royalsocietypublishing.org/journal/rspa

Research
Cite this article: Fang Y, Benko TP, Perc M,
Xu H, Tan Q. 2019 Synergistic third-party
rewarding and punishment in the public
goods game. Proc. R. Soc. A 475: 20190349.
http://dx.doi.org/10.1098/rspa.2019.0349
Received: 4 June 2019
Accepted: 18 June 2019

Synergistic third-party
rewarding and punishment
in the public goods game
Yinhai Fang1 , Tina P. Benko2 , Matjaž Perc2,3 ,
Haiyan Xu1 and Qingmei Tan1
1 College of Economics and Management, Nanjing University of

Aeronautics and Astronautics, Nanjing 211100, People’s Republic
of China
2 Faculty of Natural Sciences and Mathematics, University of
Maribor, Koroška cesta 160, 2000 Maribor, Slovenia
3 Complexity Science Hub Vienna, Josefstädterstraße 39,
1080 Vienna, Austria
MP, 0000-0002-3087-541X

Subject Areas:
complexity, applied mathematics
Keywords:
public goods, evolutionary game theory,
cooperation, punishment, reward, complex
system
Authors for correspondence:
Matjaž Perc
e-mail: matjaz.perc@gmail.com
Haiyan Xu
e-mail: xuhaiyan@nuaa.edu.cn

We study the evolution of cooperation in the
spatial public goods game in the presence of
third-party rewarding and punishment. The third
party executes public intervention, punishing groups
where cooperation is weak and rewarding groups
where cooperation is strong. We consider four
different scenarios to determine what works best
for cooperation, in particular, neither rewarding nor
punishment, only rewarding, only punishment or
both rewarding and punishment. We observe strong
synergistic effects when rewarding and punishment
are simultaneously applied, which are absent if
neither of the two incentives or just each individual
incentive is applied by the third party. We find that
public cooperation can be sustained at comparatively
low third-party costs under adverse conditions, which
is impossible if just positive or negative incentives
are applied. We also examine the impact of defection
tolerance and application frequency, showing that the
higher the tolerance and the frequency of rewarding
and punishment, the more cooperation thrives. Phase
diagrams and characteristic spatial distributions of
strategies are presented to corroborate these results,
which will hopefully prove useful for more efficient
public policies in support of cooperation in social
dilemmas.
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1. Introduction

In our model, individuals are randomly arrayed on a square lattice of size L × L with periodic
boundary conditions. Each player has G − 1 direct neighbours and participates in G = 5 public
goods games. At first, every individual is designed as a cooperator (si = C) or a defector (si = D)
with equal opportunity. Cooperators need to pay the same cost (c = 1) to the common pool,
while defectors contribute nothing. Nc is the number of cooperators in the game, and the final
contribution in the group needs to multiply the enhancement factor R (R ∈ [1, G]). In addition
to cooperators and defectors who directly involved in the game, we introduce a third party
to punish or reward the behaviour in the game. The total resource in the pool is the sum of
final contributions from players and the rewards or punishment from the third party, and then
distributes equally in the group regardless of the individual’s specific strategy. Therefore, the
g
player i obtains pay-off Pi from a group g expressed by the following mathematical formula:
⎧
R × Nc × (1 + Πg )
⎪
⎪
⎨
− 1 if Si = C
g
G
.
(2.1)
Pi =
R × Nc × (1 + Πg )
⎪
⎪
⎩
if Si = D
G

...........................................................

2. Spatial public goods game with the synergy effect of punishment and reward
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Cooperation is an ubiquitous phenomenon in social and biological communities [1–10]. However,
individuals driven by selfishness to obtain higher personal pay-offs often defect, which can
seriously undermine the level of cooperation and ultimately lead to the so-called tragedy of the
commons [11]. For example, the emergence of climate warming [12], acid rain [13], ozone hole
[14], soil erosion [15], excessive or suboptimal use of antibiotics [16] and imperfect vaccination
plans [17], can all to various degrees be linked to cooperation and pose threats to the survival and
development of humankind in the foreseeable future.
Theoretical and experimental studies have proposed effective approaches to alleviate the
decline of cooperation in repeated interactions [18–25]. Researchers have considered various
mechanisms, such as network reciprocity [19,26–34], tit-for-tat [35,36], reputation [37–39],
extortion [40–43], migration [44–49] and diversity [50–55], to mention just some.
In parallel, rewarding for prosocial actions [56–62] and punishment of defection [63–71] have
also been considered prominently, and have been proven to be to some degree effective in
promoting cooperation. The drawback of punishment and reward, however, is that they are both
costly actions, which will lead to the emergence of second-order free-riders, referring to players
who choose to contribute to cooperation but abstain from punishing or rewarding others [72–77].
Recent research has shown, for example, that second-order free-riding on antisocial actions, so
punishment aimed at cooperators or rewarding aimed at defectors, might restore the effectiveness
of prosocial actions [78]. Sharing the efforts of costly actions, such as punishment [75], or allowing
for adaptation and self-organization instead of constant adherence to costly actions [58,79] has in
theory also proven to be effective towards resolving the second-order free-riding problem.
Traditionally, punishment and reward have been assumed to emerge from the behaviour
of players within the game and were usually studied separately. However, in more realistic
scenarios, punishment and reward are usually carried out simultaneously. Here, we expand
the scope of punishment and reward rules in the public goods game by thus considering
them as potentially concurrent actions, but conducted by a third party. In particular, we
introduce a threshold parameter to decide whether to punish or reward, and the intensity factor
that determines the strength of punishment and/or reward during each game. Moreover, we
also examine the influence of the frequency of punishment and reward on the evolution of
cooperation.
The remainder of this paper is arranged as follows. Section 2 provides a description of the
spatial public goods game with third-party punishment and reward. The results are presented in
§3, whereas the last section summarizes our main conclusions.

2

Since each player participates in five (G = 5) public goods games, accordingly, the total pay
g
off is Pi = g∈G Pi . And then, individual i will imitate the strategy of individual j with the
probability as follows:
1
,
(2.3)
W(Si ← Sj ) =
1 + exp[(Pi − Pj )/K]
where K portrays the noise introduced to permit irrational choices. We set the noise level to be
K = 0.5 according to many previous studies [9,80,81].
The numerical results of Monte Carlo simulations are obtained on 200 × 200 to 800 × 800
periodical boundary square lattice. There are L × L games during one full Monte Carlo step (MCS)
to make sure each player has a chance to conduct a game in one MCS. The key quantity of the
cooperation (ρc ) is got on the steady state. Furthermore, each data are obtained by the averaging
over 10 different realizations in order to ensure suitable accuracy.

3. Results
Before presenting the main results of the synergy effect of punishment and reward on the
cooperation, we first compare the evolution of cooperation in four different situations: neither
punishment nor reward (default case), only punishment, only reward, punishment and reward. In
figure 1a, the presented results indicate that the fraction of cooperators declines rapidly during the
early evolution (i.e. MCS ≤ 10), when the third party does nothing or only adopts a punishment
mechanism. To the opposite, with the intervention of only reward or punishment and reward,
the system tends to be an all-C state. In addition, figure 1b shows the variance of third-party
intervention costs in the four scenarios mentioned above. The third-party costs nothing in the
default case and can have a little income in the punishment only case. The cost of only reward
intervention is the highest, but the positive effect on cooperation is almost identical to the
punishment and reward intervention. These results thus propose that, with the same cost, the
synergy effect of punishment and reward has the strongest positive impact on the evolution of
cooperation.
Next, we will further analyse the synergy effect of punishment and reward on the cooperation
under different values of the threshold of punishment and reward (β = 1, 2, 3 and 4) with the
low- and high-intensity factor (α = 0.1 and 0.2). As depicted in figure 2, at first glance, we find
a general rule that the smaller value of β, the lesser value of R is required for the system to get
rid of the all-D state no matter the intensity factor is high or low. Also, it is clear to be observed
that the positive influence decreases as β increases. Notably, we heed that ρc is strongly affected
by the intensity factor as it shows that ρc has a big boost as α increases. For example, by fixing
R = 2.05 and β = 1, the ρc can be improved from 0 to 83.9% when the value of α jumps from 0.1
to 0.2. Moreover, as the value of α increases, the changes in the fractions of cooperation are more
sensitive to R (i.e. we fix β = 2, the ρc increases from 0 to 100% in the range R ∈ [2.72, 3.50] with
α = 0.1, and in the range R ∈ [2.18, 2.51] with α = 0.2), as we can see in figure 2a,b. The similar
conclusions we can draw from scenarios of other different values of L and β, which means that
the conclusions mentioned above are robust in populations with different sizes.

...........................................................
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Here, Πg represents the synergy effect of reward and punishment with the consideration of the
intensity factor (α) and the threshold of punishment and reward (β) in our model. The individuals
in the group will get punishment when the number of cooperators (Nc ) in the group satisfies
Nc < β. By contrast, individuals will receive rewards. The strength of reward or punishment will
become stronger as the gap between Nc and β becomes wider. Intensity factor reflects the maximal
possible strength of punishment (−α) and reward (α). Also, parameter τ is granted to indicate the
time interval for the third party to take punishments and rewards, and ti represents the successive
steps of evolution. The synergy effect can be calculated as below:
⎧
⎨α × (Nc − β) if t %τ = 0
i
.
(2.2)
Πg =
G
⎩0
if t %τ = 0
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Figure 1. (a) The time evolution of the cooperation level among the populations, and panel (b) depicts the cost level of the
third party in four different cases including the normal spatial public goods game without punishment or reward (black solid
line), only punishment (red dashed line), only reward (blue dotted line), punishment and reward (olive dash-dotted line). The
result is acquired with the combination of α = 0.1, β = 2.5 and R = 3.5. (Online version in colour.)
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Figure 2. Fractions of cooperation (ρc ) as a function of enhancement factor (R) in the stationary state. Four different values of
the threshold of reward and punishment (β) are considered in each panel. β = 1 (black solid line), β = 2 (red dashed line),
β = 3 (blue dotted line), β = 4 (olive dash-dotted line). (a) and (b) are obtained by α = 0.1 and α = 0.2, respectively.
(Online version in colour.)
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Figure 3. (a,b) Full R − β phase diagram obtained for α = 0.1 and α = 0.2, respectively. Different phases are denoted by
the symbols of the strategies that survive in the final strategy distribution. In detail, C denotes full cooperators, D denotes full
defectors and C + D denotes the coexistence of cooperators and defectors. (Online version in colour.)
Then we depict the R − β phase diagrams to explore the behaviour of cooperation in
dependence on the synergy effect of punishment and reward in figure 3. The area of each panel
in figure 3 is evidently divided into three different phases as C, D and C + D, which represent
that the system is full of cooperators, defectors and the coexistence of cooperators and defectors
among the population, respectively. As a prominent feature, both C ↔ C + D and C + D ↔ D
transition lines are increasing towards the large R limit. The spaces of C + D and D shrink while
C phase is widely enlarged with the increase of α from 0.1 to 0.2. It means that the growth of α
can control the spread of defection. The third party can choose the appropriate β and α in the
scenarios with different R according to this graph.
To further investigate the mechanism of the effect of β on the evolution of cooperation, we
show the snapshots of strategy distribution at different time steps in figure 4. β = 3.2, β = 2.8
and β = 2.0 are presented from the top to bottom, respectively. The first column represents a
random initial state, where cooperators and defectors are randomly arranged across the network.
As shown in the first row of figure 4, due to the large value of β (β = 3.2), the third party has
a low tolerance for the poor behaviour of the group. Plenty of defector clusters are formed in a
rush during the first five MCS steps. The collaborators are surrounded by defector clusters and
eventually disappeared over time. As the decrease of β in the second row of figure 4, the third
party has a middle tolerance for the poor behaviour of the group cooperation. The evolution
pattern of strategy distribution changes radically, which can be divided into two periods when
β = 2.8. Similar to the situations mentioned in the first row, the defector clusters are grown quickly
and the cooperators are largely eliminated. However, because of the increase of tolerance, defector
clusters could not prevent the formation of cooperator clusters. It is clear that several cooperator
clusters have been formed when MCS = 100. Therefore, the evolution direction of the entire
system has been changed, and the collaborators dominate the entire network at the steady state.
In the third row of figure 4, collaborators also experience a process of rapid decline at first, and
then many cooperator clusters are formed. Compared with β = 2.8, the cooperator clusters are
obviously more when β = 2.0 at MCS = 100. In the end, the defectors fall victim to the invasion of
cooperators, and thus cooperators rise to complete dominance. The comparison of different value
of β illustrates that the synergy effect of punishment and reward on cooperation is significantly
advanced with the decrease of β.
In order to explore the robustness of our conclusions obtained above, we introduce time
interval of punishment and reward (τ = 2, 3, 4, 5) during the evolution process as represented
in figures 5 and 6. In general, we find that τ has a noticeable effect on the synergy effect of
punishment and reward in different scenarios. Longtime intervals will reduce the synergy effect
of punishment and reward on cooperation. For example, from the diagram presented in figure 5a,
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Figure 4. Snapshots of typical distributions of cooperators (red) and defectors (blue) with the synergy effect of punishment
and reward at different Monte Carlo time. From the top to bottom, β = 3.2, β = 2.8 and β = 2.0, respectively. All the results
are obtained with the combination of α = 0.2 and R = 2.5. (Online version in colour.)
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Figure 5. Fractions of cooperation in the dependence of R and different time interval of punishment and reward (τ ) with the
consideration of the different value of β. τ = 2 (black solid line), τ = 2 (red dashed line), τ = 3 (blue dotted line), τ = 4
(olive dash-dotted line). (a–d) are obtained by β = 1, β = 2, β = 3 and β = 4 with α = 0.1, respectively. (Online version
in colour.)

we can see that the system changes from all-D to C + D when R = 3.23 with τ = 2, instead of
R = 3.42 with τ = 3. On the other hand, the coexistence state ends up with all-C when R = 4.18
with τ = 2, instead of R = 4.52 with τ = 3. However, the curves become denser as τ increases,
which means that the differences of the synergy effect of punishment and reward become narrow.
Accordingly, the effect of τ on the evolution process becomes weak as τ increases.
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line), τ = 4 (olive dash-dotted line). (a–d) are obtained by α = 0.05, α = 0.10, α = 0.15 and α = 0.20 with β = 2.8,
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Figure 5 supports that our conclusion is robust for the varying β after considering the time
interval. The patterns in figure 5a–d are similar, and the uprise of β harms the cooperation
regardless of τ . In detail, τ cannot change the attributes of the effect of β on cooperation but
merely influence the magnitude of this effect. Unlike the case of figure 5, it is interesting to note
that the curves in figure 6a–d become more and more sparse as α increases, which means the effect
of the time interval on the cooperative process increases as α increases. From the perspective of
α, it is found that a larger α contributes to the emergence of cooperation as mentioned above
in figure 3. Furthermore, simulations performed on the network of a various number of players
reveal that the effect of time interval on cooperation is similar regardless of network size.

4. Conclusion
Inspired by the second-order free-riders of the traditional punishment or reward mechanism
in the spatial public goods game, we considered the punishment and reward under the same
framework by introducing a third party besides cooperator and defector, and constructed a
mathematical model based on public goods game. The threshold parameter of punishment and
reward (β) is used to control when to punish or reward. At the same time, it can reflect the
tolerance of group defection. While a smaller β value has the greater positive influence on
cooperation, large β value can also promote cooperation. For example, cooperators can survive
only if R > 3.74 and all-C appears for R > 5.49 in the default case, while cooperators survive if
R > 3.48 and all-C occurs for R > 4.62 when β = 4 with the synergy effect of punishment and
reward. On the other hand, the intensity factor (α) also has a visible effect on cooperation. The
synergy effect becomes more significant as α increases, which is more conducive to the emergence
of cooperation. In addition, we find that the time interval of punishment and reward (τ ) also
influences the cooperative evolution. Essentially, it is easier to promote cooperation when the
intervention of punishment and reward is implemented more frequently. We hope these results
can help public administrations design more effective policies and inspire more studies towards
resolving social dilemmas.
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