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 a b s t r a c t

Dengue fever is a mosquito-borne viral disease that continues to pose a substantial public health 
burden in tropical and subtropical regions. Although most existing studies are based on determin-
istic formulations, environmental variability and behavioral responses can significantly influence 
transmission dynamics. In this work, we formulate and analyze a stochastic dengue transmission 
model that incorporates media-driven awareness, nonlinear treatment responses, and environ-
mental noise. The stochastic system is shown to be well posed by establishing the existence, 
uniqueness, and positivity of global solutions. The model parameters are estimated by calibrat-
ing the deterministic counterpart of the stochastic system against the reported data on dengue 
incidence, demonstrating good agreement between simulations and observations. The basic re-
production number is derived and sensitivity of the parameters is assessed using partial rank 
correlation coefficients under uncertainty to identify key drivers of transmission. Analytical con-
ditions for noise-induced disease extinction are obtained, revealing that sufficiently strong envi-
ronmental fluctuations can suppress endemic persistence. The impact of varying noise intensities 
on long-term dynamics is further characterized. Finally, we develop a stochastic optimal control 
framework that integrates awareness-based prevention and treatment interventions, providing a 
theoretical basis for evaluating control strategies under environmental uncertainty.

1.  Introduction

Being a vector borne viral disease, dengue is transmitted primarily by the Aedes aegypti mosquito, caused by four antigenically 
distinct serotypes of the dengue virus (DENV-1 to DENV-4). According to the WHO, reports indicate record-breaking cases exceeding 
7.6 million in 2024, reflecting an alarming eight-fold increase since 2000 [1]. The expansion of the disease is triggered by climate 
change that extends the habitats of Aedes mosquitoes, rapid urbanization, and the complex interaction of four distinct antigenically 
and immunologically serotypes that exhibit antibody-dependent enhancement (ADE) - where secondary heterotypic infections often 
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\begin {equation}\begin {aligned}\label {equ2.1} dS_h &= \Bigg [A_h - \alpha \left (\beta - \frac {\beta _1 \eta }{\beta _2 +\eta }\right ) S_h I_m - d_h S_h \Bigg ]dt + \sigma _1 S_h dW_1,\\ dI_h &= \Bigg [\alpha \left (\beta - \frac {\beta _1 \eta }{\beta _2 + \eta }\right ) S_h I_m - r_h I_h - \frac {a I_h^2}{b I_h^2 + c I_h + 1} - d I_h - d_h I_h \Bigg ]dt + \sigma _2 I_h dW_2,\\ dR_h &= \Bigg [r_h I_h + \frac {a I_h^2}{b I_h^2 + c I_h + 1} - d_h R_h \Bigg ]dt + \sigma _3 R_h dW_3,\\ dS_m &= \Bigg [\delta \left (1 - \frac {S_m + I_m}{K}\right )(S_m + I_m) - \alpha \beta _m S_m I_h - d_m S_m \Bigg ]dt + \sigma _4 S_m dW_4,\\ dI_m &= \Bigg [\alpha \beta _m S_m I_h - d_m I_m \Bigg ]dt + \sigma _5 I_m dW_5. \end {aligned}\end {equation}
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\begin {equation}u_1^*=\min \left \{\max \left \{\left (\frac {{\beta _2}^3}{27}+\frac {C_4}{2}+\sqrt {\frac {{\beta _2}^3 C_4}{27}+\frac {C_4 ^2}{4}} \right )^{\frac {1}{3}}+ \left (\frac {{\beta _2}^3}{27}+\frac {C_4}{2}-\sqrt {\frac {{\beta _2}^3 C_4}{27}+\frac {C_4 ^2}{4}}\right )^{\frac {1}{3}}-\frac {2\beta _2}{3},0\right \},1\right \} \label {Xeqn12-12}\end {equation}


$C_4=\displaystyle \frac {\alpha \beta _1 \beta _2 (e_2-e_1)}{2B_0 (S_h+I_h+R_h)}$


\begin {equation}u_2^*=\min \left \{\max \left \{\frac {(e_2 -e_3) {I_h}^2}{2B_1(b {I_h}^2+cI_h+1)},0\right \},1\right \}. \label {Xeqn13-13}\end {equation}


$N=10000$


$t_f=85$


$\{ A_h = 10, \; \eta = 0.55,\; a=0.6,\;b = 0.2,\; c = 0.1,\;d = 0.269,\; \delta = 0.79,\; \beta _m = 0.2\}$


$\Sigma _1 =\{\sigma _1 = 0.23,\; \sigma _2 = 0.43,\; \sigma _3 = 0.23,\; \sigma _4 = 0.15,\; \sigma _5 = 0.43\}$


$S_h(0)=500,\; I_h(0)=200,\; R_h(0)=10,\; S_m(0)=1000,\; I_m(0)=100$


$\Sigma _1$


$R_0>1$


$u_1=0,\; u_2=0$


$u_1$


$u_2$


$u_1$


$u_2$


$u_2$


$u_1$


$u_2$


$u_1$


$u_2$


$u_1$


$u_2$


$u_1$


$u_1$


$u_2$


$R_0$


$A_h$


$\alpha $


$\beta , \beta _m$


$\delta $


$K$


$d_m$


$\eta $


$R_0^h<1$


$R_0^m<1$


$R_0>1$


$u_1$


$u_2$


$R_0$


$I_h = I_m = 0$


$E_0=\Big (S_h^0,\; I_h^0,\; R_h^0,\; S_m^0,\; I_m^0\Big )=\left (\displaystyle \frac {A_h}{d_h},\;0, \; 0,\; K\left (1-\frac {d_m}{\delta }\right ),\;0\right )$


$\delta >d_m$


$R_0$


$R_0$


$R_0>1$


$R_0<1$


$R_0$


$R_0$


$\displaystyle \frac {dX}{dt}=\mathcal {(F-V)}$


$\mathbf {X} = \left [I_h, I_m\right ]^{\mathrm {T}}$


$\mathcal {F}=\begin {bmatrix} \displaystyle \alpha \left (\beta -\frac {\beta _1 \eta } {\beta _2+\eta }\right ) S_hI_m\\ \displaystyle \alpha \beta _m S_mI_h \end {bmatrix}$


$\mathcal {V}=\begin {bmatrix} \displaystyle (r_h+d+d_h)I_h+\frac {aI_h^2}{(bI_h^2+cI_h+1)}\\ \displaystyle d_mI_m \end {bmatrix}$


$F = \left [ \frac {\partial \mathcal {F}_i}{\partial X_j} \right ]$


$V = \left [ \frac {\partial \mathcal {V}_i}{\partial X_j} \right ]$


$E_0$


$F=\begin {bmatrix} 0~~&~~\alpha \left (\beta -\frac {\beta _1 \eta }{\beta _2+\eta } \right ) S_h^0\\ \alpha \beta _m S_m^0~~&~~0 \end {bmatrix},$


$V=\begin {bmatrix} (r_h+d+d_h)~~&~~0\\ 0~~&~~d_m \end {bmatrix}$


$FV^{-1}$


\begin {equation}\begin {aligned}\label {equ:3.2} R_0=\sqrt {\displaystyle \frac {\alpha ^2 A_h\beta _m K(\delta -d_m)\left (\beta -\displaystyle \frac {\beta _1 \eta }{\beta _2+\eta }\right )}{d_m d_h \delta (r_h+d+d_h)}}. \end {aligned}\end {equation}


$R_0$


$E_1=\Big (S_h^*,\; I_h^*,\; R_h^*,\; S_m^*,\; I_m^*\Big )$


$I_h^*>0$


$I_m^*>0$


\begin {equation*}\begin {aligned} S_h^*&=\displaystyle \frac {\delta \left (r_h+d+d_h+\frac {aI_h^*}{bI_h^*{^2}+cI_h^*+1}\right )(\alpha \beta _m I_h^* + d_m)}{\alpha ^2~K \beta _m \left (\beta -\frac {\beta _1 \eta }{\beta _2+\eta }\right ) \left (\delta -d_m\right )}, \; R_h^*=\frac {1}{d_h}\left (r_hI_h^*+\frac {aI_h^*{^2}}{bI_h^*{^2}+cI_h^*+1}\right )\\ S_m^*&=\displaystyle \frac {K d_m}{\delta }\left (\frac {\delta -d_m}{\alpha \beta _m I_h^* + d_m}\right ), \; I_m^*=\displaystyle \frac {K \alpha \beta _m I_h^*}{\delta }\left (\frac {\delta -d_m}{\alpha \beta _m I_h^* + d_m}\right ).\\\\ \end {aligned}\end {equation*}


$\dot {S_h}$


$I_h^*$


\begin {equation}\label {equ:3.3} \begin {aligned} A_h-\left (r_h+d+d_h+\frac {aI_h^*}{bI_h^*{^2}+cI_h^*+1}\right )\left (I_h^*+\frac {\delta d_h \alpha \beta _m I_h^*+\delta d_h d_m}{K\alpha ^2 \beta _e \beta _m(\delta -d_m)}\right )=0 \end {aligned}\end {equation}


$f : [0, \infty ) \to \mathbb {R}$


\begin {equation}\label {equ:3.4} f(I_h)=A_h-\left (r_h+d+d_h+\frac {aI_h}{bI_h{^2}+cI_h+1}\right )\left (I_h+\frac {\delta d_h \alpha \beta _m I_h+\delta d_h d_m}{K\alpha ^2 \beta _e \beta _m(\delta -d_m)}\right )\end {equation}


\begin {equation*}\begin {aligned} \lim _{ I_h \to 0} f(I_h) & =A_h-\frac {\delta d_h d_m(r_h+d+d_h)}{K\alpha ^2 \beta _e\beta _m(\delta -d_m)}=A_h \left (1-\frac {1}{R_0^2}\right )>0,~~~~~~~\text {for}~~~R_0>1.\\ \lim _{ I_h \to \infty } f(I_h) &= -\infty . \end {aligned}\end {equation*}


$f(I_h)$


$I_h^*$


$f(I_h^*) = 0$


$I_h^* > 0$


$S_h^*,\; R_h^*,\;S_m^*$


$I_m^*$


$R_0 > 1$


$I_h^* > 0$


$V_1 \colon \mathbb {R}^5_+ \to \mathbb {R}_+$


\begin {equation}\label {equ:6.1} \begin {aligned} \displaystyle V_1\Big (S_h,I_h,R_h,S_m,I_m\Big )=\frac {1}{2}\left (S_h-S_h^0\right )^2+I_h+R_h+\frac {1}{2}\left (S_m-S_m^0\right )^2+I_m \end {aligned}\end {equation}


$V_1$


\begin {equation}\label {equ:6.2} \begin {aligned} dV_1\Big (S_h,I_h,R_h,S_m,I_m\Big )=&\,LV_1\Big (S_h,I_h,R_h,S_m,I_m\Big )dt+\sigma _1S_h\Big (S_h-S_h^0\Big )dW_1+\sigma _2I_hdW_2+\sigma _3R_hdW_3\\ & +\sigma _4S_m\Big (S_m-S_m^0\Big )dW_4+\sigma _5I_mdW_5 \end {aligned}\end {equation}


\begin {equation}\label {equ:6.3} \begin {aligned} LV_1&=\Bigg [\Big (S_h-S_h^0\Big )\Big (A_h-\alpha \beta _e S_hI_m-d_hS_h\Big )+\Big (\alpha \beta _e S_hI_m-r_hI_h-\frac {aI_h^2}{bI_h^2+cI_h+1}-dI_h-d_hI_h\Big )\\ &~~~~+\Big (r_hI_h+\frac {aI_h^2}{bI_h^2+cI_h+1}-d_hR_h\Big )+\Big (\alpha \beta _m S_mI_h-d_mI_m\Big )\\ &~~~~+\Big (S_m-S_m^0\Big )\left (\delta \left (1-\frac {S_m+I_m}{K} \right )(S_m+I_m)-\alpha \beta _m S_mI_h-d_mS_m\right )\Bigg ]+\frac {1}{2}\bigg (\sigma _1^2S_h^2+\sigma _4^2S_m^2\bigg )\\ &\leq -\bigg (d_h\left (S_h-S_h^0\right )^2+d_m\Big (d+d_h+r_h\Big )\Big (1-R_0^2\Big )I_h+d_hR_h+d_m\left (S_m-S_m^0\right )^2+d_mI_m\bigg )\\ &~~~~+A_hS_h+\alpha \beta _e S_hI_m(S_h^0+1)+\delta S_m^2+\alpha \beta _mS_mI_h(S_m^0+1)+\frac {1}{2}\bigg (\sigma _1^2S_h^2+\sigma _4^2S_m^2\bigg )\\ &\leq -\bigg (d_h\left (S_h-S_h^0\right )^2+d_m\Big (d+d_h+r_h\Big )\Big (1-R_0^2\Big )I_h+d_hR_h+d_m\left (S_m-S_m^0\right )^2+d_mI_m\bigg )\\ &~~~~+\frac {A_h}{d_h}\bigg (A_h+\alpha \beta _e K(S_h^0+1)+\alpha \beta _m K(S_m^0+1)\bigg )+\frac {1}{2}\bigg (\sigma _1^2 S_h^2+\sigma _4^2 S_m^2+2\delta K^2\bigg ) \end {aligned}\end {equation}


$0$


$t$


\begin {equation*}\begin {aligned} 0\leq \mathbb {E}V_1(t)-V_1(0)&=\mathbb {E}\int _0^tLV_1(s)ds\\ &\leq -\mathbb {E}\int _0^t\bigg [d_h\left (S_h(s)-S_h^0\right )^2+d_m(d+d_h+r_h)(1-R_0^2)I_h(s)+d_hR_h(s)\\&~~~~+d_m\left (S_m(s)-S_m^0\right )^2 + d_mI_m(s)\bigg ]ds+\frac {1}{2}\bigg (\frac {A_h^2\sigma _1^2}{d_h^2}+\sigma _4^2 K^2+2\delta K^2\bigg )t\\ &~~~~+\Bigg [\frac {A_h}{d_h}\bigg (A_h+pK(S_h^0+1)+r_h+\alpha \beta _m K(S_m^0+1)\bigg )\Bigg ]t \end {aligned}\end {equation*}


\begin {equation*}\begin {aligned} \displaystyle \lim _{t\to \infty }\textbf {Sup}\frac {1}{t}\mathbb {E}\int _0^t\bigg [d_h\left (S_h-S_h^0\right )^2+d_m(d+d_h+r_h)(1-R_0^2)I_h+d_hR_h+d_m\left (S_m-S_m^0\right )^2+d_mI_m\bigg ]\\ \leq \frac {A_h}{d_h}\bigg (A_h+\alpha \beta _eK(S_h^0+1)+r_h+\alpha \beta _m K(S_m^0+1)\bigg )+\frac {1}{2}\bigg (\frac {A_h^2\sigma _1^2}{d_h^2}+\sigma _4^2 K^2+2\delta K^2\bigg ) \end {aligned}\end {equation*}


$R_0<1$


$(R_0>1)$


$V \colon \mathbb {R}^5_+ \to \mathbb {R}_+$


\begin {equation}\label {equ:6.4} \begin {aligned} \displaystyle V(S_h,I_h,R_h,S_m,I_m)=V_1+V_2\\ \end {aligned}\end {equation}


\begin {equation*}\begin {aligned} \text {where,} ~~~V_1=\frac {1}{2}\left (S_h-S_h^*+I_h-I_h^*+R_h-R_h^*\right )^2~~\text {and}~~V_2=\frac {1}{2}\left (S_m-S_m^*+I_m-I_m^*\right )^2~~~~~~~~~~~~~~~~~~~~~~~~ \end {aligned}\end {equation*}


$V_1$


\begin {equation}\label {equ:6.5} \begin {aligned} dV\Big (S_h,I_h,R_h,S_m,I_m\Big )=\Big (LV_1+LV_2\Big )\Big (S_h,I_h,R_h,S_m,I_m\Big )dt +\Big (S_h-S_h^*+I_h-I_h^*+R_h-R_h^*\Big )\\ \Big (\sigma _1S_hdW_1+\sigma _2I_hdW_2+\sigma _3R_hdW_3\Big )+\Big (S_m-S_m^*+I_m-I_m^*\Big )\Big (\sigma _4S_mdW_4+\sigma _5I_5dW_5\big ) \end {aligned}\end {equation}


\begin {equation}\label {equ:6.6} \begin {aligned} LV_1&=\Big (S_h-S_h^*+I_h-I_h^*+R_h-R_h^*\Big )\Big (A_h-d_h(S_h+I_h+R_h)-dI_h\Big )+\frac {1}{2}\Big (\sigma _1^2S_h^2+\sigma _2^2I_h^2+\sigma _3^2R_h^2\Big )\\ &=\Big (S_h-S_h^*+I_h-I_h^*+R_h-R_h^*\Big )\Big [-d_h(S_h-S_h^*)-(d_h+d)(I_h-I_h^*)-d_h(R_h-R_h^*)\Big ]+\frac {1}{2}\Big (\sigma _1^2S_h^2+\sigma _2^2I_h^2+\sigma _3^2R_h^2\Big )\\ &\leq \Big [-d_h\left (S_h-S_h^*\right )^2-(d_h+d)\left (I_h-I_h^*\right )^2-d_h\left (R_h-R_h^*\right )^2\Big ]+(2d_h+d)(S_hI_h^*+I_hS_h^*)\\ &~~~~+2d_h(S_hR_h^*+R_hS_h^*)+(2d_h+d)(I_hR_h^*+R_hI_h^*)+\frac {1}{2}\Big (\sigma _1^2S_h^2+\sigma _2^2I_h^2+\sigma _3^2R_h^2\Big )\\ &\leq \Big [-d_h\left (S_h-S_h^*\right )^2-(d_h+d)\left (I_h-I_h^*\right )^2-d_h\left (R_h-R_h^*\right )^2\Big ]+\frac {A_h}{d_h}(2d_h+d)(S_h^*+2I_h^*+R_h^*)\\ &~~~~+2A_h(R_h^*+S_h^*)+\frac {A_h^2}{2 d_h^2}(\sigma _1^2+\sigma _2^2+\sigma _3^2) \end {aligned}\end {equation}


\begin {equation}\label {equ:6.7} \begin {aligned} LV_2&=\Big (S_m-S_m^*+I_m-I_m^*\Big )\Bigg (\delta \Big (1-\frac {S_m+I_m}{K}\Big )(S_m+I_m)-d_m(S_m+I_m)\Bigg )+\frac {1}{2}\Big (\sigma _4^2S_m^2+\sigma _5^2I_m^2\Big )\\ &=\Big (S_m-S_m^*+I_m-I_m^*\Big )\Bigg (\delta \Big (1-\frac {S_m+I_m}{K}\Big )(S_m+I_m)-\frac {\delta S_m^*\Big (1-\frac {S_m^*+I_m^*}{K}\Big )(S_m+I_m)\Big )}{S_m^*+I_m^*}\Bigg )+\frac {1}{2}\Big (\sigma _4^2S_m^2+\sigma _5^2I_m^2\Big )\\ &=\frac {\delta }{S_m^*+I_m^*}\Bigg (I_m^*-\frac {(S_m^*+I_m^*)(S_m+I_m)}{K}\Bigg )\left (S_m-S_m^*\right )^2-\frac {\delta S_m^*}{S_m^*+I_m^*}\left (I_m-I_m^*\right )^2\\ &~~~~+\frac {\delta }{S_m^*+I_m^*}\Big [-S_m^*+I_m^*-\frac {(S_m^*+I_m^*)(S_m+I_m)}{K}\Big ]\Big (S_m-S_m^*)(I_m-I_m^*\Big )+\frac {1}{2}\Big (\sigma _4^2S_m^2+\sigma _5^2I_m^2\Big )\\ &\leq -\frac {\delta S_m^*}{S_m^*+I_m^*}\left (S_m-S_m^*\right )^2-\frac {\delta S_m^*}{S_m^*+I_m^*}\left (I_m-I_m^*\right )^2+\frac {2\delta S_m^*}{S_m^*+I_m^*}\Big (S_m^*I_m+S_mI_m^*)+\frac {1}{2}\Big (\sigma _4^2S_m^2+\sigma _5^2I_m^2\Big )\\ &\leq -\frac {\delta S_m^*}{S_m^*+I_m^*}\left (S_m-S_m^*\right )^2-\frac {\delta S_m^*}{S_m^*+I_m^*}\left (I_m-I_m^*\right )^2+\frac {1}{2d_m}S_m^*K\delta ^2+\frac {K^2}{2}\Big (\sigma _4^2+\sigma _5^2\Big )\\ \end {aligned}\end {equation}


$0$


$t$


\begin {equation*}\begin {aligned} 0\leq \mathbb {E}V(t)-V(0)&=\mathbb {E}\int _0^t\Big (LV_1(s)+LV_2(s)\Big )ds\\ &\leq -\mathbb {E}\int _0^t\bigg [d_h\left (S_h-S_h^*\right )^2+(d+d_h)\left (I_h-I_h^*\right )^2+d_h\left (R_h-R_h^*\right )^2\\ &~~~~+\frac {\delta S_m^*}{(S_m^*+I_m^*)}\Big (\left (S_m-S_m^*\right )^2+\left (I_m-I_m^*\right )^2\Big )\bigg ]+\Bigg [\frac {A_h}{d_h}(2d_h+d)(S_h^*+2I_h^*+R_h^*)\\ &~~~~+2A_h(R_h^*+S_h^*)+\frac {1}{2d_m}S_m^*K\delta ^2+\frac {A_h^2}{2 d_h^2}(\sigma _1^2+\sigma _2^2+\sigma _3^2)+\frac {K^2}{2}(\sigma _4^2+\sigma _5^2)\Bigg ]t \end {aligned}\end {equation*}


\begin {equation*}\begin {aligned} \displaystyle \lim _{t\to \infty }\textbf {Sup}\frac {1}{t}\mathbb {E}\int _0^t\bigg [d_h\left (S_h-S_h^*\right )^2+(d+d_h)\left (I_h-I_h^*\right )^2+d_h\left (R_h-R_h^*\right )^2+\frac {\delta S_m^*}{(S_m^*+I_m^*)}\Big (\left (S_m-S_m^*\right )^2+\left (I_m-I_m^*\right )^2\Big )\bigg ]\\ \leq \frac {A_h}{d_h}(2d_h+d)(S_h^*+2I_h^*+R_h^*)+2A_h(R_h^*+S_h^*)+\frac {1}{2d_m}S_m^*K\delta ^2+\frac {A_h^2}{2 d_h^2}(\sigma _1^2+\sigma _2^2+\sigma _3^2)+\frac {K^2}{2}(\sigma _4^2+\sigma _5^2) \end {aligned}\end {equation*}


$R_0>1$


\begin {align*}d\left (\log I_m(t)\right ) & = \bigg [\frac {\alpha \beta _m S_m I_h}{I_m}-d_m \bigg ]dt - \frac {\sigma _5^2}{2}dt + \sigma _5 dW_5 \
\leq \bigg [\alpha \beta _m S_m I_h -d_m \bigg ]dt - \frac {\sigma _5^2}{2}dt + \sigma _5 dW_5\\ &\leq \bigg [\frac {A_h \alpha \beta _m K}{d_h}-d_m-\frac {\sigma _5^2}{2}\bigg ]dt+ \sigma _5 dW_5\end {align*}


$0$


$t$


$t$


\begin {equation}\label {equ:7.1} \begin {aligned} \frac {\log I_m(t)}{t} &\leq \bigg [\frac {A_h \alpha \beta _m K}{d_h}-d_m-\frac {\sigma _5^2}{2}\bigg ] + \frac {1}{t}\int _0^t \sigma _5 dW_5(\tau ) d\tau +\frac {\log I_m(0)}{t}\\ &\leq d_m( R_0^m-1) + \frac {1}{t} \sigma _5 W_5(t)+\frac {\log I_m(0)}{t} \end {aligned}\end {equation}


\begin {equation*}\lim _{t\to \infty } \frac {1}{t} \sigma _5 W_5(t)=0, ~~~~~~~~~~~ \textbf {a.s.}\end {equation*}


$t\to \infty $


\begin {equation*}\displaystyle \lim _{t\to \infty }\textbf {Sup}\frac {\log I_m(t)}{t}\leq d_m( R_0^m-1) ~~~~~~~~\textbf {a.s.}\end {equation*}


$R_0^m < 1$


\begin {equation*}\displaystyle \lim _{t\to \infty }\textbf {Sup}\frac {\log I_m(t)}{t} < 0 ~~~~~~~~\textbf {a.s.} \implies \lim _{t\to \infty } I_m(t)=0 ~~~~~~~~\textbf {a.s.}\end {equation*}


$R_0^m < 1$


\begin {equation}\label {equ:7.2} \begin {aligned} d \log I_h(t) & = \bigg [ \frac {\alpha \left (\beta -\frac {\beta _1 \eta }{\beta _2+\eta }\right )S_hI_m }{I_h}-(d+d_h+r_h)-\frac {aI_h}{bI_h^2+cI_h+1} \bigg ]dt -\frac {\sigma _2^2}{2}dt+\sigma _2 dW_2 \\ &\leq \bigg [\frac {A_h K\alpha \left (\beta -\frac {\beta _1 \eta }{\beta _2+\eta }\right )}{d_h} -(d+d_h+r_h)-\frac {a}{(2 \sqrt {b}+c)} -\frac {\sigma _2^2}{2}\bigg ]dt +\sigma _2 dW_2 \end {aligned}\end {equation}


$0$


$t$


$t$


\begin {equation}\label {equ:7.3} \begin {aligned} \frac {\log I_h(t)}{t} &\leq \bigg [\frac {A_h K\alpha \left (\beta -\frac {\beta _1 \eta }{\beta _2+\eta }\right )}{d_h} -(d+d_h+r_h)-\frac {a}{(2 \sqrt {b}+c)} -\frac {\sigma _2^2}{2}\bigg ]+ \frac {1}{t}\int _0^t \sigma _2 dW_2(\tau ) d\tau +\frac {\log I_h(0)}{t}\\ &\leq (d+d_h+r_h)(R_0^h-1)+\frac {1}{t} \sigma _2 W_2(t) +\frac {\log I_h(0)}{t} \end {aligned}\end {equation}


\begin {equation*}\lim _{t\to \infty } \frac {1}{t} \sigma _2 W_2(t)=0, ~~~~~~~~~~~ \textbf {a.s.}\end {equation*}


$t\to \infty $


\begin {equation*}\begin {aligned} \displaystyle \lim _{t\to \infty }\textbf {Sup}\frac {\log I_h(t)}{t} &\leq d_m( R_0^h-1)<0 ~~~~~~~~~~\textbf {a.s.}~~~~~~~~\textbf {if}~~ R_0^h < 1 \end {aligned}\end {equation*}


$I_h(t)$


$\lim _{t\to \infty } I_h(t)=0$


$R_0^h < 1$


$I_h(t)$


$I_m(t)$


$t\to \infty $


$R_0^h<1$


$R_0^m<1$
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lead to severe outcomes [2,3]. The early mathematical models of dengue transmission primarily used classical compartmental frame-
works to represent fundamental interactions between human hosts and mosquito vectors [4,5]. Vertical transmission in mosquitoes, 
which contributes to virus persistence during inter-epidemic periods, has been incorporated to better reflect disease dynamics [6]. 
Temperature and climate variability have also been shown to significantly influence mosquito breeding, biting rates, and viral repli-
cation, prompting models that integrate seasonal or temperature dependent parameters [7–10]. Over the years, researchers have 
developed various mathematical models to capture the complex dynamics of disease transmission by incorporating multiple biolog-
ical, environmental, and behavioral factors along with multi strain interactions and optimal intervention strategies [11]. In recent 
years, evolutionary game theory has emerged as an effective framework for modeling adaptive behavioral responses and strategy 
evolution in interacting populations, providing deeper insights into cooperation, competition, and resource utilization [12–14]. In 
parallel, more complex transmission mechanisms have also been explored, including multi-host and intermediate host structures, 
which can significantly influence disease spread [15]. Some models account for spatial heterogeneity, using metapopulation to sim-
ulate local transmission and human mobility between regions [16–18]. More recently, machine learning assisted models have been 
developed to enhance dengue forecasting and risk mapping by integrating epidemiological and meteorological datasets [19–21]. 
Behavioral responses to media awareness campaigns, public health interventions, and individual risk perception have been modeled 
using awareness based incidence rates [22–25]. These effects are particularly pronounced when media campaigns trigger preventive 
measures such as mosquito avoidance and water storage management. The integration of media dependent contact rates has revealed 
nonlinear dynamics where awareness saturation can reduce intervention efficacy over time [26]. In addition to media driven preven-
tion, timely and effective treatment also plays a crucial role in managing dengue infections. Nonlinear treatment functions are often 
introduced in models to capture saturation effects and resource constraints in healthcare systems [27]. In addition, several studies 
have introduced stochastic formulations to better capture the randomness in environmental and demographic processes that influence 
transmission. White noise perturbations and Lévy jumps have been employed to model fluctuations in mosquito population, biting 
rates, and transmission probabilities [28–31]. Studies have demonstrated that such stochastic effects can significantly alter thresh-
old conditions like the basic reproduction number 𝑅0 potentially leading to disease eradication which offers insights into extinction 
probabilities, outbreak persistence, and noise induced thresholds under noise driven extinction scenarios [32,33]. Recognizing the 
unpredictability of real world conditions, recent studies have explored stochastic optimal control strategies to mitigate dengue spread 
and to minimize infection burden and intervention costs by dynamically adjusting control variables in noisy environments [34–37].

Although a substantial body of literature exists on dengue transmission modeling, several important aspects remain insufficiently 
explored. In particular, models that simultaneously incorporate media induced awareness affecting transmission, nonlinear treatment 
responses reflecting limited healthcare capacity, and stochastic environmental perturbations are still scarce. Moreover, while optimal 
control approaches have been widely applied to deterministic dengue models, their extension to stochastic settings especially with 
rigorous analytical treatment of extinction conditions has received limited attention.

This work presents a comprehensive stochastic modeling framework for dengue transmission that integrates media induced aware-
ness, nonlinear treatment saturation reflecting limited healthcare capacity, and environmental randomness within a single model. In 
contrast to most existing studies that focus either on deterministic dynamics or purely simulation-based stochastic effects, we derive 
rigorous analytical conditions for noise induced disease extinction in both human and mosquito populations. The deterministic coun-
terpart of the model is calibrated and validated using real epidemiological data, ensuring biological relevance and providing a reliable 
baseline for stochastic analysis. Furthermore, a stochastic optimal control framework is formulated to jointly assess awareness-based 
prevention and treatment strategies under uncertainty, and the corresponding optimality system is solved numerically. This combined 
analytical data driven and control oriented approach offers new insights into how awareness, stochastic perturbations, and optimal 
interventions interact to shape dengue transmission dynamics, extending beyond the scope of existing noise-free models.

2.  Formulation of the stochastic model

Dengue fever is a vector-borne disease transmitted between humans and mosquitoes, with transmission dynamics strongly in-
fluenced by environmental variability, behavioral responses, and intervention effectiveness. While deterministic models describe 
average epidemic trends, they cannot adequately account for random fluctuations arising from climate variability, heterogeneous 
contact patterns, and demographic uncertainty. To capture both the biological structure of the disease and the inherent randomness 
present in real-world transmission, we formulate a stochastic dengue transmission model incorporating random perturbations in the 
population dynamics. To analyze the disease dynamics, we classify the human population into three compartments: susceptible (𝑆ℎ), 
infected (𝐼ℎ) and recovered (𝑅ℎ), while the mosquito population is divided only into susceptible (𝑆𝑚) and infected (𝐼𝑚). Disease 
transmission occurs when susceptible humans are bitten by infected mosquitoes and when susceptible mosquitoes acquire infection 
by biting infected humans. To construct the model, the following assumptions are made:

• The populations are assumed to mix homogeneously, implying that each individual has an equal probability of interaction.
• Susceptible humans are recruited at a constant rate 𝐴ℎ through birth or immigration. Over the short time scale of dengue outbreaks, 
human demographic changes are assumed negligible, with births and natural deaths approximately balanced.

• Susceptible humans (𝑆ℎ) become infected when bitten by infected mosquitoes (𝐼𝑚) at a rate determined by the mosquito biting 
rate 𝛼 and the effective transmission rate 𝛽𝑒 =

(

𝛽 − 𝛽1𝜂
𝛽2+𝜂

)

. Here, the baseline transmission rate in the absence of any intervention 
is given by 𝛽, representing the inherent probability of dengue transmission from infected mosquitoes to susceptible humans. This 
baseline rate is modulated by awareness driven control measures, such as educational campaigns, the use of insecticide-treated 
nets, repellents, and environmental management, which induce behavioral changes that reduce human exposure to mosquito 
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bites. The parameter 𝜂 represents the efficacy level of awareness control. The parameter 𝛽1 represents the maximum achievable 
reduction in transmission due to awareness, while 𝛽2 is the half-saturation constant, indicating the level of awareness at which 
half of the maximum reduction is realized. The term 𝛽1𝜂

𝛽2+𝜂
 thus captures the saturating effect of awareness interventions, where 

additional efforts yield diminishing returns at higher levels of awareness.
• The treatment rate of infected humans is modeled by the nonlinear function

𝑇 (𝐼ℎ) =
𝑎𝐼2ℎ

𝑏𝐼2ℎ + 𝑐𝐼ℎ + 1
,

which follows a Holling type III functional response. This form captures the limited responsiveness of treatment efforts at low 
infection levels due to misdiagnosis and underreporting, the rapid mobilization of healthcare resources during moderate outbreaks, 
and eventual saturation caused by finite medical capacity. The parameter ‘𝑎’ represents the maximum achievable cure rate due 
to treatment, with 𝑎𝐼2ℎ driving an initial increase in treatment as infection levels rise. However, as 𝐼ℎ grows, the denominator 
(𝑏𝐼2ℎ + 𝑐𝐼ℎ + 1) dominates, leading to saturation and limiting 𝑇 (𝐼ℎ) to an upper bound of 𝑎𝑏 . The parameter ‘𝑏’ determines how fast 
the treatment function saturates due to high levels of infection that represent constraints such as resource depletion and limitations 
in medical personnel, while the parameter ‘𝑐’ accounts for baseline inefficiencies in treatment, such as diagnostic delays or pre-
existing healthcare burdens, affecting recovery even at lower infection levels. This Holling type III form is particularly relevant 
for dengue transmission, where treatment availability and efficiency are not proportional to the number of cases. At low infection 
levels, treatment is often limited due to misdiagnosis, underreporting of mild or asymptomatic cases, and the absence of large scale 
preparedness, resulting in a weak initial response. As infections increase, health systems mobilize more resources and treatment 
efforts accelerate disproportionately, consistent with the sigmoidal increase in 𝑇 (𝐼ℎ). However, at very high infection burdens, 
hospitals and healthcare systems reach saturation because of finite beds, medical staff, and diagnostic capacity, which restricts 
further increases in treatment despite rising cases. Thus, this functional form realistically captures the nonlinear and capacity-
limited nature of dengue case management, making it a suitable choice for modeling treatment in this context.

• Infected humans recover naturally at rate 𝑟ℎ or through treatment at rate 𝑇 (𝐼ℎ), while disease-induced mortality occurs at rate 𝑑. 
All human compartments experience natural mortality at rate 𝑑ℎ. Recovered individuals acquire immunity and do not participate 
further in disease transmission.

• The mosquito population follows logistic growth with carrying capacity 𝐾, reflecting environmental constraints such as breeding 
site availability and climatic conditions. Mosquitoes are recruited at rate 𝛿, and transmission from infected humans to susceptible 
mosquitoes occurs at rate 𝛽𝑚 through bites at rate 𝛼. Natural mosquito mortality occurs at rate 𝑑𝑚.

Dengue transmission is highly sensitive to random environmental and socio-behavioral factors. Temperature and rainfall fluctuations 
affect mosquito lifespan, biting frequency, and viral incubation periods, while abrupt environmental changes can alter mosquito 
population densities. Human mobility, reporting delays, and variability in intervention implementation further introduce uncertainty 
into disease dynamics. Deterministic models, although useful for capturing average epidemic trends, are unable to represent irregular 
outbreak timing, sudden epidemic surges, or stochastic disease extinction observed in real data. To account for these uncertainties, 
we introduce stochastic perturbations into the population dynamics by incorporating multiplicative white noise terms. These per-
turbations represent both intrinsic biological variability and extrinsic environmental fluctuations. The resulting stochastic dengue 
transmission model is described by the following system of stochastic differential equations:

𝑑𝑆ℎ =

[

𝐴ℎ − 𝛼
(

𝛽 −
𝛽1𝜂

𝛽2 + 𝜂

)

𝑆ℎ𝐼𝑚 − 𝑑ℎ𝑆ℎ

]

𝑑𝑡 + 𝜎1𝑆ℎ𝑑𝑊1,

𝑑𝐼ℎ =

[

𝛼
(

𝛽 −
𝛽1𝜂

𝛽2 + 𝜂

)

𝑆ℎ𝐼𝑚 − 𝑟ℎ𝐼ℎ −
𝑎𝐼2ℎ

𝑏𝐼2ℎ + 𝑐𝐼ℎ + 1
− 𝑑𝐼ℎ − 𝑑ℎ𝐼ℎ

]

𝑑𝑡 + 𝜎2𝐼ℎ𝑑𝑊2,

𝑑𝑅ℎ =

[

𝑟ℎ𝐼ℎ +
𝑎𝐼2ℎ

𝑏𝐼2ℎ + 𝑐𝐼ℎ + 1
− 𝑑ℎ𝑅ℎ

]

𝑑𝑡 + 𝜎3𝑅ℎ𝑑𝑊3,

𝑑𝑆𝑚 =

[

𝛿
(

1 −
𝑆𝑚 + 𝐼𝑚

𝐾

)

(𝑆𝑚 + 𝐼𝑚) − 𝛼𝛽𝑚𝑆𝑚𝐼ℎ − 𝑑𝑚𝑆𝑚

]

𝑑𝑡 + 𝜎4𝑆𝑚𝑑𝑊4,

𝑑𝐼𝑚 =

[

𝛼𝛽𝑚𝑆𝑚𝐼ℎ − 𝑑𝑚𝐼𝑚

]

𝑑𝑡 + 𝜎5𝐼𝑚𝑑𝑊5.

(1)

Here, {𝑊𝑖(𝑡)}5𝑖=1 are mutually independent standard Wiener processes defined on a complete probability space (Ω, 𝔽 , {𝔽𝑡}𝑡≥0,ℙ), where 
the filtration {𝔽𝑡}𝑡≥0 satisfies the usual conditions. The parameters 𝜎𝑖 (𝑖 = 1, 2, 3, 4, 5) denote the intensities of the stochastic perturba-
tions.

2.1.  Existence and uniqueness of global positive solution

Before analyzing the dynamical behavior of the stochastic model (1), we first verify the existence, uniqueness, and positivity of 
its solutions to ensure that the model is biologically meaningful and mathematically consistent.
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Theorem 1. Given any initial condition 
(

𝑆ℎ(0), 𝐼ℎ(0), 𝑅ℎ(0), 𝑆𝑚(0), 𝐼𝑚(0)
)

∈ ℝ5
+, the system (1) admits a unique positive solution for all 

𝑡 ≥ 0, which remains positive in ℝ5
+ with probability one, almost surely (a.s.).

Proof.  Since the coefficients of system (1) are locally Lipschitz continuous, the system admits a unique local positive solution on 
the interval [0, 𝜏𝑒) almost surely, where 𝜏𝑒 denotes the explosion time (see [38]). To establish the global existence of the solution, it 
suffices to show that 𝜏𝑒 = ∞ almost surely. Let, 𝑛0 > 0 be sufficiently large so that 

(

𝑆ℎ(0), 𝐼ℎ(0), 𝑅ℎ(0), 𝑆𝑚(0), 𝐼𝑚(0)
)

∈
[

1
𝑛0
, 𝑛0

]

. For 
each 𝑛 ≥ 𝑛0 we define 𝜏𝑛 as

𝜏𝑛 = 𝑖𝑛𝑓

{

𝑡 ∈ [0, 𝜏𝑒) ∶ 𝑆ℎ ∉ (1
𝑛
, 𝑛) or 𝐼ℎ ∉ (1

𝑛
, 𝑛) or 𝑅ℎ ∉ (1

𝑛
, 𝑛) or 𝑆𝑚 ∉ (1

𝑛
, 𝑛) or 𝐼𝑚 ∉ (1

𝑛
, 𝑛)

}

here, 𝑖𝑛𝑓𝜙(empty set) = ∞. Since 𝜏𝑛 is increasing as 𝑛 → ∞, we can define 𝜏∞ = lim𝑛→∞ 𝜏𝑛 then 0 ≤ 𝜏∞ ≤ 𝜏𝑒. To complete the proof, 
we need to show that 𝜏∞ = ∞. If the statement is false, then there exists constants 𝑇 > 0 and 𝜖 ∈ (0, 1) such that ℙ(𝜏∞ ≤ 𝑇 ) > 𝜖 for 
all 𝑛 > 𝑛0.
Define a function 𝑉 ∶ ℝ5

+ → ℝ+ as
𝑉 (𝑆ℎ, 𝐼ℎ, 𝑅ℎ, 𝑆𝑚, 𝐼𝑚) = (𝑆ℎ − 1 − ln𝑆ℎ) + (𝐼ℎ − 1 − ln 𝐼ℎ) + (𝑅ℎ − 1 − ln𝑅ℎ) + (𝑆𝑚 − 1 − ln𝑆𝑚) + (𝐼𝑚 − 1 − ln 𝐼𝑚)

Clearly the function 𝑉  is non-negative in its domain. Using Itô’s formula on 𝑉  we get,

𝑑𝑉 (𝑆ℎ, 𝐼ℎ, 𝑅ℎ, 𝑆𝑚, 𝐼𝑚) = 𝐿𝑉 (𝑆ℎ, 𝐼ℎ, 𝑅ℎ, 𝑆𝑚, 𝐼𝑚)𝑑𝑡 + 𝜎1(𝑆ℎ − 1)𝑑𝑊1 + 𝜎2(𝐼ℎ − 1)𝑑𝑊2

+𝜎3(𝑅ℎ − 1)𝑑𝑊3 + 𝜎4(𝑆𝑚 − 1)𝑑𝑊4 + 𝜎5(𝐼𝑚 − 1)𝑑𝑊5
(2)

where the operator 𝐿𝑉  is a map from ℝ5
+ into ℝ defined as

𝐿𝑉 (𝑆ℎ, 𝐼ℎ, 𝑅ℎ, 𝑆𝑚, 𝐼𝑚) =

[

(

1 − 1
𝑆ℎ

)(

𝐴ℎ − 𝛼𝛽𝑒𝑆ℎ𝐼𝑚 − 𝑑ℎ𝑆ℎ

)

+
(

1 − 1
𝐼ℎ

)(

𝛼𝛽𝑒𝑆ℎ𝐼𝑚 − 𝑟ℎ𝐼ℎ −
𝑎𝐼2ℎ

𝑏𝐼2ℎ + 𝑐𝐼ℎ + 1
− 𝑑𝐼ℎ − 𝑑ℎ𝐼ℎ

)

+
(

1 − 1
𝑅ℎ

)(

𝑟ℎ𝐼ℎ +
𝑎𝐼2ℎ

𝑏𝐼2ℎ + 𝑐𝐼ℎ + 1
− 𝑑ℎ𝑅ℎ

)

+
(

1 − 1
𝑆𝑚

)(

𝛿
(

1 −
𝑆𝑚 + 𝐼𝑚

𝐾

)

(𝑆𝑚 + 𝐼𝑚) − 𝛼𝛽𝑚𝑆𝑚𝐼ℎ − 𝑑𝑚𝑆𝑚

)

+
(

1 − 1
𝐼𝑚

)(

𝛼𝛽𝑚𝑆𝑚𝐼ℎ − 𝑑𝑚𝐼𝑚
)

]

+ 1
2

[

𝜎21 + 𝜎22 + 𝜎23 + 𝜎24 + 𝜎25
]

≤ 𝑀

Where,

𝑀 = 𝐴ℎ + 3𝑑ℎ + 𝑑 + 𝑟ℎ + 2𝑑𝑚 + 𝛼𝛽𝑒(𝑀5 +𝑀1𝑀5) + 2𝑎 + 𝑟ℎ𝑀2 + 𝛿(𝑀4 +𝑀5) + 𝛼𝛽𝑚𝑀2(1 +𝑀4) +
1
2

[

𝜎21 + 𝜎22 + 𝜎23 + 𝜎24 + 𝜎25
]

with 𝑀1,𝑀2,𝑀4,𝑀5 as the respective supremum of 𝑆ℎ, 𝐼ℎ, 𝑆𝑚, 𝐼𝑚. Then Eq. (1) implies
𝑑𝑉 (𝑆ℎ, 𝐼ℎ, 𝑅ℎ, 𝑆𝑚, 𝐼𝑚) = 𝑀𝑑𝑡 + 𝜎1(𝑆ℎ − 1)𝑑𝑊1 + 𝜎2(𝐼ℎ − 1)𝑑𝑊2 + 𝜎3(𝑅ℎ − 1)𝑑𝑊3 + 𝜎4(𝑆𝑚 − 1)𝑑𝑊4 + 𝜎5(𝐼𝑚 − 1)𝑑𝑊5 (3)

Integrating Eq. (3) by Itô’s formula from 0 to 𝑡𝑛 = 𝑚𝑖𝑛{𝜏𝑛, 𝑡} = 𝜏𝑛 ∧ 𝑡 with 𝑡 ≤ 𝑇  then taking the expectation we obtain

𝔼𝑉
(

𝑆ℎ(𝑡𝑛), 𝐼ℎ(𝑡𝑛), 𝑅ℎ(𝑡𝑛), 𝑆𝑚(𝑡𝑛), 𝐼𝑚(𝑡𝑛)
)

≤ 𝑉
(

𝑆ℎ(0), 𝐼ℎ(0), 𝑅ℎ(0), 𝑆𝑚(0), 𝐼𝑚(0)
)

+𝑀𝔼(𝑡𝑛) (4)

Define Ω𝑛 = {𝜏𝑛 ≤ 𝑇 } for all 𝑛 ≥ 𝑛0, then ℙ(Ω𝑛) ≥ 𝜖. Consequently for each 𝜔 ∈ Ω𝑛, there exists 
(

𝑆ℎ(𝑡𝑛 ∧ 𝜔), 𝐼ℎ(𝑡𝑛 ∧ 𝜔), 𝑅ℎ(𝑡𝑛 ∧

𝜔), 𝑆𝑚(𝑡𝑛 ∧ 𝜔), 𝐼𝑚(𝑡𝑛 ∧ 𝜔)
)

 which either equals to 𝑛 or 1
𝑛 . Then

𝑉
(

𝑆ℎ(𝑡𝑛 ∧ 𝜔), 𝐼ℎ(𝑡𝑛 ∧ 𝜔), 𝑅ℎ(𝑡𝑛 ∧ 𝜔), 𝑆𝑚(𝑡𝑛 ∧ 𝜔), 𝐼𝑚(𝑡𝑛 ∧ 𝜔)
)

≥
[

(𝑛 − 1 − ln 𝑛) ∧ ( 1
𝑛
− 1 + ln 𝑛)

]

.

So, from Eq. (4) we get,

𝑉
(

𝑆ℎ(0), 𝐼ℎ(0), 𝑅ℎ(0), 𝑆𝑚(0), 𝐼𝑚(0)
)

+𝑀𝑇 ≥ 𝔼
[

1Ω𝑛
(𝜔)𝑉

(

𝑆ℎ(𝑡𝑛), 𝐼ℎ(𝑡𝑛), 𝑅ℎ(𝑡𝑛), 𝑆𝑚(𝑡𝑛), 𝐼𝑚(𝑡𝑛)
)]

≥ ℙ(Ω𝑛)
[

(𝑛 − 1 − ln 𝑛) ∧ ( 1
𝑛
− 1 + ln 𝑛)

]

≥ 𝜖
[

(𝑛 − 1 − ln 𝑛) ∧ ( 1
𝑛
− 1 + ln 𝑛)

]
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Fig. 1. Deterministic model calibration to weekly dengue incidence data. The blue solid line shows the best-fit solution for 𝐼ℎ(𝑡), red dots indicate 
reported cases, the light blue band denotes the 95% confidence interval, and the gray band represents the 95% prediction interval.

Table 1 
Estimated parameter values obtained from calibration.
 Parameter  Estimated Value  Parameter  Estimated Value
𝐴ℎ  20.14744 ± 0.95322 𝑎  0.49939 ± 0.06475
𝛼  0.20130 ± 0.05587 𝑏  0.50394 ± 0.03275
𝛽  0.05064 ± 0.04139 𝑐  0.30163 ± 0.01538
𝛽1  0.01020 ± 0.01442 𝑑  0.02299 ± 0.00880
𝛽2  0.05114 ± 0.05462 𝛿  0.79392 ± 0.01615
𝜂  0.05027 ± 0.03358 𝐾  9993.98945 ± 983.05945
𝑑ℎ  0.03609 ± 0.01956 𝛽𝑚  0.02602 ± 0.01810
𝑟ℎ  0.01833 ± 0.01622 𝑑𝑚  0.19014 ± 0.09060

where, 1Ω𝑛
(𝜔) is the indicator function of Ω𝑛. Letting 𝑛 → ∞ leads to the contradiction as ∞ > 𝑉

(

𝑆ℎ(0), 𝐼ℎ(0), 𝑅ℎ(0), 𝑆𝑚(0), 𝐼𝑚(0)
)

+

𝑀𝑇 = ∞ which implies 𝜏∞ = ∞ a.s. and 𝜏𝑒 = ∞. This completes the proof.
 ∎

3.  Model validation

Dengue surveillance data summarize transmission processes occurring across large human and mosquito populations and there-
fore represent mean epidemic behavior. The deterministic model captures these dominant biological mechanisms governing dengue 
transmission, including average biting rates, recovery rates, and intervention effects, whereas stochastic perturbations describe fluc-
tuations around this mean induced by environmental variability and random contact processes. For this reason, parameter estimation 
and model validation are carried out using the deterministic system prior to exploring stochastic dynamics.

Setting 𝜎𝑖 = 0 for all 𝑖 reduces system (1) to its corresponding deterministic counterpart, which serves as the baseline framework 
for subsequent analytical and numerical investigations. The deterministic model is validated against weekly dengue incidence data 
from Rio de Janeiro, Brazil, obtained from the Notifiable Diseases Information System (SINAN) for the year 2024.

The calibration process involves estimating key epidemiological parameters governing human–vector interactions, transmission 
rates, recovery rates, and natural mortality, such that the model reproduces the observed temporal trends in dengue incidence. Initial 
conditions for all model compartments are specified using available population data and the reported number of initial infections. Pa-
rameter estimation is performed by numerically integrating the deternistic system and applying a nonlinear least-squares optimization 
based on the Levenberg–Marquardt algorithm to minimize the discrepancy between model predictions and observed dengue cases. 
The objective function is defined as

𝐽 (Θ) =
𝑛
∑

𝑖=1

(

𝐼dataℎ (𝑡𝑖) − 𝐼modelℎ (𝑡𝑖; Θ)
)2

,

where 𝐼dataℎ (𝑡𝑖) and 𝐼modelℎ (𝑡𝑖; Θ) denote the observed and simulated numbers of infected humans at time 𝑡𝑖, respectively, and Θ repre-
sents the vector of parameters to be estimated.

The resulting calibrated model successfully reproduces the temporal evolution of dengue cases in Brazil (Fig. 1), demonstrating 
that the deterministic model captures the key features of disease transmission under realistic conditions. The estimated parameters 
along with their standard errors (obtained from the covariance matrix) are summarized in Table 1. All parameters are constrained 
to biologically plausible ranges, ensuring meaningful values for transmission, recovery, and mortality rates. Uncertainty in model 
predictions is quantified using 95% confidence intervals computed via the delta method, based on the covariance of the estimated 
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Fig. 2. Sensitivity of 𝑅0 to system parameters based on PRCC analysis. Error bars represent 95% confidence intervals, with (∗∗∗) denoting parameters 
whose PRCC values are significant at the 𝑝 < .01 level.

parameters. Additionally, 95% prediction intervals are constructed by incorporating observational variance, accounting for data 
noise. The fitted parameters reflect region-specific epidemiological, environmental, and demographic factors, indicating that the 
model effectively captures dengue transmission dynamics despite minor discrepancies due to unmodeled factors such as changes in 
control measures, climate variability, and reporting differences. This suggests that key epidemiological processes are well represented, 
supporting the model’s reliability for understanding disease spread and guiding prediction and control strategies.

3.1.  Sensitivity analysis of 𝑅0

While the calibration results demonstrate that the deterministic model is capable of reproducing the observed dengue incidence, 
the available data are limited in both temporal span and resolution. Consequently, not all parameters are equally well identified, 
and several estimates exhibit relatively wide confidence intervals. In such circumstances, it is essential to assess how parameter 
uncertainty influences key epidemiological quantities. To this end, we conduct a global sensitivity analysis of the basic reproduction 
number (𝑅0), whose derivation is provided in Appendix A, using partial rank correlation coefficients (PRCC). This analysis enables the 
identification of the most influential parameters governing dengue transmission and distinguishes those that strongly affect disease 
persistence from parameters with weaker impact. The PRCC results thus provide guidance for interpreting the calibrated parameters, 
prioritizing control-relevant mechanisms, and selecting representative baseline parameter values for subsequent stochastic simulations 
and optimal control analysis.

The PRCC analysis (Fig. 2) demonstrates that parameters 𝐴ℎ, 𝛼, 𝛽, 𝛿, 𝐾 and 𝛽𝑚 are strongly and positively correlated with 𝑅0, 
indicating their disease enhancing effects in dengue transmission. Specifically, higher human recruitment (𝐴ℎ) increases the pool of 
susceptible hosts, while increased biting activity (𝛼) and transmission probabilities from humans to mosquitoes (𝛽) and mosquitoes 
to humans (𝛽𝑚) intensify virus spread. Similarly, larger mosquito maturation rates (𝛿) and carrying capacity (𝐾) promote vector 
abundance, thereby elevating transmission potential. In contrast, the parameters 𝜂, 𝑑ℎ, 𝛽1, 𝑑𝑚 show significant negative correlations, 
reflecting their suppressive effects on dengue dynamics. An increase in mosquito mortality (𝑑𝑚) reduces the lifespan and abundance 
of infectious vectors, thereby limiting virus transmission, while higher human natural mortality (𝑑ℎ) and disease induced mortality 
(𝑑) decrease the effective infectious host population. Importantly, the parameter (𝜂) which quantifies the efficacy of public health 
awareness interventions, plays a critical role in reducing transmission by modulating the baseline transmission rate (𝛽). Awareness 
driven measures such as educational campaigns, the use of insecticide treated nets, repellents, and environmental management induce 
behavioral changes that lower human-mosquito contact, thereby diminishing the effective transmission probability and contributing 
to a reduction in 𝑅0. Confidence intervals (95%) and 𝑝-values are computed to assess the significance of each correlation.

• Baseline parameter set for numerical simulations: To ensure consistency across all numerical investigations, a single base-
line parameter set, denoted as Set A:= {𝐴ℎ = 20, 𝛼 = 0.19, 𝛽 = 0.025, 𝛽1 = 0.025, 𝛽2 = 0.025, 𝜂 = 0.05, 𝑑ℎ = 0.1, 𝑟ℎ = 0.0254, 𝑎 =
0.5, 𝑏 = 0.5, 𝑐 = 0.3, 𝑑 = 0.0269, 𝐾 = 25, 𝛿 = 0.79, 𝛽𝑚 = 0.01, 𝑑𝑚 = 0.019} is employed for all simulations presented in the subse-
quent sections selected within the estimated uncertainty ranges obtained from model calibration (Table 1). However, due to the 
limited temporal span and resolution of the available data, not all parameters are practically identifiable, and some exhibit wide 
confidence intervals or weak sensitivity during the fitting procedure. For this some of the parameters in Set A lies within the esti-
mated ranges reported in Table 1, the remaining parameters are fixed at biologically reasonable values guided by epidemiological 
considerations and existing literature.

4.  Stochastic dynamics near deterministic equilibria

This section analyzes the local stochastic behavior of the dengue transmission model in neighborhoods of the deterministic disease-
free equilibrium and endemic equilibrium. Throughout this section, these equilibria refer to those of the deterministic subsystem 
obtained by setting 𝜎𝑖 = 0 in system (1). The disease-free equilibrium and the associated basic reproduction number 𝑅0 are derived 
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Fig. 3.  Time series trajectories of the deterministic model (blue curves) and the corresponding stochastic model (red sample paths) for (a) the 
human population and (b) the mosquito population. The associated relative frequency density distributions of the stochastic solutions, illustrating 
convergence and fluctuation around the disease-free equilibrium. These numerical simulations confirm the theoretical result that the disease-free 
equilibrium is asymptotically stable when 𝑅0 < 1, while stochastic perturbations induce bounded oscillations around the equilibrium state.

in Appendix A, while the endemic equilibrium is obtained in Appendix B. The objective of this section is to examine how stochastic 
perturbations influence the stability and persistence of these equilibria and to assess the robustness of deterministic predictions in 
the presence of environmental and demographic noise. By linearizing the stochastic system around the disease-free and endemic 
equilibria, we characterize noise-induced deviations from deterministic trajectories and identify conditions under which stochastic 
effects may alter disease outcomes.

Theorem 2. If 𝑅0 < 1, then for any initial condition 
(

𝑆ℎ(0), 𝐼ℎ(0), 𝑅ℎ(0), 𝑆𝑚(0), 𝐼𝑚(0)
)

∈ ℝ5
+, the solution of the system (1) satisfies 

the following property

lim
𝑡→∞

Sup 1
𝑡
𝔼∫

𝑡

0

[

𝑑ℎ
(

𝑆ℎ − 𝑆0
ℎ
)2 + 𝑑𝑚

(

𝑑 + 𝑑ℎ + 𝑟ℎ
)(

1 − 𝑅2
0

)

𝐼ℎ + 𝑑ℎ𝑅ℎ + 𝑑𝑚
(

𝑆𝑚 − 𝑆0
𝑚
)2 + 𝑑𝑚𝐼𝑚

]

≤
𝐴ℎ
𝑑ℎ

(

𝐴ℎ + 𝛼𝛽𝑒𝐾
(

𝑆0
ℎ + 1

)

+ 𝑟ℎ + 𝛼𝛽𝑚𝐾
(

𝑆0
𝑚 + 1

)

)

+ 1
2

(𝐴2
ℎ𝜎

2
1

𝑑2ℎ
+ 𝜎24𝐾

2 + 2𝛿𝐾2
)

Proof.  See Appendix C. ∎

Theorem 3. For any initial state 
(

𝑆ℎ(0), 𝐼ℎ(0), 𝑅ℎ(0), 𝑆𝑚(0), 𝐼𝑚(0)
)

∈ ℝ5
+, if 𝑅0 > 1 and 𝑑ℎ > 1

2 max{𝜎21 , 𝜎
2
2 , 𝜎

2
3}, then the solution of 

system (1) satisfies the following property

lim
𝑡→∞

Sup 1
𝑡
𝔼∫

𝑡

0

[

𝑑ℎ
(

𝑆ℎ − 𝑆∗
ℎ
)2 + (𝑑 + 𝑑ℎ)

(

𝐼ℎ − 𝐼∗ℎ
)2 + 𝑑ℎ

(

𝑅ℎ − 𝑅∗
ℎ
)2 +

𝛿𝑆∗
𝑚

(𝑆∗
𝑚 + 𝐼∗𝑚)

(

(

𝑆𝑚 − 𝑆∗
𝑚
)2 +

(

𝐼𝑚 − 𝐼∗𝑚
)2
)

]

≤
𝐴ℎ
𝑑ℎ

(2𝑑ℎ + 𝑑)(𝑆∗
ℎ + 2𝐼∗ℎ + 𝑅∗

ℎ) + 2𝐴ℎ(𝑅∗
ℎ + 𝑆∗

ℎ) +
1

2𝑑𝑚
𝑆∗
𝑚𝐾𝛿2 +

𝐴2
ℎ

2𝑑2ℎ
(𝜎21 + 𝜎22 + 𝜎23 ) +

𝐾2

2
(𝜎24 + 𝜎25 )

Proof.  See Appendix D. ∎
In order to examine the asymptotic behavior of the proposed model under different transmission regimes, numerical simulations 

are carried out for both the deterministic system and its stochastic counterpart.
For the case 𝑅0 = 0.8563 < 1, the parameter values are chosen as {𝛼 = 0.1, 𝜂 = 0.55, 𝐾 = 100}, while all remaining parameters are 
fixed as in Set A, with noise intensities {𝜎1 = 𝜎2 = 𝜎3 = 𝜎4 = 𝜎5 = 0.05}. As shown in Fig. 3, all infectious compartments converge 
to the disease-free equilibrium. The deterministic solution exhibits a monotone decay to zero, confirming the global stability of 
the disease-free state. In the corresponding stochastic system, the sample paths initially experience random fluctuations induced by 
environmental noise; however, these fluctuations gradually vanish over time. Consequently, both the infected human and infected 
mosquito populations (𝐼ℎ and 𝐼𝑚) approach extinction almost surely, demonstrating that the disease-free equilibrium remains robust 
under stochastic perturbations.

For the case 𝑅0 = 3.7908 > 1, the parameters are adjusted to {𝛼 = 0.14, 𝜂 = 0.55, 𝐾 = 1000}, while all remaining parameters are 
fixed at their baseline values given in Set A. The numerical simulations in Fig. 4 show that the deterministic system converges 
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Fig. 4.  Time evolution of the deterministic model (blue curves) and the corresponding stochastic model (red curves) for (a) the human population 
and (b) the mosquito population. The deterministic trajectories converge to a positive endemic equilibrium, while the stochastic solutions exhibit 
persistent bounded fluctuations around this equilibrium due to environmental noise. The accompanying relative frequency density plots illustrate 
that the stochastic distributions are centered around the endemic equilibrium level, confirming long-term disease persistence under the condition 
𝑅0 > 1.

to a positive endemic equilibrium, indicating sustained disease transmission. When the conditions of Theorem (3) are satisfied with 
equal noise intensities 𝜎1 = 𝜎2 = 𝜎3 = 𝜎4 = 𝜎5 = 0.05, the corresponding stochastic trajectories remain stochastically stable around this 
endemic equilibrium. In particular, the sample paths exhibit persistent bounded fluctuations without converging to zero, confirming 
long-term infection persistence in the presence of moderate environmental perturbations.

The associated relative frequency density plots further support these observations. For 𝑅0 < 1, the relative frequency density plots 
show that the infected compartments are sharply concentrated near zero, while the remaining state variables are concentrated around 
their disease-free equilibrium values. This indicates a high probability of disease extinction in both host and vector populations. 
Conversely, for 𝑅0 > 1, the densities are centered around the endemic equilibrium level, demonstrating sustained infection with 
bounded stochastic variability. These numerical findings are fully consistent with the analytical stability and extinction results derived 
in this sections.

5.  Extinction of disease

To determine the conditions for disease extinction, we analyze the system’s stochastic dynamics and identify thresholds where 
infection dies out.
Theorem 4. Let 

(

𝑆ℎ, 𝐼ℎ, 𝑅ℎ, 𝑆𝑚, 𝐼𝑚
)

 be the solution of the system (1) with the initial condition 
(

𝑆ℎ(0), 𝐼ℎ(0), 𝑅ℎ(0), 𝑆𝑚(0), 𝐼𝑚(0)
)

∈ ℝ5
+. If either condition 1 or 2 holds:

1. 𝑅𝑚
0 =

𝛿 (𝑑 + 𝑑ℎ + 𝑟ℎ)𝑅2
0

𝛼
(

𝛽 − 𝛽1𝜂
𝛽2+𝜂

)

(𝛿 − 𝑑𝑚)
−

𝜎25
2𝑑𝑚

< 1,

2. 𝑅ℎ
0 =

𝛿 𝑑𝑚 𝑅2
0

𝛼𝛽𝑚
(

𝛿 − 𝑑𝑚
) −

𝜎22
2(𝑑 + 𝑑ℎ + 𝑟ℎ)

− 𝑎
(

2
√

𝑏 + 𝑐
)

(

𝑑 + 𝑑ℎ + 𝑟ℎ
)

< 1,

then the disease will go extinct in both host and vector populations, i.e., lim𝑡→∞ 𝐼ℎ(𝑡) = 0 and lim𝑡→∞ 𝐼𝑚(𝑡) = 0 exponentially with proba-
bility one.
Proof.  See Appendix E. ∎

To numerically validate the theoretical conditions for disease extinction, we conduct 100 Monte Carlo simulations of 
the stochastic dengue transmission model. The simulations are performed using the parameter values {𝛼 = 0.14, 𝜂 = 0.55, 𝑎 =
0.6, 𝑏 = 0.2, 𝑐 = 0.2, 𝛽𝑚 = 0.001, 𝑑𝑚 = 0.6}, while all remaining parameters are fixed according to Set A. The stochastic perturba-
tions are introduced through the noise intensities 𝜎1 = 0.05, 𝜎2 = 0.5, 𝜎3 = 0.05, 𝜎4 = 0.05, 𝜎5 = 0.5. Simulations are initialized at 
(

𝑆ℎ(0), 𝐼ℎ(0), 𝑅ℎ(0), 𝑆𝑚(0), 𝐼𝑚(0)
)

=
(

500, 100, 0, 1000, 200
)

. As illustrated in Fig. 5, the infected human (𝐼ℎ) and infected mosquito 
(𝐼𝑚) populations exhibited extinction (defined as 𝐼ℎ < 10−5 and 𝐼ℎ < 10−5, respectively ). this reflects a situation in which sustained 
human-mosquito transmission chains can no longer be maintained, effectively leading to the interruption of dengue spread.
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The histograms and box plots further quantify the variability in extinction times across stochastic realizations, capturing the in-
herent randomness in dengue transmission due to fluctuating environmental conditions and mosquito dynamics. The mean extinction 
time for infected humans was estimated as (49.96 ± 11.44) time units, while infected mosquitoes exhibited a shorter mean extinction 
time of for (24.69 ± 3.54) time units. The faster extinction of infected mosquitoes reflects their shorter lifespan and higher sensi-
tivity to environmental variability, which directly limits their ability to sustain viral transmission to humans. Together, these results 
highlight the critical role of vector population dynamics in driving dengue extinction under stochastic perturbations. These results 
align with the conditions of Theorem (4) as 𝑅ℎ

0 = 0.5754 < 1 and 𝑅𝑚
0 = 0.9583 < 1. This result confirms that when the average number 

of secondary infections generated by both infected humans and infected mosquitoes falls below unity, dengue transmission cannot 
persist, even in the presence of environmental noise.

Overall, the analytical and numerical results consistently show that maintaining either of the reproduction thresholds below unity 
ensures disease extinction. These findings highlight the crucial role of transmission reduction in both human and vector populations 
for achieving effective disease control. The shorter extinction time of infected mosquitoes further indicates their higher sensitivity to 
environmental variability, suggesting that targeting vector dynamics can significantly accelerate disease elimination.

6.  Effect of noise intensities on stochastic system

To investigate the influence of environmental fluctuations on dengue disease transmission, numerical simulations of the system (1) 
are performed using the parameter set {𝜂 = 0.55, 𝑎 = 0.6, 𝑏 = 0.2, 𝑐 = 0.1, 𝑑 = 0.269, 𝛽𝑚 = 0.2}, while all remaining parameters are 
fixed according to Set A. For this parameter regime, the basic reproduction number is calculated as 𝑅0 = 2.261 > 1, indicating that, 
in the absence of stochastic perturbations, the disease persists in the population.

To assess the impact of stochastic effects, the noise intensities are varied uniformly across all stochastic components, i.e., 𝜎 = 𝜎1 =
𝜎2 = 𝜎3 = 𝜎4 = 𝜎5. The same initial conditions, 

(

𝑆ℎ(0), 𝐼ℎ(0), 𝑅ℎ(0), 𝑆𝑚(0), 𝐼𝑚(0)
)

= (20, 5, 0, 50, 10) and identical parameter values 
are used for both the deterministic and stochastic simulations to ensure a consistent and meaningful comparison. As shown in Fig. 6(a), 
for small noise intensities (𝜎 = 0.01), the stochastic trajectories closely follow the deterministic solution, maintaining oscillations 
characteristic of endemic infection and introduces variability in the trajectory, but the disease still persists as 𝑅ℎ

0 = 1.088 > 1. At 
higher noise levels (𝜎 = 0.9) shown in Fig. 6(c), the infected human and infected mosquito populations decline steadily and eventually 
reach extinction, although 𝑅0 > 1. In particular, larger noise intensities lead to faster extinction times. These results suggest that 
environmental noise can destabilize disease persistence and lead to extinction of infection in both host and vector populations.

To further quantify this phenomenon, we focus on host-specific stochastic perturbations, motivated by the extinction condition 
derived in Theorem (4), where the threshold 𝑅ℎ

0 explicitly depends on the noise intensity 𝜎2 associated with the infected human 
population. Fixing all other noise terms and varying 𝜎2, we compute the extinction probability of 𝐼ℎ across a range of values of 𝜎2 and 
𝑅ℎ
0 . The resulting contour plot in Fig. 6(b) demonstrates that increasing stochastic fluctuations in the infected host class substantially 

increases the probability of disease extinction. In particular, for sufficiently large 𝜎2, extinction occurs with high probability, despite 
the deterministic system predicts endemic persistence with 𝑅0 = 2.261 > 1.

These results demonstrate that environmental noise fundamentally alters dengue transmission dynamics. In particular, when all 
noise intensities are set to zero (𝜎𝑖 = 0), the deterministic model predicts sustained infection due to 𝑅0 = 2.261 > 1, whereas the 
introduction of stochastic perturbations alone can drive the disease to extinction. This highlights the critical role of randomness in 
realistic epidemic settings and underscores the necessity of incorporating stochastic effects when designing intervention strategies. 
Consequently, these findings provide strong motivation for the stochastic optimal control framework developed in the subsequent 
section.

7.  Optimization by awareness for prevention control and treatment control emphasizing maximum cure rate of infected 
individuals

Considering the severity and unpredictability of dengue outbreaks, an optimal control model is formulated by rewriting system (1) 
and solving it under stochastic perturbations. In realistic epidemiological settings, disease transmission is influenced by random envi-
ronmental fluctuations, climatic variability, vector population changes, and behavioral uncertainties. Deterministic control strategies 
may fail to capture these uncertainties, potentially leading to suboptimal or unstable intervention policies.

Therefore, the objective of this section is to develop a stochastic optimal control framework that determines robust and cost-effective 
intervention strategies in the presence of random external disturbances. The purpose of incorporating stochastic optimal control is:

• to design prevention and treatment strategies that remain effective under environmental and demographic randomness,
• to minimize the expected number of infected individuals over a given time horizon,
• to maximize the cure rate of infected individuals through enhanced medical efforts,
• and to minimize the overall implementation cost of awareness and treatment controls.

Two control strategies are considered as follows:

(i) Awareness for prevention control 𝑢1(𝑡) that encourages individuals to adopt preventive measures against dengue. In this section, the 
transmission-related parameter 𝜂 is replaced by the control variable 𝑢1(𝑡), and its impact on curbing disease spread is analyzed. The 
control 𝑢1(𝑡) quantifies the efforts of awareness campaigns for dengue prevention, including the use of mosquito nets, sanitation of 
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Fig. 5. Stochastic extinction dynamics of dengue infection in humans and mosquitoes. (a) Time series of infected humans (𝐼ℎ), illustrating stochastic 
extinction for 𝑅ℎ

0 = 0.5754 < 1, with the associated histogram and box plot of extinction times obtained from 100 Monte Carlo simulations, highlight-
ing the variability in the time required for the elimination of human dengue infections due to environmental and demographic fluctuations. (b) Time 
series of infected mosquitoes (𝐼𝑚) showing stochastic extinction for 𝑅𝑚

0 = 0.9583 < 1, together with the corresponding extinction-time distributions, 
indicating faster extinction in the vector population under stochastic perturbations.

local areas, and other health education measures. Since awareness campaigns target the entire human population, the associated 
cost is proportional to the total human population, and the cost of 𝑢1 is taken as 𝑢1(𝑡)(𝑆ℎ + 𝐼ℎ + 𝑅ℎ).

(ii) Treatment control 𝑢2(𝑡) that emphasizes maximizing the cure rate. Here, the cure rate parameter 𝑎 in (1) is replaced by the control 
variable 𝑢2(𝑡). The control 𝑢2(𝑡) represents medical efforts including vaccination, medication, hospitalization, and other therapeutic 
interventions aimed at increasing recovery and reducing the infectious period.

The above mentioned awareness strategy has been seen to be effective in raising social education [39,40].
Incorporating the above control strategies together with random environmental fluctuations in the population growth terms, 

system (1) is reformulated as the following stochastic controlled system with initial conditions 𝑆ℎ(0) ≥ 0, 𝐼ℎ(0) ≥ 0, 𝑅ℎ(0) ≥ 0, 𝑆𝑚(0) ≥
0, and 𝐼𝑚(0) ≥ 0:

𝑑𝑠(𝑡) = 𝐹 (𝑢(𝑡), 𝑠(𝑡)) 𝑑𝑡 + 𝐺(𝑠(𝑡)) 𝑑𝑊 (𝑡), (5)
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Fig. 6. Extinction probability of infected humans 𝐼ℎ in the (𝜎2, 𝑅ℎ
0 )-plane. The dashed line indicates 𝑅ℎ

0 = 1.

where the drift components are given by

𝑓1 = 𝐴ℎ − 𝛼
(

𝛽 −
𝛽1𝑢1

𝛽2 + 𝑢1

)

𝑆ℎ𝐼𝑚 − 𝑑ℎ𝑆ℎ,

𝑓2 = 𝛼
(

𝛽 −
𝛽1𝑢1

𝛽2 + 𝑢1

)

𝑆ℎ𝐼𝑚 − 𝑟ℎ𝐼ℎ −
𝑢2𝐼2ℎ

𝑏𝐼2ℎ + 𝑐𝐼ℎ + 1
− 𝑑𝐼ℎ − 𝑑ℎ𝐼ℎ,

𝑓3 = 𝑟ℎ𝐼ℎ +
𝑢2𝐼2ℎ

𝑏𝐼2ℎ + 𝑐𝐼ℎ + 1
− 𝑑ℎ𝑅ℎ,

𝑓4 = 𝛿
(

1 −
𝑆𝑚 + 𝐼𝑚

𝐾

)

(𝑆𝑚 + 𝐼𝑚) − 𝛼𝛽𝑚𝑆𝑚𝐼ℎ − 𝑑𝑚𝑆𝑚,

𝑓5 = 𝛼𝛽𝑚𝑆𝑚𝐼ℎ − 𝑑𝑚𝐼𝑚.

(6)

The diffusion terms are defined as 𝑔1 = 𝜎1𝑆ℎ, 𝑔2 = 𝜎2𝐼ℎ, 𝑔3 = 𝜎3𝑅ℎ, 𝑔4 = 𝜎4𝑆𝑚,  and 𝑔5 = 𝜎5𝐼𝑚, with 𝑢(𝑡) =
[

𝑢1(𝑡), 𝑢2(𝑡)
]𝑇  and 𝑠(𝑡) =

[

𝑆ℎ(𝑡), 𝐼ℎ(𝑡), 𝑅ℎ(𝑡), 𝑆𝑚(𝑡), 𝐼𝑚(𝑡)
]𝑇 .

The cost functional is proposed as 𝑐(𝑆ℎ, 𝐼ℎ, 𝑅ℎ, 𝑆𝑚, 𝐼𝑚, 𝑢1, 𝑢2
)

=
(

𝐴0𝐼ℎ + 𝐵0𝑢21(𝑆ℎ + 𝐼ℎ + 𝑅ℎ) + 𝐵1𝑢22
)

 which is clearly continuously 
differentiable. 𝐴0, 𝐵0, and 𝐵1 are positive constants. If [0, 𝑡𝑓 ] is the duration of executing controls, the cost function is defined as 
following,

(𝑢, 𝑠) = 1
2 ∫

𝑡𝑓

0

(

𝐴0𝐼ℎ + 𝐵0𝑢
2
1(𝑆ℎ + 𝐼ℎ + 𝑅ℎ) + 𝐵1𝑢

2
2

)

𝑑𝑡 (7)

Therefore, our objective is to find the optimal strategies 𝑢∗(𝑡) = (𝑢∗1(𝑡), 𝑢
∗
2(𝑡)) such that (𝑢∗, 𝑠∗) ≤ (𝑢, 𝑠),∀𝑢 ∈ Θ, where Θ is the set of 

all admissible controls defined as follows:

Θ =
{

(𝑢1, 𝑢2) ∶ 𝑢𝑖 ∈ [0, 1],∀𝑢𝑖 ∈ 𝐿2, 𝑡 ∈ [0, 𝑡𝑓 ]
}

.

Before applying the stochastic maximal principle, we construct the Hamiltonian of the system as follows,

𝐻
(

𝑆ℎ, 𝐼ℎ, 𝑅ℎ, 𝑆𝑚, 𝐼𝑚, 𝑢1, 𝑢2
)

= 𝐴0𝐼ℎ + 𝐵0𝑢
2
1(𝑆ℎ + 𝐼ℎ + 𝑅ℎ) + 𝐵1𝑢

2
2 + 𝑒1𝑓1 + 𝑒2𝑓2 + 𝑒3𝑓3 + 𝑒4𝑓4 + 𝑒5𝑓5 +

⟨

𝑔(𝑥), 𝑞
⟩

. (8)

Here, 𝑒 = (𝑒1, 𝑒2, 𝑒3, 𝑒4, 𝑒5) and 𝑞 = (𝑞1, 𝑞2, 𝑞3, 𝑞4, 𝑞5) are corresponding co-state variables. From the stochastic maximal principle it 
follows that

𝑑𝑒(𝑡) = − 𝜕𝐻
𝜕𝑠

𝑑𝑡 + 𝑞
(

𝑠∗(𝑡)
)

𝑑𝑊 (𝑡), (9)
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Fig. 7. Impact of optimization on infected population along with the associated cost when both the controls are applied under stochastic environ-
ment. (a) Infected human population reduces to a minimum size after application of controls, (b) The associated cost reduces notably in presence of 
controls, (c) Evolution of Awareness for prevention control with time when both controls are active, (d) Evolution of treatment control with time 
when both controls are active, and (e) Mosquito density almost extincts after application of controls.

i.e.,

𝑒̇1 = − 𝜕𝐻
𝜕𝑆ℎ

= − 𝐵0𝑢1
2 + 𝑒1𝛼

(

𝛽 −
𝛽1𝑢1

𝛽2 + 𝑢1

)

𝐼𝑚 + 𝑒1𝑑ℎ − 𝑒2𝛼
(

𝛽 −
𝛽1𝑢1

𝛽2 + 𝑢1

)

𝐼𝑚 − 𝜎1𝑞1,

𝑒̇2 = − 𝜕𝐻
𝜕𝐼ℎ

= − 𝐴0 − 𝐵0𝑢1
2 + 𝑟ℎ(𝑒2 − 𝑒3) + 𝑢2(𝑒2 − 𝑒3)

⎛

⎜

⎜

⎝

2𝐼ℎ + 𝑐𝐼ℎ2
(

𝑏𝐼ℎ2 + 𝑐𝐼ℎ + 1
)2

⎞

⎟

⎟

⎠

+ 𝑒2(𝑑 + 𝑑ℎ) + (𝑒4 − 𝑒5)𝛼𝛽𝑚𝑆𝑚 − 𝜎2𝑞2,

𝑒̇3 = − 𝜕𝐻
𝜕𝑅ℎ

= − 𝐵0𝑢1
2 + 𝑒3𝑑ℎ − 𝜎3𝑞3,

𝑒̇4 = − 𝜕𝐻
𝜕𝑆𝑚

= − 𝑒4𝛿
(

1 −
2𝑆𝑚 + 2𝐼𝑚

𝐾

)

+ 𝑒4𝛼𝛽𝑚𝐼ℎ + 𝑒4𝑑𝑚 − 𝑒5𝛼𝛽𝑚𝐼ℎ − 𝜎4𝑞4,

𝑒̇5 = − 𝜕𝐻
𝜕𝐼𝑚

=𝑒1𝛼
(

𝛽 −
𝛽1𝑢1

𝛽2 + 𝑢1

)

𝑆ℎ − 𝑒2𝛼
(

𝛽 −
𝛽1𝑢1

𝛽2 + 𝑢1

)

𝑆ℎ − 𝑒4𝛿
(

1 −
2𝑆𝑚 + 2𝐼𝑚

𝐾

)

+ 𝑒5𝑑𝑚 − 𝜎5𝑞5.

(10)

with transversality condition 𝑒𝑖(𝑡𝑓 ) = 0 for 𝑖 = 1, 2, 3, 4, 5 and 𝑞𝑖(𝑠) are co-state variables for corresponding stochastic system. Now, by 
the stochastic maximal principle, the optimal control problem is given by

𝐻(𝑠∗, 𝑢∗, 𝑒, 𝑞) = max
𝑢∈Θ

𝐻(𝑠∗, 𝑢, 𝑒, 𝑞)

Subject to:

𝑑𝑠(𝑡) = 𝜕𝐻
𝜕𝑒

𝑑𝑡 + 𝐺
(

𝑠∗(𝑡)
)

𝑑𝑊 (𝑡)

𝑑𝑒(𝑡) = − 𝜕𝐻
𝜕𝑠

𝑑𝑡 + 𝑞(𝑡) 𝑑𝑊 (𝑡)

(11)
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Fig. 8. Simulations show the evolution of controls in various scenarios that also signify the application of controls. (a) Evolution of 𝑢1 control in 
different scenarios, (b) Evolution of 𝑢2 control in different scenarios, (c) Evolution of cost associated with controls in different scenarios and (d) 
Evolution of Infected human population size with time in different scenarios.

Now, solving the optimality condition 𝜕𝐻
𝜕𝑢𝑖

= 0, 𝑖 = 1, 2 we obtain,

𝑢∗1 = min

⎧

⎪

⎨

⎪

⎩

max

⎧

⎪

⎨

⎪

⎩

⎛

⎜

⎜

⎝

𝛽23

27
+

𝐶4
2

+

√

𝛽23𝐶4
27

+
𝐶2
4
4

⎞

⎟

⎟

⎠

1
3

+
⎛

⎜

⎜

⎝

𝛽23

27
+

𝐶4
2

−

√

𝛽23𝐶4
27

+
𝐶2
4
4

⎞

⎟

⎟

⎠

1
3

−
2𝛽2
3

, 0

⎫

⎪

⎬

⎪

⎭

, 1

⎫

⎪

⎬

⎪

⎭

(12)

where, 𝐶4 =
𝛼𝛽1𝛽2(𝑒2 − 𝑒1)

2𝐵0(𝑆ℎ + 𝐼ℎ + 𝑅ℎ)
 and

𝑢∗2 = min

{

max

{

(𝑒2 − 𝑒3)𝐼ℎ2

2𝐵1(𝑏𝐼ℎ2 + 𝑐𝐼ℎ + 1)
, 0

}

, 1

}

. (13)

7.1.  Simulations for stochastic optimal control

To validate the analytical results obtained for the proposed control strategies, numerical simulations are presented in this subsec-
tion. The stochastic optimal control problem (11) is solved numerically using MATLAB by means of Monte Carlo simulations combined 
with the forward-backward sweep method. The number of Monte Carlo iterations is fixed at 𝑁 = 10000. The control measures are 
implemented over a finite time horizon 𝑡𝑓 = 85 units of time (may be counted in days). For simulations we have considered follow-
ing parameter values {𝐴ℎ = 10, 𝜂 = 0.55, 𝑎 = 0.6, 𝑏 = 0.2, 𝑐 = 0.1, 𝑑 = 0.269, 𝛿 = 0.79, 𝛽𝑚 = 0.2}, while all remaining parameters are 
fixed according to Set A. The corresponding noise intensities are chosen as Σ1 = {𝜎1 = 0.23, 𝜎2 = 0.43, 𝜎3 = 0.23, 𝜎4 = 0.15, 𝜎5 = 0.43}. 
The initial conditions for the state variables are specified as 𝑆ℎ(0) = 500, 𝐼ℎ(0) = 200, 𝑅ℎ(0) = 10, 𝑆𝑚(0) = 1000, 𝐼𝑚(0) = 100.
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It is worth noting that the selected noise intensity set Σ1, together with the remaining model parameters, satisfies the conditions 
of Theorem (3). For this parameter regime, the basic reproduction number satisfies 𝑅0 > 1 in the absence of control measures, that 
is, when 𝑢1 = 0, 𝑢2 = 0, indicating sustained dengue transmission.

The numerical results presented in Fig. 7(a) and dummyTXdummy- Fig. 7(e) demonstrate that the simultaneous implementation 
of both control strategies is highly effective in reducing the infected human population to a negligible level, while also substantially 
suppressing the mosquito population. The temporal profiles of the control variables are depicted in Fig. 7(c) and dummyTXdummy- 
Fig. 7(d), illustrating the optimal intensity and duration of intervention over the control horizon.

The associated cost functional incorporates the disease burden due to dengue infection, the costs of medical treatment, and the 
expenses related to awareness campaigns, environmental sanitation, and other preventive measures. As shown in Fig. 7(b), the total 
cost is significantly reduced when both control measures are applied, even after accounting for the implementation costs of the 
controls themselves.

The plots presented in Fig. 8 illustrate the effectiveness and relative importance of individual and combined control strategies 
in mitigating dengue transmission while minimizing the associated costs. In particular, Fig. 8(a) depicts the optimal profile of the 
awareness and prevention control 𝑢1 under different scenarios, namely, in the absence and presence of the treatment control 𝑢2. It is 
observed that, when 𝑢2 is absent, the control 𝑢1 must be applied over a longer duration to successfully suppress dengue transmission 
and restore the system toward a controlled state. A similar behavior is observed for the treatment control 𝑢2 when applied individually 
in the absence of 𝑢1, a longer or more intensive intervention is required compared to the case when both controls are implemented 
simultaneously as shown in Fig. 8(b). These results indicate that reliance on a single intervention places a greater burden on that 
control mechanism to compensate for the absence of the complementary strategy.

As shown in Fig. 8(d), the treatment control 𝑢2 is more effective than the awareness-based control 𝑢1 in reducing the infected human 
population when applied alone. However, the cost associated with the individual application of 𝑢2 is slightly higher than that of 𝑢1, 
reflecting the increased expenses related to medical treatment and case management. In contrast, the simultaneous implementation 
of both controls yields the lowest overall cost and requires a shorter duration of intervention, as illustrated in Fig. 8(a) to Fig. 8(c).

Consequently, the optimal outcome characterized by the minimum infected population size at the lowest total cos is achieved 
when the awareness and prevention control 𝑢1 and the treatment control 𝑢2 are applied concurrently, as demonstrated in Fig. 8.

8.  Conclusion

In this work, we have developed a comprehensive stochastic framework to investigate dengue transmission dynamics under 
the combined influence of media modulated infection rates, nonlinear treatment responses, and environmental uncertainty. The 
study begins with the formulation of a stochastic dengue model that captures random perturbations arising from environmental and 
demographic variability. Rigorous mathematical analysis established the existence, uniqueness, and global positivity of solutions, 
ensuring the biological and analytical well posedness of the proposed system.

To ensure epidemiological relevance, the deterministic model is calibrated using reported data on dengue incidence from Rio de 
Janeiro, Brazil for the year 2024. The estimated parameters lie within biologically plausible ranges, and uncertainty is quantified 
through confidence and prediction intervals that account for data variability. These results support the model’s consistency with 
observed trends and provide a reliable basis for the validity of the subsequent stochastic analysis, as well as for understanding disease 
dynamics and informing control strategies. The PRCC sensitivity analysis of 𝑅0 reveals that transmission intensity is primarily driven 
by demographic and entomological factors that regulate host availability and vector-host contact. In particular, increased human 
recruitment (𝐴ℎ), mosquito bite activity (𝛼), transmission probabilities between humans and mosquitoes (𝛽, 𝛽𝑚), mosquito maturation 
rate (𝛿), and environmental carrying capacity (𝐾) improve viral circulation by increasing both the frequency of infectious contacts and 
vector abundance. In contrast, higher mosquito mortality (𝑑𝑚), human mortality, and media driven awareness (𝜂) suppress dengue 
transmission by reducing vector survival, infectious host availability, and effective human-mosquito interactions. Notably, media 
modulated awareness emerges as a critical intervention, as awareness induced behavioral changes such as personal protection and 
environmental management substantially reduce transmission potential and contribute to sustained outbreak prevention.

Stochastic perturbations play a significant role in shaping dengue transmission dynamics by influencing both disease persistence 
and extinction. Our analysis shows that, under certain conditions, stochastic trajectories fluctuate around their deterministic counter-
parts, indicating that the deterministic model can still approximate average system behavior in the presence of small environmental 
variability.

From a biological perspective, the results demonstrate that when the reproduction thresholds satisfy 𝑅ℎ
0 < 1 or 𝑅𝑚

0 < 1, the infec-
tion dies out in the human or mosquito population, respectively. These thresholds represent critical control targets, implying that 
reducing transmission in either population can be sufficient to interrupt disease spread. Importantly, the study reveals that increasing 
the intensity of environmental noise can drive both infected human and mosquito populations to extinction even when the determin-
istic basic reproduction number exceeds unity (𝑅0 > 1). This highlights a key biological insight: environmental variability such as 
fluctuations in temperature, rainfall, or vector habitats etc. can suppress transmission and potentially accelerate disease elimination 
beyond what is predicted by deterministic models. Although extinction thresholds indicate theoretical disease control, the presence 
of stochastic fluctuations in real transmission dynamics highlights the need for robust intervention strategies.

To address these challenges, a stochastic optimal control framework incorporates awareness based interventions (𝑢1) and treat-
ment strategies (𝑢2). The results indicate that the combined implementation of both controls substantially reduces infected human 
and mosquito populations while achieving disease suppression at minimal overall cost. When applied jointly, both controls require 
shorter implementation periods and produce more effective results than when used individually. Although treatment alone achieves 
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a stronger immediate reduction in infections, it incurs higher costs, whereas awareness based interventions offer cost-efficient trans-
mission reduction. The integrated strategy emerges as the most effective approach, minimizing infection burden and control costs 
simultaneously, and highlights the importance of coordinated public health responses under resource limitations.

In general, the results demonstrate that dengue transmission is governed by a complex interplay of nonlinear dynamics, stochastic 
effects, and behavioral responses. The proposed framework provides practical and quantitative insights for designing robust, cost 
effective, and adaptive dengue control strategies that integrate public awareness and medical interventions under uncertainty. By ex-
plicitly accounting for environmental variability and resource limitations, the findings support informed decision making for outbreak 
preparedness and efficient resource allocation. This work lays a foundation for future extensions incorporating spatial heterogene-
ity, intermediate hosts, time delays, age structured populations, or data driven stochastic parameter estimation to further enhance 
real-world applicability.
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Appendix A. 

This appendix presents the derivation of the disease-free equilibrium and 𝑅0 for the deterministic counterpart of the model, 
establishing the threshold condition for disease invasion or extinction.
Disease free equilibrium: The disease-free equilibrium represents the state in which the infection is absent from both the human 
and mosquito populations. To determine the disease-free equilibrium of the deterministic counterpart of system (1), we set the 
infected compartments to zero, i.e., 𝐼ℎ = 𝐼𝑚 = 0, and solve the remaining system of equations. Substituting these conditions into the 
model yields the disease-free equilibrium, denoted by 𝐸0 =

(

𝑆0
ℎ, 𝐼

0
ℎ , 𝑅

0
ℎ, 𝑆

0
𝑚, 𝐼

0
𝑚

)

=
(

𝐴ℎ
𝑑ℎ

, 0, 0, 𝐾
(

1 −
𝑑𝑚
𝛿

)

, 0
)

 which exists in the 
biologically feasible region, provided that 𝛿 > 𝑑𝑚.

• Basic reproduction number(𝑅0): The basic reproduction number, 𝑅0, represents the expected number of secondary infections 
generated by a single infectious individual in a fully susceptible population. It indicates that if 𝑅0 > 1, the disease can spread; if 
𝑅0 < 1, it will eventually die out. For vector-borne diseases such as dengue, which is transmitted between humans and mosquitoes, 
calculating 𝑅0 helps us to understand the potential for outbreaks, identify the most influential transmission parameters, which 
guide public health interventions.

The basic reproduction number (𝑅0) is derived by spectral analysis of the next generation matrix, obtained by decomposing 
the system into a subsystem as 𝑑𝑋

𝑑𝑡
= ( − ), where 𝐗 =

[

𝐼ℎ, 𝐼𝑚
]T. Here,

 =
⎡

⎢

⎢

⎣

𝛼
(

𝛽 −
𝛽1𝜂

𝛽2 + 𝜂

)

𝑆ℎ𝐼𝑚

𝛼𝛽𝑚𝑆𝑚𝐼ℎ

⎤

⎥

⎥

⎦

,  =

⎡

⎢

⎢

⎢

⎣

(𝑟ℎ + 𝑑 + 𝑑ℎ)𝐼ℎ +
𝑎𝐼2ℎ

(𝑏𝐼2ℎ + 𝑐𝐼ℎ + 1)
𝑑𝑚𝐼𝑚

⎤

⎥

⎥

⎥

⎦

 represent the rate of new infections and the rate of transfer 

between compartments, respectively. For the infected subsystem, we construct the Jacobian matrices 𝐹 =
[

𝜕𝑖
𝜕𝑋𝑗

]

 and 𝑉 =
[

𝜕𝑖
𝜕𝑋𝑗

]

, 
evaluated at 𝐸0 given by

𝐹 =

[

0 𝛼
(

𝛽 − 𝛽1𝜂
𝛽2+𝜂

)

𝑆0
ℎ

𝛼𝛽𝑚𝑆0
𝑚 0

]

, 𝑉 =
[

(𝑟ℎ + 𝑑 + 𝑑ℎ) 0
0 𝑑𝑚

]

.
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So, the spectral radius of the matrix 𝐹𝑉 −1 yields

𝑅0 =

√

√

√

√

√

√

𝛼2𝐴ℎ𝛽𝑚𝐾(𝛿 − 𝑑𝑚)
(

𝛽 −
𝛽1𝜂

𝛽2 + 𝜂

)

𝑑𝑚𝑑ℎ𝛿(𝑟ℎ + 𝑑 + 𝑑ℎ)
.

(A.1)

This derived expression for 𝑅0 characterizes the transmission potential of the disease and forms the basis for subsequent sensitivity 
and control analysis.

Appendix B. 

Existence of endemic equilibrium: To establish the existence of the endemic equilibrium, denoted by 𝐸1 =
(

𝑆∗
ℎ , 𝐼

∗
ℎ , 𝑅

∗
ℎ, 𝑆

∗
𝑚, 𝐼

∗
𝑚

)

, we analyze the deterministic counterpart of system (1) by setting the time derivatives equal to zero. The en-
demic equilibrium is characterized by persistent infection in both host and vector populations, requiring 𝐼∗ℎ > 0 and 𝐼∗𝑚 > 0. Through 
algebraic manipulation of the equilibrium equations, we derive the following

𝑆∗
ℎ =

𝛿
(

𝑟ℎ + 𝑑 + 𝑑ℎ +
𝑎𝐼∗ℎ

𝑏𝐼∗ℎ
2+𝑐𝐼∗ℎ+1

)

(𝛼𝛽𝑚𝐼∗ℎ + 𝑑𝑚)

𝛼2 𝐾𝛽𝑚
(

𝛽 − 𝛽1𝜂
𝛽2+𝜂

)

(

𝛿 − 𝑑𝑚
)

, 𝑅∗
ℎ = 1

𝑑ℎ

(

𝑟ℎ𝐼
∗
ℎ +

𝑎𝐼∗ℎ
2

𝑏𝐼∗ℎ
2 + 𝑐𝐼∗ℎ + 1

)

𝑆∗
𝑚 =

𝐾𝑑𝑚
𝛿

(

𝛿 − 𝑑𝑚
𝛼𝛽𝑚𝐼∗ℎ + 𝑑𝑚

)

, 𝐼∗𝑚 =
𝐾𝛼𝛽𝑚𝐼∗ℎ

𝛿

(

𝛿 − 𝑑𝑚
𝛼𝛽𝑚𝐼∗ℎ + 𝑑𝑚

)

.

Replacing the above values in the equation for 𝑆̇ℎ, we obtain an equation in terms of 𝐼∗ℎ as

𝐴ℎ −

(

𝑟ℎ + 𝑑 + 𝑑ℎ +
𝑎𝐼∗ℎ

𝑏𝐼∗ℎ
2 + 𝑐𝐼∗ℎ + 1

)

(

𝐼∗ℎ +
𝛿𝑑ℎ𝛼𝛽𝑚𝐼∗ℎ + 𝛿𝑑ℎ𝑑𝑚
𝐾𝛼2𝛽𝑒𝛽𝑚(𝛿 − 𝑑𝑚)

)

= 0 (B.1)

Let us now define a continuous function 𝑓 ∶ [0,∞) → ℝ as follows

𝑓 (𝐼ℎ) = 𝐴ℎ −
(

𝑟ℎ + 𝑑 + 𝑑ℎ +
𝑎𝐼ℎ

𝑏𝐼ℎ2 + 𝑐𝐼ℎ + 1

)(

𝐼ℎ +
𝛿𝑑ℎ𝛼𝛽𝑚𝐼ℎ + 𝛿𝑑ℎ𝑑𝑚
𝐾𝛼2𝛽𝑒𝛽𝑚(𝛿 − 𝑑𝑚)

)

(B.2)

Now,

lim
𝐼ℎ→0

𝑓 (𝐼ℎ) = 𝐴ℎ −
𝛿𝑑ℎ𝑑𝑚(𝑟ℎ + 𝑑 + 𝑑ℎ)
𝐾𝛼2𝛽𝑒𝛽𝑚(𝛿 − 𝑑𝑚)

= 𝐴ℎ

(

1 − 1
𝑅2
0

)

> 0, for 𝑅0 > 1.

lim
𝐼ℎ→∞

𝑓 (𝐼ℎ) = −∞.

By the intermediate value theorem, since 𝑓 (𝐼ℎ) is continuous, there exists at least one positive root 𝐼∗ℎ such that 𝑓 (𝐼∗ℎ ) = 0. Conse-
quently, the existence of this positive solution 𝐼∗ℎ > 0 ensures that 𝑆∗

ℎ , 𝑅
∗
ℎ, 𝑆

∗
𝑚 and 𝐼∗𝑚 also attain positive values, as expressed in 

their respective formulations. Therefore, for 𝑅0 > 1, the deterministic system admits an endemic equilibrium characterized by the 
persistence of infection (𝐼∗ℎ > 0) as described in Eq. (B.1).

Appendix C. 

This appendix provides the proof of Theorem (2). The approach is based on constructing a suitable Lyapunov function and applying 
Itô’s formula to analyze the stochastic stability of the system around the disease-free equilibrium. To establish the result, we introduce 
the following Lyapunov function, which measures the deviation of the system from the disease-free equilibrium. Accordingly, define 
𝑉1 ∶ ℝ5

+ → ℝ+ as follows:

𝑉1
(

𝑆ℎ, 𝐼ℎ, 𝑅ℎ, 𝑆𝑚, 𝐼𝑚
)

= 1
2
(

𝑆ℎ − 𝑆0
ℎ
)2 + 𝐼ℎ + 𝑅ℎ +

1
2
(

𝑆𝑚 − 𝑆0
𝑚
)2 + 𝐼𝑚 (C.1)

Using Itô’s formula on 𝑉1 we get,

𝑑𝑉1
(

𝑆ℎ, 𝐼ℎ, 𝑅ℎ, 𝑆𝑚, 𝐼𝑚
)

=𝐿𝑉1
(

𝑆ℎ, 𝐼ℎ, 𝑅ℎ, 𝑆𝑚, 𝐼𝑚
)

𝑑𝑡 + 𝜎1𝑆ℎ

(

𝑆ℎ − 𝑆0
ℎ

)

𝑑𝑊1 + 𝜎2𝐼ℎ𝑑𝑊2 + 𝜎3𝑅ℎ𝑑𝑊3

+ 𝜎4𝑆𝑚

(

𝑆𝑚 − 𝑆0
𝑚

)

𝑑𝑊4 + 𝜎5𝐼𝑚𝑑𝑊5

(C.2)
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where,

𝐿𝑉1 =

[

(

𝑆ℎ − 𝑆0
ℎ

)(

𝐴ℎ − 𝛼𝛽𝑒𝑆ℎ𝐼𝑚 − 𝑑ℎ𝑆ℎ

)

+
(

𝛼𝛽𝑒𝑆ℎ𝐼𝑚 − 𝑟ℎ𝐼ℎ −
𝑎𝐼2ℎ

𝑏𝐼2ℎ + 𝑐𝐼ℎ + 1
− 𝑑𝐼ℎ − 𝑑ℎ𝐼ℎ

)

+
(

𝑟ℎ𝐼ℎ +
𝑎𝐼2ℎ

𝑏𝐼2ℎ + 𝑐𝐼ℎ + 1
− 𝑑ℎ𝑅ℎ

)

+
(

𝛼𝛽𝑚𝑆𝑚𝐼ℎ − 𝑑𝑚𝐼𝑚
)

+
(

𝑆𝑚 − 𝑆0
𝑚

)

(

𝛿
(

1 −
𝑆𝑚 + 𝐼𝑚

𝐾

)

(𝑆𝑚 + 𝐼𝑚) − 𝛼𝛽𝑚𝑆𝑚𝐼ℎ − 𝑑𝑚𝑆𝑚

)

]

+ 1
2

(

𝜎21𝑆
2
ℎ + 𝜎24𝑆

2
𝑚

)

≤ −
(

𝑑ℎ
(

𝑆ℎ − 𝑆0
ℎ
)2 + 𝑑𝑚

(

𝑑 + 𝑑ℎ + 𝑟ℎ
)(

1 − 𝑅2
0

)

𝐼ℎ + 𝑑ℎ𝑅ℎ + 𝑑𝑚
(

𝑆𝑚 − 𝑆0
𝑚
)2 + 𝑑𝑚𝐼𝑚

)

+ 𝐴ℎ𝑆ℎ + 𝛼𝛽𝑒𝑆ℎ𝐼𝑚(𝑆0
ℎ + 1) + 𝛿𝑆2

𝑚 + 𝛼𝛽𝑚𝑆𝑚𝐼ℎ(𝑆0
𝑚 + 1) + 1

2

(

𝜎21𝑆
2
ℎ + 𝜎24𝑆

2
𝑚

)

≤ −
(

𝑑ℎ
(

𝑆ℎ − 𝑆0
ℎ
)2 + 𝑑𝑚

(

𝑑 + 𝑑ℎ + 𝑟ℎ
)(

1 − 𝑅2
0

)

𝐼ℎ + 𝑑ℎ𝑅ℎ + 𝑑𝑚
(

𝑆𝑚 − 𝑆0
𝑚
)2 + 𝑑𝑚𝐼𝑚

)

+
𝐴ℎ
𝑑ℎ

(

𝐴ℎ + 𝛼𝛽𝑒𝐾(𝑆0
ℎ + 1) + 𝛼𝛽𝑚𝐾(𝑆0

𝑚 + 1)
)

+ 1
2

(

𝜎21𝑆
2
ℎ + 𝜎24𝑆

2
𝑚 + 2𝛿𝐾2

)

(C.3)

Integrating both sides of (C.2) from 0 to 𝑡 and using (C.3), then taking the expectation we get,

0 ≤ 𝔼𝑉1(𝑡) − 𝑉1(0) = 𝔼∫

𝑡

0
𝐿𝑉1(𝑠)𝑑𝑠

≤ −𝔼∫

𝑡

0

[

𝑑ℎ
(

𝑆ℎ(𝑠) − 𝑆0
ℎ
)2 + 𝑑𝑚(𝑑 + 𝑑ℎ + 𝑟ℎ)(1 − 𝑅2

0)𝐼ℎ(𝑠) + 𝑑ℎ𝑅ℎ(𝑠)

+ 𝑑𝑚
(

𝑆𝑚(𝑠) − 𝑆0
𝑚
)2 + 𝑑𝑚𝐼𝑚(𝑠)

]

𝑑𝑠 + 1
2

(𝐴2
ℎ𝜎

2
1

𝑑2ℎ
+ 𝜎24𝐾

2 + 2𝛿𝐾2
)

𝑡

+

[

𝐴ℎ
𝑑ℎ

(

𝐴ℎ + 𝑝𝐾(𝑆0
ℎ + 1) + 𝑟ℎ + 𝛼𝛽𝑚𝐾(𝑆0

𝑚 + 1)
)

]

𝑡

Therefore,

lim
𝑡→∞

Sup 1
𝑡
𝔼∫

𝑡

0

[

𝑑ℎ
(

𝑆ℎ − 𝑆0
ℎ
)2 + 𝑑𝑚(𝑑 + 𝑑ℎ + 𝑟ℎ)(1 − 𝑅2

0)𝐼ℎ + 𝑑ℎ𝑅ℎ + 𝑑𝑚
(

𝑆𝑚 − 𝑆0
𝑚
)2 + 𝑑𝑚𝐼𝑚

]

≤
𝐴ℎ
𝑑ℎ

(

𝐴ℎ + 𝛼𝛽𝑒𝐾(𝑆0
ℎ + 1) + 𝑟ℎ + 𝛼𝛽𝑚𝐾(𝑆0

𝑚 + 1)
)

+ 1
2

(𝐴2
ℎ𝜎

2
1

𝑑2ℎ
+ 𝜎24𝐾

2 + 2𝛿𝐾2
)

This completes the proof. The result shows that stochastic perturbations do not destabilize the disease-free equilibrium when 
𝑅0 < 1, and system trajectories fluctuating around it in the long run.

Appendix D. 

This appendix establishes the proof of Theorem (3), focusing on the stochastic behavior of the system around the endemic equi-
librium under the given conditions. The analysis accounts for the combined effect of persistence (𝑅0 > 1) and bounded stochastic 
fluctuations. To proceed, we introduce a Lyapunov function that quantifies deviations from the endemic equilibrium. Accordingly, 
define a function 𝑉 ∶ ℝ5

+ → ℝ+ as follows:

𝑉 (𝑆ℎ, 𝐼ℎ, 𝑅ℎ, 𝑆𝑚, 𝐼𝑚) = 𝑉1 + 𝑉2 (D.1)

where, 𝑉1 =
1
2
(

𝑆ℎ − 𝑆∗
ℎ + 𝐼ℎ − 𝐼∗ℎ + 𝑅ℎ − 𝑅∗

ℎ
)2 and 𝑉2 =

1
2
(

𝑆𝑚 − 𝑆∗
𝑚 + 𝐼𝑚 − 𝐼∗𝑚

)2

Using Itô’s formula on 𝑉1 we get,

𝑑𝑉
(

𝑆ℎ, 𝐼ℎ, 𝑅ℎ, 𝑆𝑚, 𝐼𝑚
)

=
(

𝐿𝑉1 + 𝐿𝑉2
)(

𝑆ℎ, 𝐼ℎ, 𝑅ℎ, 𝑆𝑚, 𝐼𝑚
)

𝑑𝑡 +
(

𝑆ℎ − 𝑆∗
ℎ + 𝐼ℎ − 𝐼∗ℎ + 𝑅ℎ − 𝑅∗

ℎ

)

(

𝜎1𝑆ℎ𝑑𝑊1 + 𝜎2𝐼ℎ𝑑𝑊2 + 𝜎3𝑅ℎ𝑑𝑊3

)

+
(

𝑆𝑚 − 𝑆∗
𝑚 + 𝐼𝑚 − 𝐼∗𝑚

)(

𝜎4𝑆𝑚𝑑𝑊4 + 𝜎5𝐼5𝑑𝑊5
)

(D.2)
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where,

𝐿𝑉1 =
(

𝑆ℎ − 𝑆∗
ℎ + 𝐼ℎ − 𝐼∗ℎ + 𝑅ℎ − 𝑅∗

ℎ

)(

𝐴ℎ − 𝑑ℎ(𝑆ℎ + 𝐼ℎ + 𝑅ℎ) − 𝑑𝐼ℎ
)

+ 1
2

(

𝜎21𝑆
2
ℎ + 𝜎22𝐼

2
ℎ + 𝜎23𝑅

2
ℎ

)

=
(

𝑆ℎ − 𝑆∗
ℎ + 𝐼ℎ − 𝐼∗ℎ + 𝑅ℎ − 𝑅∗

ℎ

)[

− 𝑑ℎ(𝑆ℎ − 𝑆∗
ℎ) − (𝑑ℎ + 𝑑)(𝐼ℎ − 𝐼∗ℎ ) − 𝑑ℎ(𝑅ℎ − 𝑅∗

ℎ)
]

+ 1
2

(

𝜎21𝑆
2
ℎ + 𝜎22𝐼

2
ℎ + 𝜎23𝑅

2
ℎ

)

≤
[

− 𝑑ℎ
(

𝑆ℎ − 𝑆∗
ℎ
)2 − (𝑑ℎ + 𝑑)

(

𝐼ℎ − 𝐼∗ℎ
)2 − 𝑑ℎ

(

𝑅ℎ − 𝑅∗
ℎ
)2
]

+ (2𝑑ℎ + 𝑑)(𝑆ℎ𝐼
∗
ℎ + 𝐼ℎ𝑆

∗
ℎ)

+ 2𝑑ℎ(𝑆ℎ𝑅
∗
ℎ + 𝑅ℎ𝑆

∗
ℎ) + (2𝑑ℎ + 𝑑)(𝐼ℎ𝑅∗

ℎ + 𝑅ℎ𝐼
∗
ℎ ) +

1
2

(

𝜎21𝑆
2
ℎ + 𝜎22𝐼

2
ℎ + 𝜎23𝑅

2
ℎ

)

≤
[

− 𝑑ℎ
(

𝑆ℎ − 𝑆∗
ℎ
)2 − (𝑑ℎ + 𝑑)

(

𝐼ℎ − 𝐼∗ℎ
)2 − 𝑑ℎ

(

𝑅ℎ − 𝑅∗
ℎ
)2
]

+
𝐴ℎ
𝑑ℎ

(2𝑑ℎ + 𝑑)(𝑆∗
ℎ + 2𝐼∗ℎ + 𝑅∗

ℎ)

+ 2𝐴ℎ(𝑅∗
ℎ + 𝑆∗

ℎ) +
𝐴2
ℎ

2𝑑2ℎ
(𝜎21 + 𝜎22 + 𝜎23 )

(D.3)

and

𝐿𝑉2 =
(

𝑆𝑚 − 𝑆∗
𝑚 + 𝐼𝑚 − 𝐼∗𝑚

)

(

𝛿
(

1 −
𝑆𝑚 + 𝐼𝑚

𝐾

)

(𝑆𝑚 + 𝐼𝑚) − 𝑑𝑚(𝑆𝑚 + 𝐼𝑚)

)

+ 1
2

(

𝜎24𝑆
2
𝑚 + 𝜎25𝐼

2
𝑚

)

=
(

𝑆𝑚 − 𝑆∗
𝑚 + 𝐼𝑚 − 𝐼∗𝑚

)

(

𝛿
(

1 −
𝑆𝑚 + 𝐼𝑚

𝐾

)

(𝑆𝑚 + 𝐼𝑚) −
𝛿𝑆∗

𝑚

(

1 − 𝑆∗
𝑚+𝐼

∗
𝑚

𝐾

)

(𝑆𝑚 + 𝐼𝑚)
)

𝑆∗
𝑚 + 𝐼∗𝑚

)

+ 1
2

(

𝜎24𝑆
2
𝑚 + 𝜎25𝐼

2
𝑚

)

= 𝛿
𝑆∗
𝑚 + 𝐼∗𝑚

(

𝐼∗𝑚 −
(𝑆∗

𝑚 + 𝐼∗𝑚)(𝑆𝑚 + 𝐼𝑚)
𝐾

)

(

𝑆𝑚 − 𝑆∗
𝑚
)2 −

𝛿𝑆∗
𝑚

𝑆∗
𝑚 + 𝐼∗𝑚

(

𝐼𝑚 − 𝐼∗𝑚
)2

+ 𝛿
𝑆∗
𝑚 + 𝐼∗𝑚

[

− 𝑆∗
𝑚 + 𝐼∗𝑚 −

(𝑆∗
𝑚 + 𝐼∗𝑚)(𝑆𝑚 + 𝐼𝑚)

𝐾

](

𝑆𝑚 − 𝑆∗
𝑚)(𝐼𝑚 − 𝐼∗𝑚

)

+ 1
2

(

𝜎24𝑆
2
𝑚 + 𝜎25𝐼

2
𝑚

)

≤ −
𝛿𝑆∗

𝑚
𝑆∗
𝑚 + 𝐼∗𝑚

(

𝑆𝑚 − 𝑆∗
𝑚
)2 −

𝛿𝑆∗
𝑚

𝑆∗
𝑚 + 𝐼∗𝑚

(

𝐼𝑚 − 𝐼∗𝑚
)2 +

2𝛿𝑆∗
𝑚

𝑆∗
𝑚 + 𝐼∗𝑚

(

𝑆∗
𝑚𝐼𝑚 + 𝑆𝑚𝐼

∗
𝑚) +

1
2

(

𝜎24𝑆
2
𝑚 + 𝜎25𝐼

2
𝑚

)

≤ −
𝛿𝑆∗

𝑚
𝑆∗
𝑚 + 𝐼∗𝑚

(

𝑆𝑚 − 𝑆∗
𝑚
)2 −

𝛿𝑆∗
𝑚

𝑆∗
𝑚 + 𝐼∗𝑚

(

𝐼𝑚 − 𝐼∗𝑚
)2 + 1

2𝑑𝑚
𝑆∗
𝑚𝐾𝛿2 + 𝐾2

2

(

𝜎24 + 𝜎25
)

(D.4)

Using (D.3) and (D.4) and then integrating both sides of (D.2) from 0 to 𝑡, followed by taking expectations, we obtain,

0 ≤ 𝔼𝑉 (𝑡) − 𝑉 (0) = 𝔼∫

𝑡

0

(

𝐿𝑉1(𝑠) + 𝐿𝑉2(𝑠)
)

𝑑𝑠

≤ −𝔼∫

𝑡

0

[

𝑑ℎ
(

𝑆ℎ − 𝑆∗
ℎ
)2 + (𝑑 + 𝑑ℎ)

(

𝐼ℎ − 𝐼∗ℎ
)2 + 𝑑ℎ

(

𝑅ℎ − 𝑅∗
ℎ
)2

+
𝛿𝑆∗

𝑚
(𝑆∗

𝑚 + 𝐼∗𝑚)

(

(

𝑆𝑚 − 𝑆∗
𝑚
)2 +

(

𝐼𝑚 − 𝐼∗𝑚
)2
)

]

+

[

𝐴ℎ
𝑑ℎ

(2𝑑ℎ + 𝑑)(𝑆∗
ℎ + 2𝐼∗ℎ + 𝑅∗

ℎ)

+ 2𝐴ℎ(𝑅∗
ℎ + 𝑆∗

ℎ) +
1

2𝑑𝑚
𝑆∗
𝑚𝐾𝛿2 +

𝐴2
ℎ

2𝑑2ℎ
(𝜎21 + 𝜎22 + 𝜎23 ) +

𝐾2

2
(𝜎24 + 𝜎25 )

]

𝑡

Therefore,

lim
𝑡→∞

Sup 1
𝑡
𝔼∫

𝑡

0

[

𝑑ℎ
(

𝑆ℎ − 𝑆∗
ℎ
)2 + (𝑑 + 𝑑ℎ)

(

𝐼ℎ − 𝐼∗ℎ
)2 + 𝑑ℎ

(

𝑅ℎ − 𝑅∗
ℎ
)2 +

𝛿𝑆∗
𝑚

(𝑆∗
𝑚 + 𝐼∗𝑚)

(

(

𝑆𝑚 − 𝑆∗
𝑚
)2 +

(

𝐼𝑚 − 𝐼∗𝑚
)2
)

]

≤
𝐴ℎ
𝑑ℎ

(2𝑑ℎ + 𝑑)(𝑆∗
ℎ + 2𝐼∗ℎ + 𝑅∗

ℎ) + 2𝐴ℎ(𝑅∗
ℎ + 𝑆∗

ℎ) +
1

2𝑑𝑚
𝑆∗
𝑚𝐾𝛿2 +

𝐴2
ℎ

2𝑑2ℎ
(𝜎21 + 𝜎22 + 𝜎23 ) +

𝐾2

2
(𝜎24 + 𝜎25 )

This completes the proof. The result indicates that for 𝑅0 > 1 and sufficiently small noise intensity relative to the natural death 
rate, the system remains close to the endemic equilibrium, ensuring stochastic persistence of the disease.

Appendix E. 

To prove the extinction result stated in Theorem (4), we analyze the stochastic dynamics of the infected compartments in both the 
host and vector populations. In particular, we derive sufficient conditions under which the infected populations decay exponentially 
to zero almost surely. By applying Itô’s formula to the last equation of system (1), we obtain

𝑑
(

log 𝐼𝑚(𝑡)
)

=
[

𝛼𝛽𝑚𝑆𝑚𝐼ℎ
𝐼𝑚

− 𝑑𝑚

]

𝑑𝑡 −
𝜎25
2
𝑑𝑡 + 𝜎5𝑑𝑊5 ≤

[

𝛼𝛽𝑚𝑆𝑚𝐼ℎ − 𝑑𝑚

]

𝑑𝑡 −
𝜎25
2
𝑑𝑡 + 𝜎5𝑑𝑊5
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≤
[

𝐴ℎ𝛼𝛽𝑚𝐾
𝑑ℎ

− 𝑑𝑚 −
𝜎25
2

]

𝑑𝑡 + 𝜎5𝑑𝑊5

Integrating the expression from 0 to 𝑡, and subsequently dividing by 𝑡 yields:
log 𝐼𝑚(𝑡)

𝑡
≤
[

𝐴ℎ𝛼𝛽𝑚𝐾
𝑑ℎ

− 𝑑𝑚 −
𝜎25
2

]

+ 1
𝑡 ∫

𝑡

0
𝜎5𝑑𝑊5(𝜏)𝑑𝜏 +

log 𝐼𝑚(0)
𝑡

≤ 𝑑𝑚(𝑅𝑚
0 − 1) + 1

𝑡
𝜎5𝑊5(𝑡) +

log 𝐼𝑚(0)
𝑡

(E.1)

Using strong law of large numbers for Martingale, we have

lim
𝑡→∞

1
𝑡
𝜎5𝑊5(𝑡) = 0, a.s.

Now, taking limit superior as 𝑡 → ∞ in both sides of (E.1), we get

lim
𝑡→∞

Sup
log 𝐼𝑚(𝑡)

𝑡
≤ 𝑑𝑚(𝑅𝑚

0 − 1) a.s.

which implies that if 𝑅𝑚
0 < 1, then

lim
𝑡→∞

Sup
log 𝐼𝑚(𝑡)

𝑡
< 0 a.s. ⟹ lim

𝑡→∞
𝐼𝑚(𝑡) = 0 a.s.

meaning that the infected mosquito population will die out almost surely (a.s.) if 𝑅𝑚
0 < 1.

Similarly, by applying Itô’s formula to the second equation of model (1), we have

𝑑 log 𝐼ℎ(𝑡) =
[𝛼

(

𝛽 − 𝛽1𝜂
𝛽2+𝜂

)

𝑆ℎ𝐼𝑚
𝐼ℎ

− (𝑑 + 𝑑ℎ + 𝑟ℎ) −
𝑎𝐼ℎ

𝑏𝐼2ℎ + 𝑐𝐼ℎ + 1

]

𝑑𝑡 −
𝜎22
2
𝑑𝑡 + 𝜎2𝑑𝑊2

≤
[𝐴ℎ𝐾𝛼

(

𝛽 − 𝛽1𝜂
𝛽2+𝜂

)

𝑑ℎ
− (𝑑 + 𝑑ℎ + 𝑟ℎ) −

𝑎

(2
√

𝑏 + 𝑐)
−

𝜎22
2

]

𝑑𝑡 + 𝜎2𝑑𝑊2

(E.2)

Integrating the Eq. (E.2) from 0 to 𝑡 and then dividing it by 𝑡 yields

log 𝐼ℎ(𝑡)
𝑡

≤
[𝐴ℎ𝐾𝛼

(

𝛽 − 𝛽1𝜂
𝛽2+𝜂

)

𝑑ℎ
− (𝑑 + 𝑑ℎ + 𝑟ℎ) −

𝑎

(2
√

𝑏 + 𝑐)
−

𝜎22
2

]

+ 1
𝑡 ∫

𝑡

0
𝜎2𝑑𝑊2(𝜏)𝑑𝜏 +

log 𝐼ℎ(0)
𝑡

≤ (𝑑 + 𝑑ℎ + 𝑟ℎ)(𝑅ℎ
0 − 1) + 1

𝑡
𝜎2𝑊2(𝑡) +

log 𝐼ℎ(0)
𝑡

(E.3)

According to the well-known law of large numbers for local martingales, we derive the following equation as

lim
𝑡→∞

1
𝑡
𝜎2𝑊2(𝑡) = 0, a.s.

Now taking limit superior as 𝑡 → ∞ in both sides of (E.3), we get

lim
𝑡→∞

Sup
log 𝐼ℎ(𝑡)

𝑡
≤ 𝑑𝑚(𝑅ℎ

0 − 1) < 0 a.s. if 𝑅ℎ
0 < 1

This implies the extinction of 𝐼ℎ(𝑡), i.e., lim𝑡→∞ 𝐼ℎ(𝑡) = 0 with probability 1 for 𝑅ℎ
0 < 1.

This establishes that the infected populations 𝐼ℎ(𝑡), and 𝐼𝑚(𝑡), converge to zero exponentially as 𝑡 → ∞ with probability one under 
either of the stated conditions. Hence, the disease becomes extinct in both the host and vector populations whenever 𝑅ℎ

0 < 1 or 𝑅𝑚
0 < 1. 

This completes the proof. 
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