing the time delay, only some small tongue-like regions in the o — t plane show the chimera state,
and the other parts exhibit coherent structures (fully synchronized state and traveling waves). The size of the chimera
tongues is reduced as the time delay increases. As well, the coupling strength threshold at which the chimera is observable
is lessened.

Another example that has been studied in this content is a complex network of FitzZHugh-Nagumo oscillators with
the below equations with ¢ = 0.05 and the threshold parameter |a| < 1, which locate the system in the oscillatory
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Fig. 86. Dynamical behaviors of the hierarchical van der Pol oscillators with time delay in the (o, t) plane with by, = 11011, n = 4, N = 626,
& = 0.1. The tongue-like regions represent the regions of the chimeras within the coherent regime (in-phase synchronization or coherent traveling
wave).

Source: Figure reproduced with permission from [310].

regime [311]

duy up
E— = U— —- —v
dt S

N
+o Z ij[buu(uj — )+ buv(Uj — )],
j=1
1
dv (168)

E—— = U+a
dt k

N
+o Z ij[buu(uj — )+ bvv(vj — )],
=

where the topology of the network is defined by the adjacency matrix G. In Ref. [311], two different topologies have been
considered for this matrix. The first one is a symmetric structural neural connectivity Gy, which has been derived from
diffusion-weighted MRI images and models the brain network of a healthy human subject. The second is a mathematically
constructed topology with modular fractal connectivity, Gn.q. In both cases, the adjacency matrix G is weighted and
undirected. The local interaction B is the same as C matrix in Eq. (148) with the fixed coupling phase ¢ = 7 /2—0.1. In both
cases, the chimera state can be observed for weak coupling strength, and further increasing the coupling strength leads the
system toward a completely coherent state. In the empirical structural connectivity mode, frequency synchronized state
can be obtained, and in the modular fractal connectivity mode, a completely synchronous state is achievable. Between
these two states, the solitary state is seen where only single oscillators have different frequencies among the others. Since
the node removal can eliminate the synchrony of the nodes, the hierarchical FitzHugh-Nagumo network model, has the
ability to simulate epileptic seizures where the increased coupling strength leads to pathological synchrony, initiated or
terminated via chimera states. Omelchenko et al. [218] studied a similar network of FHN oscillators with a construction
base b = 6, and n = 4 iteration of the hierarchical step. Their results also indicated that increment of the links’ number can
decrease the chimera’s multiplicity. Besides, they showed that the hierarchical distribution of the links leads to chimera
states with complex nested asynchronous regions. For the next part, they used fractal dimension and local structure of
the connectivity matrix as the control parameters for determining the multiplicity or the pattern of the chimera state. It
was also investigated that different initiation strings, producing the same fractal dimension, give rise to different chimera
patterns.

One of the other interesting aspects of the networks with hierarchical coupling topologies is their ability to show
traveling multi-chimera states [214]. This phenomenon has been observed in a ring network of reduced form of Lattice
Limit Cycle (LLC) model, which is devised for a cyclic reaction-diffusion process with predator-prey interactions among
three particles X, Y, and S. The equations of the LLC model are as follows

dx

i 2p1x%y* + pax(1 —x — y),

dy

= pix’y* — psy(1 —x —y), (169)
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500k 1000

Fig. 87. Traveling chimeras observed in the hierarchical Lattice Limit Cycle network. (a) d; = In4/In6 = 0.774, b,y = 001111. (b) df =In5/In6 =
0.898, biir = 110111.
Source: Figure reproduced with permission from [214].

where p; is a control parameter, p, = 0.5, and p; = 0.8 are interaction rates. For constructing the hierarchical network,
they considered the base size b = 6 and n = 4 iteration steps producing a system of size N = 64 = 1296. Two different
initiation strings were assumed for stimulations: S = “001111" and S = “110111". So the connectivity patterns consisted
of 256 and 625 times the symbol 1 and 1040 and 671 times the symbol 0, respectively. Fig. 87 shows the space-time
plots of the mobility of the coherent/incoherent regions in traveling chimeras. It can be understood from this figure that
each part of the ring network is continuously translated from coherent to the incoherent group.

The effect of fractal connectivity has also been investigated in a network of Leaky Integrate-and-Fire (LIF) ele-
ments [312]. The hierarchical topology leads the network to exhibit nested chimera state and transit between multi-
chimera states with different multiplicities. Ref. [312] studied a ring of LIF oscillators with both non-local and hierarchical
coupling with initiation string as “110011”, the base size and the iteration steps as b = 6 and n = 4, respectively. It was
attained that for the low value of the coupling strength in the case of hierarchical connectivity, the coherent regions have
always lower mean phase velocities than the incoherent ones, irrespective of the refractory period. On the other hand,
with a small refractory period, low values of coupling strength lead to the emergence of nested chimeras in a way that the
incoherent and coherent regions are traveling around the ring. Their results showed that increasing the coupling strength
merge the incoherent regions together and construct a larger incoherent region.

6. Control of chimeras

As mentioned in the previous sections, the chimera state in finite size networks is mostly transient and collapse to a
coherent state after a defined time. Furthermore, in most of the cases, the chimera states are formed from the random
initial conditions. Thus, the positions of the coherent and incoherent clusters are variant and depending on the initial
conditions. While in some applications it is vital to control the lifetime of chimera or the clusters’ spatial positions.
Recently, some control techniques have been applied in this regard to stabilize the existence of chimeras or adjust the
spatial locations [313-319]. Some of these proposed methods are reviewed in the following.

6.1. Proportional feedback

In 2014, Sieber et al. [211] presented a control approach based on the classical proportional control for the chimera
state. To describe this method, they considered the network of coupled phase oscillators as

do 21 o
k .
d—t(:w—ﬁzlijSln(Qk—Gj—f-a),k:1,...,N, (170)

with the coupling matrix
1

Gij = G(x — %) = E[‘l-"-ACOS(Xk—Xj)], (171)
with x;, = 2km /N — 7 being the position of the kth oscillator in the ring. As described in Section 3.1, the continuum limit
equation of the network is as follows

dz 1 1,

Z —iwz + —e %Gz — —e%7%G7, 172

TR L L (172)
where z(x, t) is the complex local order parameter and

(Go)x) = / Glx — )o(y)dy. (173)

T
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Source: Figure reproduced with permission from [211].

Thus, the chimera state is the uniform rotating solution as
z(x, t) = a(x)e“”", (174)

where a(x) is a spatial profile representing the coherent state by |a(x)| = 1 and the incoherent state by |a(x)| < 1 and £2
is a fixed frequency. The chimera solution of the continuum limit is demonstrated in Fig. 88 with the blue curve, showing
the stable part with a solid line and the unstable part with the dashed line. Fig. 88a shows that the chimera state becomes
unstable by decreasing « from 7 /2 — 0.22. The unstable solution continues until reaching the coherent state at « = 77/2,
r = 1. In the case of finite size network, the stationary profile of the chimera state has some variations in time or space.
In Fig. 88, the densities of the global order parameter are shown by the colored shades.

To control the unstable branch, the proportional control as follows has been suggested

a(t) = ag + K(r(t) — ro), (175)

where (g, 19) is the reference point, and K is the control gain. In the uncontrolled case (K = 0), a straight line is created
in the («, r) plane (shown by the dashed line in Fig. 88a). The controlled system is developed along this line. In Fig. 88b,
the reference point is chosen at (77 /2 4+ 0.01, 1), and it is observed that the chimera state becomes stable throughout the
continuum limit branch. The insets in Fig. 88 indicate the spectra of the linearized continuum limit, representing that the
unstable eigenvalue disappears by controlling.

The proposed control scheme also improves the collapse of the chimera to the coherent state in small networks. The
destroyed chimera state in the uncontrolled network is shown in Fig. 89a for N = 20. By applying the controller, the
lifetime of chimera is increased with raising the control gain up to K = 0.5. For K > 0.5, the chimera collapse is not
observed anymore in the simulation time. Eventually, with increase of the gain from K = 0.67, the collapse is completely
suppressed and the network reaches chimera state from all of the initial conditions. The chimera’s lifetime and also the
basin of attraction of the chimera state with increasing K is shown in Fig. 89c. The chimera’s solution and the control
lines with different gains are shown in Fig. 89b. Here, the reference point has been selected to support the chimera state
for all K values.

6.2. Gradient dynamics

To control the spatial positions in chimera state, Bick and Martens et al. [313] proposed a control scheme based on
the gradient control. They considered a network of phase oscillators described by

1
(X, t) = — / h(d(x, y))sin((x, t) — ¢(y, t) + a)dy, (176)
0

where the spatial position of an oscillator is denoted by x, the oscillator’s phase at time t by ¢(x, t), and the coupling
kernel by h. Assuming Q to be an observable of the system, the solution of Eq. (176), ¢(x, t), is termed as Q-traveling,
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Source: Figure reproduced with permission from [211].

if the functions y(t) and q exist in such a way that for all t, the equality Q(x, ¢;) = q(x — y(t)) is met. The function y(t)
represents the spatial position of ¢; according to Q, and q is a differentiable function where all of its critical points are
either minimum or maximum. The Q-traveling solution has a fixed speed v in space for all ¢, if Q(x, ¢;) = q(x — vt).
Assuming that the desired position is x,, this method aims to control the development of ¢; such that Q becomes
maximum at x,. In other words, by modifying the system parameter, y(t) should be changed in a way that maximizes
the term gy, (y) := q(x. — y). Further, it is supposed that the kernel functions h, and a continuous invertible map v exist
such that ¢; is Q-traveling with speed y = v(a). Thus for constant a, the observable Q is as Q(x, ¢;) = q(x — v(a)t), and
therefore, ¢, travels with constant speed. Finally, the controller based on the gradient dynamics can be implemented by
proper selection of the parameter a. By applying the gradient dynamics, one can find y = yd,qy,(y), which results in
maximized g, (y) for y > 0. Since 9,qy,(y) = —q/(X. —¥) = —0xq(Xx — ¥)lx,, in the case of the following equality

L= -y xQ(X, ¢r)

x = X, will be a maximum of the observable Q. With considering y = v(a(t)), the parameter a(t) can be used as a control

parameter
) . (178)
Xx

Therefore, selecting the parameter a(t) according to Eq. (178), the traveling solution, in which x, is the maximum of Q,
will exist.

For controlling chimera states, the proposed control method is applied to the absolute value R of the local-order
parameter. The reason is that the local order parameter provides a measure for the local synchronization. Thus, finding
an R-traveling solution for the network which maximizes the local order parameter, leads to the transition of the
synchronized part to the desired position x,. With considering the kernel functions such that the R-traveling solutions
have nonzero speed v(a), then the control parameter is obtained by

). (179)

In the chimera state with one coherent cluster within the incoherent one, the local order parameter has a global maximum,
while in multi-headed chimera, the local order parameter at the desired position is locally minimized.
To represent the control efficiency numerically, the following network is considered

, (177)

X

y=—yoqx—y)

alt) = p! <_)/8XQ(X’ @)

a(t) = v7! (—)/3XR(X, @)

(pk—a)k——Zh «(k), (7)) sin(gr — @ + ), (180)
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Fig. 90. Controlling the chimera position with the gradient coupling in N = 256 phase oscillators. The desired position is shown by the black line
in the space-time plot. The lower panel shows the variation of the asymmetry parameter a(t) with considering anq, = 0.015.
Source: Figure reproduced with permission from [313].

where ¢ = k/N denotes the oscillators’ locations in the ring, and d(x, y) = (x -y+ %) mod 1) — % is a signed distance
function in space. To induce the drifting clusters in the network, the asymmetric coupling kernel is used as

ha(x) = {exp(—x(l —a)x]) ifx<0

~ |exp(—«(14a)lx]) ifx >0, (181)

where a € (—1, 1) defines the symmetry, this kernel function causes the asymmetry and the traveling speed to have a
monotonic correlation v(a). For very small values of a (a < 0.015), v(a) is almost linear at a = 0, and thus, the chimera
state can be considered as an R-traveling solution with constant speed. By applying the controller Eq. (179) works as
feedback control. The mechanism is as follows: when the coherent part is far from the desired position, the nonzero
asymmetry leads to the motion of the coherent part respecting the desired position. As the desired position is obtained,
the asymmetry is reduced and helps in the persisting of the chimera in space. The result of the controlled chimera state
is illustrated in Fig. 90, wherein the desired position x, is time-varying (shown with black line). It is observed that the
controller effectively influences the coherent cluster to follow the desired position in the ring. The asymmetry parameter
a(t) changes to direct the chimera toward the desired position. As soon as the desired position is attained, a(t) variation
is declined to zero.

6.3. Modification of system parameters

In a network with fixed couplings, substituting one or some of the oscillatory units with excitable ones can be used
for controlling the position of the incoherent cluster [314]. In the FitzHugh-Nagumo model, by changing the parameter
a, the system can exhibit either oscillatory dynamics (a < 1) or excitable one (a > 1). Therefore, in a ring of non-locally
coupled FHN oscillators, the dynamics of the units can be adjusted by varying this parameter. To investigate the influence
of the excitable units in the network, it is considered that b of N FHN oscillators are in the excitatory state, while others
are in the oscillatory state

ai:iam fori>b (182)

Qexe fori<hb.

Therefore, a barrier of excitable units exists in the network, with the barrier border b and the barrier height dey. In a
large homogeneous network of FHN oscillators with N = 1000 and a; = a,sc = 0.5, a stable chimera state emerges for
the coupling strength o = 0.2 and the coupling range R = 350. In this case, the positions of the coherent and incoherent
oscillators are fixed and dependent on the initial conditions. In the same parameter values and initial conditions, by
introducing a barrier of excitable units, the incoherent cluster is attracted by the barrier. Fig. 91 illustrates an example
of this case where a barrier with width b = 5 and height a.,c = 1.3 is located at the center of the ring (i = 500). At
first, the chimera state with the coherent part almost in the center is formed (Fig. 91a). As time passes, the coherent and
incoherent groups move in space such that the barrier is finally in the middle of the incoherent group (Fig. 91b).

An interesting event in this control method is that after the attraction of the incoherent domain, by returning the
excitable units to oscillatory, the position of the incoherent cluster remains the same. Fig. 92a illustrates the stability of
the incoherent cluster by removing the barrier. Firstly, the network’s nodes are homogeneously in the oscillatory state,
and a chimera state is formed. Then, a single node at the network’s center is changed to the excitable unit (at t = 0,
shown by a dashed white line in the figure), and attracts the incoherent domain. After 5000 time-units (demonstrated by
the second dashed white line), the barrier is removed, and the network returns to the previous homogeneous oscillatory
units. It is observed that the incoherent location is preserved and does not return to its previous location. If the width and
height of the barrier increase, then the speed of the drifting increases accordingly, and thus the barrier is placed at the
incoherence center faster. In Fig. 92b, a wider barrier with b = 100 and the height a.,. = 1.5 is used alternatively at two
different locations of the ring (placed within the white dashed lines). Consequently, the coherent and incoherent domains
change alternatively. As a result, one can locate the incoherent cluster at the desired position by defining a specific barrier
of excitable units in the network. Furthermore, the presence of the excitable units can lead to the emergence of a chimera
state from a completely coherent network.
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Fig. 91. The local order parameter of the FHN network (N = 1000) with a barrier of excitable units with width b = 5 and height a.,. = 1.3. (a)
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6.4. Pinning control

In the networks of coupled oscillators, the pinning control is defined by applying the controller only to specific nodes
of the network, which are called pinned nodes. Generally, the pinning control has been used to force all of the network’s
nodes to have a completely coherent oscillation. However, it has also been successful in partial synchronization to control
the positions of the coherent and incoherent clusters [315]. This method excels when there is access only to some of the
oscillators of the network.

To examine the pinning control, a ring network of non-locally coupled oscillators is considered. Then a certain number
of oscillators (N,) are imposed by a controller (u;,i = 1, ..., N,). Designing the controller depends on whether the purpose
is to adjust the coherent cluster or the incoherent cluster. To control the position of the coherent domain, the controller
is defined as follows

u;(t) = wsi(O(t) — Ot — tc)He(xr, i), (183)
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Fig. 93. The result of applying the pinning control on the FHN network with N = 1000, P = 350, 0 = 0.15, 8 = 1.47, ¢ = 0.05, a = 0.5, N, = 500,
t. = 150. The local order parameter of the oscillators is shown. (a) Applying the coherent control with w = 0.25, ¢, = 0.06, a, = 0.5. (b) Applying
the incoherent control with D = 0.125.

Source: Figure reproduced with permission from [315].

where w is the controller strength, @ is the Heaviside function, §; = 1fori=1,...,N,and §; =0fori=N,+1,...,N.
The time of applying the controller is t., and H. is the coupling function between the pinned nodes (x;) and the reference
trajectory (x; ). The reference oscillator (x; ) is to direct the pinned systems in a synchronized motion. In order to prevent a
complete synchronization state, the reference oscillator is the same as the network’s oscillators, but with a small difference
in parameters. Therefore, the pinning control drives the pinned nodes toward a coherent state, while the other nodes are
incoherent, and subsequently, a chimera state with a controlled coherent domain is formed.

In the case when the purpose is controlling the incoherent domain, the controller can be determined as

ui(t) = 8(O(t) — O(t — t))V2DH, (L), (184)

where &;(t) is the white Gaussian noise with intensity D. The matrix H, determines the variable that is added with noise. In
this case, the pinned nodes are led to behave incoherently. In pinning control, the controller is applied for an interval (t.),
and then it is turned off, and the coherent and incoherent domains remain stable. Thus the period of applying controller
is an important factor. The other parameters affecting the controller result are the strength of the controller (w) or noise
intensity (D), and the fraction of the pinned nodes to the total nodes (N,/N). The error of control is defined by the
difference between the local order parameter of the pinned nodes and their desired local order parameter

1
E=— I{Rr — Rdl, (185)

where the desired local order parameter in the coherent control is R; = 1, and in the incoherent control is assumed to
be Ry = 0.5.

To demonstrate the effect of pinning control, a network of non-locally coupled FitzHugh-Nagumo oscillators is
considered. The parameters of the network are fixed at N = 1000, 0 = 0.15, P = 350, ¢ = 0.05, a = 0.5, and 8 = 1.47.

For coherent control, the coupling matrix is H¢(x;, x;) = (é (1)) (% — x;), and the reference oscillator has the equations
of FHN oscillator with a, = 0.5 and ¢, = 0.06. For the incoherent control, H,, is considered as H, = ((1) (1) . The results

are shown in Fig. 93. In Fig. 93a,b, the pinned oscillators are enforced to be coherent and incoherent, respectively. In both
cases, the initial conditions are the same, and the number of pinned nodes is N, = 500 with t. = 150 time units. It is
observed that the effect of initial conditions is suppressed, and the coherent (or incoherent) clusters are located at the
desired position and are stable after switching off the controller.

The efficiency of the pinning control depends on the controller parameters (N,/N, t;, w, or D) simultaneously. For
example, when the controller strength (w) is small, the coherent cluster locates properly for a large fraction of pinned
nodes. As the strength increases, a smaller number of pinned nodes is required. More increasing of w leads to the
appearance of complete synchronization in the network. The synchronization may also be obtained when the fraction
of pinned nodes exceeds 0.5. The variation of the control error with w is represented in Fig. 94a. Similarly, in incoherent
control, the method is effective for intermediate values of D. For small intensities, the effect of noise is not considerable,
and the initial conditions define the clusters’ positions. In contrast, very large noises and also pinned fraction increase
uncertainty in the network. The effect of D on the control error for N,/N = 0.4 is shown in Fig. 94b.
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Fig. 94. The error of the pinning control concerning the controller strength w for N,/N = 0.15 in (a), and the noise intensity D for N,/N = 0.4 in
(b).

Source: Figure reproduced with permission from [315].

To deal with the problem of drifting of clusters in the small networks, the pinning control can be applied in a
closed-loop scheme. In this case, the error is computed by

Np

E(t) = Nl >
L

where E t AT R;(t)dt is the moving average local order parameter in the interval [t — AT, t]. After applying the controller
on the network for the period t., the error is observed continuously. The drifting is detected by an increase in the error.
In this case, the controller is applied again for the t. period.

1 t
Ry — — Ri(‘L' )d‘L’

, 186
AT (186)

6.5. Tweezer control

In 2016, a tweezer control method was presented for stabilizing chimeras in small networks [316]. Similar to the
tweezer, which has two levers, the tweezer control aims to provide two efficient mechanisms for preventing chimera
collapses and also fixing the incoherent part position. To describe this control scheme, the coupled van der Pol oscillators
with the following equation is considered

X = (e —Xf)??k—xk
+- Z (X = %) + b (R — )]

1R

+ A ;[M(Xkﬁ — Xi) + by (X — X)), (187)
where R is the coupling range, and a_, a; and b_, b, are the coupling strength of the position and velocity variable to the
left and right neighbors, respectively. For simplicity, the coupling of the position variable is assumed to be symmetric as:
a_ = a; = a, and the coupling of the velocity variable is asymmetric as: b_ = ao_, by = ao.. Also, the desired position
of the incoherent state is assumed to be at the center of oscillators. The control method must find the optimum o_ and
o for stabilizing chimera. The method is started by introducing the following complex order parameters

1 [N/2]
Zi(t) = —= ) ™,
[N/2] =
1 [N/2]
Z(t) = 7[N/2] el () (188)

where ¢(t) denotes the geometric phase of the kth oscillator, given by
e = (xp(1) + X3 (6)) 2 (x(t) + i (1)). (189)
Subsequently, the tweezer feedback control is designed as
1
ox = k(1= 5121 +21) £ Kl1Z| — 2 ]). (190)

The control term is divided into two symmetric and asymmetric parts with strengths K; and K, respectively. The
term (Z; + Z»)/2 is equivalent to the complex global order parameter. Thus K; controls the collapse of the chimera to
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Fig. 95. Applying the tweezer chimera method on the network Eq. (187) with N = 48 oscillators. (a) A stable chimera state is obtained for K; = 0.5
and K, = 2. (b) The mean phase velocity, the snapshot of x variables, and the phase portrait of oscillators corresponding to part a. (c) A drifting
chimera state obtained for K; = 0.5 and K, = 0. (d) A collapse chimera state obtained for constant o_ and o,. Other parameters of the network
are R=16, ¢ = 0.2, a = 0.02.

Source: Figure reproduced with permission from [316].

the coherent state. In the second term, |Z;| — |Z;| indicates the distance of the incoherent part from the center of the
oscillators. Therefore, regulating K, leads to the centering of the incoherent domain.

The results of applying the tweezer control on the network Eq. (187) with N = 48 oscillators are shown in Fig. 95.
In Fig. 95a, both of the symmetric and asymmetric terms of the control Eq. (190) are applied and regulated. Thus, a
stable chimera state with a fixed incoherent part is produced. The averaged mean phase velocity of the oscillators, the
snapshot of the x variables and phase portrait of the oscillators are shown in part b. Next, only the symmetric control
term is considered, and the asymmetric term is ignored (K, = 0). This setting leads to the formation of a chimera state
with drifting domains (Fig. 95c¢). Finally, with no consideration of both control terms and adjusting the o_ and o at the
effective time-averaged of o_ and o obtained for case a, a transient chimera state emerges and after a while the network
becomes coherent (Fig. 95d). This control strategy is also effective in networks with smaller oscillator numbers.

Varying the control gains (K; and K;) indeed affects the obtained chimera state. Therefore, finding the range of gains
for the optimum control of the network is necessary [320]. To evaluate the chimera state, the standard deviation of the
mean phase velocity can be used

N N
Ap= |5 D) - 22, 2=2) (o (191)
k=1 k=1

The profile of w in the case of chimera state is arc-like, where arc-part shows the incoherent part, and the flat part
shows the coherent part. Thus, larger A, shows a chimera state and A, = O illustrates the coherent state. Another
measure for the network’s pattern can be the size of the coherent part of chimera. Fig. 96 represents these two measures
by varying the control gains for N = 24 coupled van der Pol oscillators (Eq. (187)). Since the dynamics of the isolated
oscillator affects the control’s results, the analysis has been done on three different oscillator’s dynamics by choosing
e = 0.2, 1,5. The corresponding results are shown in the left, middle, and right panels of Fig. 96, respectively. The
diagrams of A, show that the optimum control is obtained for intermediate values of K;. In contrast, the asymmetric gain
(K,) influences on A, in very small values. As K, increases from a threshold, the network’s behavior remains the same,
and thus, the position control is saturated. The second row of Fig. 96 shows the size of the coherent part corresponding to
parts a-c. Except for very small K; values, with the increment of K;, the size of the coherent part is increased, while A, is
decreased. Therefore, the chimera state with larger A, (higher difference between the mean phase velocities of coherent
and incoherent parts) has a smaller coherent part.

The dynamical regions near the limits K, —> 0 and K, — 0 are different, although having the same colors in the
diagrams of Fig. 96. For K; = 0, the global order parameter is close to one, and the network is completely synchronous.
While in K, = 0, the global order parameter is between zero and one. But due to the high drifting of the incoherent
part, the pattern cannot be named chimera state. In conclusion, tweezer control is an effective tool for the stabilization of
chimera state in the networks especially with a small number of oscillators. Through this method, the stabilized chimera
with the desired coherent size can be attained with proper selection of the control gains. Furthermore, this approach is
applicable for chimera states with multiple incoherent groups.

In many applications of multilayer networks, there is no access to some of the layers. Therefore, finding a mechanism
for controlling the non-accessible layer is essential. Omelchenko et al. [321] presented that the tweezer control scheme
has well performance in multilayer structures, such that by applying the controller on one layer, the other layer is also
controllable. To this aim, they considered a two-layer multiplex network of coupled van der Pol oscillators, where each
layer can be described by Eq. (187). The layers are identical, and the inter-layer coupling is bidirectional and has a constant
value. Then, the tweezer control is only applied to the first layer. The inter-layer coupling strength plays an important
role in the control of the second layer. When the layers are coupled weakly (small inter-layer coupling strength), only the
first layer has a stable chimera state, and the second layer reaches a coherent state. As the inter-layer coupling strength
increases, it allows for the controlled chimera in the second layer. This control scheme is also applicable in networks with
non-identical rings (having different coupling ranges).
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Fig. 96. The standard deviation of the mean phase velocity (first row) and the size of the coherent part of chimera (second row) of the van der Pol
oscillators Eq. (187) by varying the tweezer control gains. The parameters are N =24, R =8, a = 0.02. (a,d) ¢ = 0.2. (be) ¢ = 1. (¢,f) e =5.
Source: Figure reproduced with permission from [320].

6.6. Time-delayed coupling

It has been shown that using the time delay in the coupling can help in controlling the stability of the networks. As well,
the time-delayed coupling can considerably influence the behavior of the network, and also on the lifetime of chimeras.
As mentioned in Section 4, the network of non-locally coupled Stuart-Landau (SL) oscillators exhibits amplitude chimera
and also chimera death in a particular range of parameters. The amplitude chimeras in this network are transient and
change to the coherent states after a specified time. However, using the time delay in the coupling of SL oscillators can
increase the lifetime of amplitude chimera [318]. The network of SL oscillators with time-delayed coupling is as follows

4 = [ +io— |7z
o j+P
+ 55 D [Re(Dlzd)]) — Re(z())], (192)

k=j—P

where D is the delay operator, such that D{[z(t)] = z(t — ) denotes the constant delay, D,[z(t)] = z(t — t(t)) represents
the time-varying delay, and Ds[z(t)] = f0°° G(t")z(t — t’)dt’ shows the distributed delay. The top row in Fig. 97 shows the
lifetime of the amplitude chimera by the variation of the coupling range (P) and the time delay (7). This diagram indicates
that the time delays effect on the chimera’s lifetime in low values of the coupling range significantly. As the coupling range
increases, the time delay effect is decreased. The lifetime of chimera versus time delay for different coupling strengths and
for P =2, P = 3, and P = 4 are illustrated in Fig. 97 bottom row. The increment of the lifetime by increasing time delay
is obvious in these figures. Furthermore, the larger coupling strength results in a longer lifetime. Therefore, the lifetime
of amplitude chimera is controllable by using time delay in the coupling.

The delayed coupling can also change the dynamical pattern of the network and induce other partially coherent
patterns [318]. The observed spatiotemporal patterns include symmetric and asymmetric amplitude chimeras, partial
amplitude chimera, partial oscillation death, and multi-cluster chimeras. Some of the patterns relating to the multi-cluster
amplitude chimeras are shown in Fig. 98. Consequently, by changing the time delay, one can obtain the desired amplitude
chimera pattern. If the constant time delay is changed to the time-varying or distributed ones, the modulation of the
time-varying delay or the type and parameters of the distributed delay can be considered as the control parameters.

The other factor which can control the lifetime of amplitude chimera is the noise [322]. The Stuart-Landau network
with the presence of noise is given by

j+P
4 =f(z)+ 55 Y (Re(zi) — Re(z)) + V2Dg(t). (193)
k=j—P

where &;(t) is additive Gaussian white noise, and D is its intensity.

In the presence of noise, the network still exhibits the amplitude chimera, though with shorter lifetime. The left panel
of Fig. 99 represents the lifetime of amplitude chimera versus the noise intensity for different coupling strengths. The
diagrams are plotted by averaging the results of 50 sets of initial conditions and different noise distributions. It is obvious
that the lifetime decreases linearly with increasing the noise in the logarithmic scale. The relation between the lifetime

99



F. Parastesh, S. Jafari, H. Azarnoush et al. Physics Reports 898 (2021) 1-114

2 6 10 14 18 22 26 30 34 38 42 46

P
5000 T g g 5000 T T g 5000 T
+P=3,0=4 +P=50=4
4000 | 1 4000 | * P=3,0=5 1 4000 |+ P=5.0=5
joes {P=30=6 Jovees + P=50=6 |
M ip= = K Tups e JrEIes)
3000 Hp 3000 P80t 1 3000 - PE80=T ]
& Ay PLEEI IS & A ) s
b2 f g . v - pads et Tiraaghary oS watttls
2000 | £3 L - 2000 bt .j 2000 R ;,nnu}
S s 237 spuensns 7
2* A eeE 7 PO TR :.“..“.u”' :
1000 ¢ 4 aafie¥ "",..:z:..
O.tﬁ%:-
0 2 4 6 8
7 (delay) 7 (delay) 7 (delay)

Fig. 97. The lifetime of the amplitude chimera in the network of delayed-coupled Stuart-Landau oscillators (Eq. (192)). Top row: The plane of
coupling range (P) and the time delay (t) for o = 5. Bottom row: The lifetime vs. time delay for 0 = 4,5,6,7 and P = 2, 3, 5. The parameters of
the network are A =1, w = 2, N = 100.

Source: Figure reproduced with permission from [318].
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Fig. 98. Some of the multi-cluster amplitude chimeras induced by the delayed coupling in the Stuart-Landau oscillators (Eq. (192)). (a) o = 13,
P=21=n/4.(b)o=14,P=5t1=7/4 (c)o=11,P=2,t=n.(d) o =12, P =517 =m.
Source: Figure reproduced with permission from [318].

and noise intensity can be described by t, = —1 InD + 5, where —1 is the slope of the lines, and 7 is the axis intercept.

In contrast to the noise, the strengthening of thg coupling leads to a‘ﬁ increase of lifetime. Furthermore, the spread of the
lifetimes is less for lower coupling strength and larger noise.

The noise also affects the dynamical regions of the network. In the absence of noise, by varying the coupling strength
and range, the network behavior changes between coherent state and chimera death states with different clusters. When
the noise is added, the regions of these behaviors are affected. However, the noise does not influence on the borders of
the different cluster chimera death states. But the border between the synchronous state and the chimera death states
depends on the noise intensity, such that it is moved toward higher coupling strength as the noise increases. The borders
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Fig. 99. Left panel: The amplitude chimera’s lifetime vs. the intensity of the noise in the logarithmic scale for o = 6, 9, 20. The results of 50 different
initial conditions have been averaged. The inset shows the slope vs. the coupling strength. The parameters of the network are A = 1, w = 2, N = 100,
P = 4. Right panel: The borders between the synchronous oscillations (SYNC) and the chimera death states (CD) for different noise intensities (D)
in the (P, o) plane.

Source: Figure reproduced with permission from [322].
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Fig. 100. Dynamical regions of the noisy FHN network with delayed feedback according to the noise intensity (D). the yellow, pink and hatching
regions show the steady-state, incoherence and coherence-resonance chimera, respectively. The values of the time delays are (a) t = 9.52, (b) T =6,
(c) T =4.76,(d) t = 1.8, (e) t = 0.8, (f) t = 0. The parameters used for the simulations are N = 500, ¢ = 0.05, a = 1.001, ¢ =7 /2—-0.1,r =0.2,
o =04.

Source: Figure reproduced with permission from [323].

between the coherent oscillations and the chimera death state for different noise intensities are shown in the right panel
of Fig. 99. Thus, the region of the chimera death state is lessened by increasing noise.

Adjusting the time-delay and strength of the feedback in the network of non-locally coupled FHN oscillators with
additive noise can regulate the dynamical regime of the coherence-resonance chimeras [323]. The coherence-resonance
chimera is noise-induced and occurs for certain values of the noise intensity and also the system’s parameters. By applying
the delayed feedback, the ranges of the noise intensity leading to coherence-resonance chimera are modified. An example
of these changes is shown in Fig. 100 for some time delay values and the feedback strength of 0.2. In this diagram, the
steady-state, the incoherent, and the coherence-resonance chimera regions are shown by yellow, pink, and hatching,
respectively. It is observed that by increasing the time delay, the steady-state region is lessened, and the left boundary
of the chimera region is shifted to the lower noise intensities. Thus, the coherence-resonance chimera can be formed
even in the absence of the noise (Fig. 100a,b,c). Furthermore, the right boundary is also changed to either stronger
(Fig. 100b) or weaker noises (Fig. 100a,d,e). If the time delay is set near the intrinsic period of oscillators, the right
boundary does not change (Fig. 100c). Consequently, with the modification of the time-delayed feedback, one can obtain
the coherence-resonance chimera for both cases of no additive noise and strong noise, which were not attained without
delay.

One feature of the coherence-resonance chimera without time delay is the periodic alternation of the coherent and
incoherent domains. Therefore, in each period of the oscillations, the position of the incoherent part on the ring is
changed. Considering the delayed feedback, the period of this alternation is doubled, and the incoherent position alters
after two cycles of spiking. This event is represented in Fig. 101. The chimera pattern, in this case, is called period-two
coherence-resonance chimera.
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Fig. 101. The period-two coherence-resonance chimera in which the alternation of the coherent and incoherent parts occurs with every second
spiking of neurons. (a) The spatiotemporal pattern of the network. (b) The local order parameter.
Source: Figure reproduced with permission from [323].
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Fig. 102. The dynamics of the 3-layer network of FHN oscillators with inter-layer time delay. The left panel shows the time snapshots of the layers,
and the right panel shows the mean phase velocities (blue) together with the inter-layer errors (orange). (a) All layers are synchronous for 7 = 2.4.
(b) The first and third layers are synchronous. Thus, the pattern is relay synchronization for r = 5.5. (c) Only the coherent parts of the chimeras in
the first and third layers are synchronous. Thus, the pattern is a double chimera for r = 0.4.

Source: Figure reproduced with permission from [267].

The time delay can also be used for controlling the coherent regions of chimeras in multilayer networks [267]. In
a multilayer structure, remote or relay synchronization is referred to the synchronization of two layers with indirect
connections. The simple structure which can support this behavior is a three-layer multiplex network wherein the first
and third layers have no direct links and are only connected to the middle layer (relay layer). Considering time delay in
the inter-layer couplings causes the transition of the network’s behavior between different relay synchronization states.
In this regard, Sawicki et al. [267] investigated a 3-layer network of FHN oscillators. They observed that for the inter-layer
time delays near the period of the isolated oscillator (T) and its integer multiples, the layers have complete inter-layer
synchronization. This state is illustrated in Fig. 102a, in which the snapshots of the neurons in three layers and their mean
phase velocities are shown in the left and right panels, respectively. When the time delay is set at half-integer multiples of
T, the relay synchronization is formed, as shown in Fig. 102b. In this case, the first and third layers are synchronized, while
are anti-phase synchronized with the middle layer. For specified time delay values, the coherent parts of the chimera in the
first and third layers are synchronous, while the incoherent parts are not. This state, which is demonstrated in Fig. 102c, is
called partial relay inter-layer synchronization or double chimera. Therefore, proper selection of the inter-layer time delay
leads to obtaining the desired synchronization pattern and also fixing the position of the coherent domain in disconnected
layers.

6.7. Coupling modifications

The modification of the connections of a network acts as a controller for inducing the chimera state from a completely
coherent state and also adjusting the position of the incoherent part of chimera [319]. In comparison to the closed-loop
techniques, this method is open-loop and, thus, is useful when there is restricted access to the system. In a non-local
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Fig. 103. (a,c) Schematic of a non-local network and its corresponding coupling matrix. (b,d) Schematic of a network with one pacemaker oscillator
(the one with unidirectional links) and the corresponding coupling matrix.
Source: Figure reproduced with permission from [319].

ring, this control strategy is applicable through two mechanisms. The first one is to create a pacemaker oscillator in the
network by changing the links of a node to unidirectional ones. Thus, the pacemaker oscillator affects the other nodes
without getting affected by them. The second one is a symmetry-breaking mechanism of connections opposite to the
pacemaker oscillator. The schematic of a network with a pacemaker oscillator is shown in Fig. 103. The non-local network
and its corresponding coupling matrix are shown in Fig. 103a,c. Fig. 103b,d illustrate the network with the pacemaker
oscillator (the first node), which is connected to its nearest-neighbors with unidirectional links.

To investigate the effects of the existence of the pacemaker oscillator on the network’s behavior, a network of
non-locally coupled phase oscillators with the following equation is considered in [319]

. T .
H=ow- 5 ;; G, k) sin(gj(t) — dult) + @), (194)

where the parameters of the oscillators are set at w = 0 and o = 1.46, and G is the coupling matrix. Fig. 104a-c show
three different patterns of this network with non-local coupling, by fixing the total number of the oscillators at N = 35
and the number of nearest-neighbors at 12. In Fig. 1044, a chimera state is formed in which the incoherent part is drifting.
This movement is known as the Brownian motion and occurs typically in small networks. Fig. 104b represents another
chimera state that is not stable and converts to a completely coherent state after a certain time. Finally, in Fig. 104c, the
chimera state is not formed, and the coherence appears shortly. The corresponding high coherence group (HCG) and low
coherence group (LCG) of Fig. 104a-c are demonstrated in the left second panel (Fig. 104d-f).

Next, the connections of the network are changed such that the oscillator =18 acts as a pacemaker oscillator. Therefore,
this node oscillates with a constant frequency as ¢;(t) = —sina and the neighboring nodes are influenced by this
frequency. The results of this case are shown in Fig. 104g-I, with the same initial conditions as in Fig. 104a-c. Fig. 104g
shows that the incoherent part of a chimera is attracted by the pacemaker oscillator, and the drifting is stopped. Fig. 104h
indicates that the existence of the pacemaker oscillator causes the stability of the chimera state, and it is not collapsed
by the synchronous state anymore. Finally, Fig. 104i represents that due to the presence of pacemaker oscillator, the
chimera state is formed from the initial conditions, which led to a synchronous state in the non-local connections. The
patterns in Fig. 104j-1 show the network’s behavior with the conditions when the pacemaker oscillator is triggered on after
150 time-units. To apply fewer changes in the network connections, the pacemaker can also be implemented by fewer
intensities. The pacemaker intensity is defined as the ratio of the cut links to the primary bidirectional links in the non-
local configuration. The pacemaker oscillators with low intensity also lead to the formation of chimera state. Moreover, the
results of the pacemaker oscillators with the intensity equal to 0.5 has very close results to the full pacemaker oscillator.

For the second mechanism, one of the oscillators is selected, and all of its outgoing links are removed. The results have
shown that this mechanism acts the same as the pacemaker oscillator. Thus the symmetry breaking of the coupling can
be considered as another controller for the chimera state.
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Fig. 104. Control of the drift and collapse of chimera state via the pacemaker oscillator. (a-c) Three patterns of the network Eq. (194) with non-local
connections: (a) the incoherent part is drifting, (b) the chimera collapses to the synchronous state, (c) no chimera is formed. (d-f) The corresponding
high coherence group (HCG) and low coherence group (LCG) of parts a-c. (g-i) The network’s behaviors with the same parameters and initial
conditions as parts a-c, when a pacemaker oscillator is implemented in the position i = 18. (j-1) The pacemaker oscillator is implemented after 150
time-units.

Source: Figure reproduced with permission from [319].

6.8. Control of virtual chimeras

The studies have shown a similarity between the behavior of the networks of coupled systems and the time-delayed
systems. Larger et al. [297] showed that the Ikeda time-delayed model exhibits chimera state if its temporal dynamics is
mapped into a virtual space-time description. The temporal dynamics of this model is composed of an alternation of the
regular and chaotic intervals, which is shown in Fig. 105a,b (parts a and b show the numerical and experimental results,
respectively). The system can be virtually converted to the space-time scheme by considering t = t.(n + o), where n
is integer and o < 1 is a real positive number. 7, is introduced as tp(1 + y), where tp is the time delay of the model,
and y is a small value that is obtained such that the virtual space-time patterns are stationary in space o. The obtained
space-time plots that are shown in Fig. 105c,d, demonstrate a chimera-like behavior.

The virtual chimera state can be controlled with an external periodic forcing [324]. A time-delay system similar to the
Ikeda model with negative time-delayed feedback is as follows

ex = —y — gx — f(x(t — 1)),

y=x-=5(),
_ Xx(t—1)
f&(t =)= Zm (195)
—myy, <0
S(y) = { 1, Yy
—myy, y=>0,

where t is the time delay, and ¢, g, a, b, m;, m, are constant positive parameters. This system is able to exhibit the same
temporal dynamics as the Ikeda model shown in Fig. 105a. Therefore, the chimera state is obtained by implementing the
virtual space-time plots.

Next, an external force with amplitude A and frequency fex is applied to the time-delayed system. The influence of the
external force parameters on the space-time pattern is shown in Fig. 106a. For the small amplitudes, the chimera state
is destroyed (shown by point 1 in the figure), except for fe, = 1/19 which leads to appearance of the chimera. Near the
frequency f.xx = 1/1n0, the chimera state is observed for large amplitudes (shown by point 2 in the figure). But in this
case, the period of the variations of the regular and chaotic intervals in the temporal dynamics is changed from n = g
to § = 1/fexe. The chimera domains in the parameter plane are similar to the Arnold tongues, where within the tongues,
the chimeras emerge and outside the tongues are suppressed as a result of the elimination of regular dynamics in the
system’s time series. In the subsequent tongues, the chimeras with multiple clusters are formed (shown by point 3 in the
figure). For the frequency of the force equal to f.x = k/no, the number of the clusters is k = nfey. Fig. 106b,c show the
multi-chimera states for k = 4 and k = 5. In the outside of the tongues, the chimera can be induced by adding a white
Gaussian noise with specific noise intensity to the force amplitude.
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Fig. 105. The behavior of the Ikeda time-delayed model. (a) The numerically obtained time series. (b) The experimentally obtained time series. (c,d)
The virtual chimera state obtained by constructing the space-time plots from numerical (c) and experimental (d) time series.
Source: Figure reproduced with permission from [297].
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Fig. 106. (a) The regions of the virtual chimera in the plane of external force amplitude and frequency. The space-time plots in different domains
are shown in the insets. (b) The four-cluster chimera state for A = 0.008 and fe = 4/mo. (c) The five-cluster chimera state for A = 0.008 and
fext = 5/n0. The other parameters are ¢ = 0.005, g = 0.1, a =200, b =0.2, m; =7, my = 1, T = 200, 19 = 200.202.

Source: Figure reproduced with permission from [324].

7. Summary

We have presented a systematic review of the chimera state in dynamical networks to understand this peculiar
collective behavior in complex systems. In general, it can be said that oscillators’ collective behaviors have always been
of interest to researchers. However, as a special case in which one or some clusters of oscillators oscillate synchronously
and the others asynchronously, the chimera state has received particular attention in recent years. In the Introduction,
we have described the definition of coupled oscillators network, the chimera state, the history of its foundation, and why
it was discovered so late. We have also outlined different types of synchrony in coherent clusters, which are useful for
categorizing different types of chimera.

In Section 2, we have first studied the chimera phenomenon in phase oscillators. The reason is that the first observation
of the chimera state was in coupled phase oscillators, which have various applications in different fields. Since the
oscillators of a network in the real world are never entirely homogeneous, and there are some differences between them,
to provide a more realistic model, various heterogeneities, for example, in phase lags or frequencies of the oscillators, have
been considered in some simulations. The effects of changing coupling strength and scheme on the network behavior have
also been studied. Then, we brought a review of mechanical, chemical, and optical dynamical systems that the chimera
state has been observed in them. The first observation of the chimera in experiments refers to a mechanical network
of coupled metronomes. Many interesting phenomena, such as the chimera state, have been observed in this network
by varying the spring strengths. In continuation, we have discussed the existence of the chimera state in discrete-time
systems (Map lattices). At the end of Section 2, we have emphasized the neuronal networks and the importance of the
chimera in healthy and unhealthy modes.

In Section 3, we have introduced the chimera states’ mathematics and investigated the theoretical and mathematical
methods used for stability analysis of phase oscillators and characterizing chimeras in dynamical systems. The continuum
limit and Ott-Antonsen approach are used as the reduction methods for invariant manifolds when the system’s steady-
state dynamics are more critical than the transient dynamics. These methods have been used for analyzing the stability
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of the chimera states. The stability analysis has also been done considering different factors, such as the heterogeneity,
which were discussed briefly. In the last part of this section, we investigated the indexes and indicators for chimera
measurements in time and phase space.

We evaluated and described different types of chimera by looking at various oscillatory systems in Section 4. One
of the essential factors for classifying chimera is the stationarity in time. Commonly, the chimera states have static
coherent, and incoherent clusters in time. But in some cases, the position of these two domains may vary in time, which
is called as the “breathing chimera” in general. In special cases, if the coherent and incoherent groups change their spatial
position alternatively in time, it is named as “alternating chimera” state. While if the chimera’s coherent group moves
in time with a constant speed, it will be referred to as “traveling chimera”. Moreover, the chimera studies’ extension
to various dynamical systems led to the foundation of other chimera types, such as the “amplitude mediated chimera”
and “amplitude chimera”. In these chimera states, the amplitude has more significance than the phase. Other chimera
types are “chimera death”, “imperfect chimera”, and “spiral wave chimera” that were described by details at the end of
Section 4.

In the continuation, we have then described a critical factor on the collective behavior of oscillators in Section 5.
Network topology and coupling scheme are influential features in network behavior that their impact cannot be ignored in
any way. We first reviewed different structures that the chimera state has been observed in them, including two and three
dimensions, multilayered and complex network structures. Then we focused on the effect of various coupling schemes
on the chimera state, which include global coupling, local coupling, time-varying coupling, and hierarchical connection.
Lastly, in Section 6, we discussed the existing techniques for controlling chimeras. These controlling methods have been
presented with different purposes, including controlling the existence and lifetime of chimera, determining the position
of clusters, and preventing the drifting.

8. Future research and outlook

The discovery and study of dynamical systems have brought about dramatic changes in the modeling and predicting
nature’s behavior in recent years. These new insights had significant effects on various majors, including physics,
chemistry, medicine, mechanics, optics, biology, etc. However, the investigation of a single element can never give
comprehensive information about the entire system’s behavior. Therefore, the study of collective behaviors seems
necessary. The chimera state is one of the particular interesting collective behaviors observed in many natural systems,
and there are still many unknowns about this phenomenon. It seems that further understanding of this phenomenon
requires more experiments in natural systems to obtain more information about the transient time of the system before
the chimera phenomenon and also the behavior of synchronous and asynchronous groups during the occurrence of the
chimera state. For example, the available laboratory data on chimera related brain diseases are insufficient. Thus, it cannot
be used to extract a comprehensive model for neurons’ behavior during the disease. For this issue, the chimera state in
neuronal networks should be depicted in the microscopic view to be able to make a fantastic process on the exploration
of chimera related diseases.

It can be said that there is not yet a unit mathematical definition that can cover all types of chimeras and determine
the possibility of occurrence of this behavior in a network before performing numerical calculations. While this review
can be considered a modest step in the clearance of this particular state’s mathematics, it likely still looks like there are
many questions in this area with no answer for them. Although the chimera’s stability has been discussed in some studies,
the proposed analytical methods are exclusive to phase oscillators and in the continuum limit. Therefore, no analytical
method has been presented to study the chimera in other dynamical systems, so far. Besides, some techniques similar
to those used to evaluate the synchronization’s stability, such as the master stability function (MSF), which determines
the requisites for the stable synchronous manifold, are not provided for the chimera state. In general, there are not many
theoretical studies on the emergence and stability of the chimera state. Thus, it is expected to have extensive research in
this field and find sufficient and necessary conditions for the chimera’s appearance.

One of the other non-complete subjects in chimera studies is the network structure. Over time, the scientists have
turned their attention to more complex and realistic systems. This issue has also been in consideration of chimera
researchers during recent years. However, there is still a long way from real networks that have adaptation, coevolution,
and self-organization. Considering any of these features in the investigations is a step in bringing the scientific studies
closer to reality.

In terms of controlling the chimera state, all of the proposed control methods have been investigated only in networks
with non-local interactions, and it is necessary to study other structures as well. More precisely, all the practical factors
on the system'’s behavior, including network topology and scheme, initial conditions, bifurcation parameters, etc., need
to be considered to develop controlling methods for the chimera state. Furthermore, there is no actual evidence for the
applicability of the current theoretical methods. The presented techniques have only been investigated in theoretical and
mathematical models. Thus, verifying these methods’ performance in natural and biological systems is a fundamental
problem that should be noticed in future research. Proper operation of control methods can have significant effects in the
neuroscience field in the direction of treating or controlling patients with epilepsy, Parkinson’s, schizophrenia, etc.
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