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ABSTRACT

We study how path-specific delays can be identified from frequency-response measurements in delay-coupled oscillator networks. Although
time delays strongly shape collective dynamics, measured transfer curves usually combine many directed routes, making it difficult to deter-
mine which delayed path controls a chosen source-detector channel. We show that discrete symmetry can resolve this inverse problem.
For delay-coupled Kuramoto populations on a locked Ott-Antonsen branch, a symmetry-preserving operating point enforces an exact
detector-source response zero. A controlled symmetry-breaking detuning unfolds this protected zero into a ladder of real-frequency nodal
crossings. We prove a general theorem for finite retarded delay networks, solve the minimal four-population motif explicitly, and show that
the asymptotic spacing of the nodal ladder reads out a detector-selected delay. In the baseline motif, the recovered spacing matches the
predicted delay within 0.08%, while higher-node validations recover effective delays of 2.5027 and 2.7030, in close agreement with the corre-
sponding microscopic path delays. The result provides a swept-frequency protocol for symmetry-assisted delay spectroscopy, requiring only
a selected linear detector-source response rather than reconstruction of the full transfer matrix.
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Time delays are unavoidable in oscillator networks because sig-
nals need finite time to propagate, process, or interact. These
delays can strongly affect synchronization, stability, and infor-
mation flow, but they are difficult to infer from measurements
because a single response curve usually combines many possi-
ble routes through the network. We study how symmetry can
turn this problem into a path-specific measurement principle.
In a delay-coupled oscillator network, a suitable symmetry can
make the response between a chosen source and detector van-
ish exactly at a symmetric operating point. When this symmetry
is then weakly broken in a controlled way, the zero response
unfolds into a sequence of frequency-domain nodes. The spacing
between these nodes reveals the delay of the dominant symmetry-
selected path, rather than an average over the whole network.
We demonstrate this mechanism for delay-coupled Kuramoto
populations on a locked Ott-Antonsen branch, prove a general

theorem for finite retarded delay networks, solve a minimal four-
population motif, and validate the method in larger symmetric
networks. The resulting protocol offers a practical form of delay
spectroscopy based on swept-frequency measurements in a single
selected response channel.

I. INTRODUCTION

Time delays are intrinsic to oscillator networks whenever sig-
nals require finite propagation, processing, or synaptic transmission
times. In photonic and optoelectronic delay platforms, in neu-
ronal circuits, and in broader engineered oscillator networks, these
delays are not small corrections but active dynamical ingredients
that can reshape collective behavior and information flow.'”” In
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\begin {equation}\label {d1.1} \begin {gathered} \omega _n= \frac {(n+\tfrac {1}{2})\pi -\phi }{\tau _{\mathrm {eff}}} +O(n^{{-}1}),\\ \Delta \omega _n \equiv \omega _{n+1}-\omega _n \longrightarrow \frac {\pi }{\tau _{\mathrm {eff}}}. \end {gathered}\end {equation}
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\begin {equation}\label {d2.1} g_\sigma (\omega )=\frac {\Delta _\sigma }{\pi \left [ {(\omega -\Omega _\sigma )}^2+\Delta _\sigma ^2\right ]} .\end {equation}
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\begin {equation}\label {d2.2} \dot {\theta }_{\sigma ,k} = \omega _{\sigma ,k} + \sum _{\eta =1}^{M} \frac {K_{\sigma \eta }}{N_\eta } \sum _{j=1}^{N_\eta } \sin \left [ \theta _{\eta ,j}(t-\tau _{\sigma \eta })-\theta _{\sigma ,k}(t)-\alpha _{\sigma \eta }\right ],\end {equation}
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\begin {equation}\label {d2.3} z_\sigma (t)= \rho _\sigma (t)e^{i\phi _\sigma (t)} = \lim _{N_\sigma \to \infty } \frac {1}{N_\sigma } \sum _{j=1}^{N_\sigma } e^{i\theta _{\sigma ,j}(t)} .\end {equation}


\begin {align}\dot z_\sigma &={-}(\Delta _\sigma -i\Omega _\sigma )z_\sigma +\frac {1}{2}\sum _{\eta =1}^{M} K_{\sigma \eta } \left [ e^{{-}i\alpha _{\sigma \eta }} z_\eta (t-\tau _{\sigma \eta })\right .\nonumber \\ &\quad - \left .e^{i\alpha _{\sigma \eta }} z_\eta ^{{\ast }}(t-\tau _{\sigma \eta })z_\sigma ^2 \right ]. \label {d2.4}\end {align}


$\Delta _\sigma =0$


$\rho _\sigma =1$


\begin {equation}\label {d2.5} z_\sigma (t)=e^{i(\Omega _L t+\psi _\sigma )} .\end {equation}


\begin {gather}\label {d2.6} F_\sigma \equiv \Omega _\sigma -\Omega _L + \sum _{\eta =1}^{M} K_{\sigma \eta } \sin \left ( \psi _\eta -\psi _\sigma -\Omega _L\tau _{\sigma \eta } -\alpha _{\sigma \eta } \right ) =0, \nonumber \\[-6pt] \\[-6pt] \sigma =1,\dots ,M , \nonumber \end {gather}
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\begin {equation}\label {d2.7} \phi _\sigma (t)=\Omega _L^\ast t+\psi _\sigma ^\ast {+}x_\sigma (t), \quad |x_\sigma (t)|\ll 1 .\end {equation}


$u_\sigma (t)$


\begin {equation}\label {d2.8} \dot {x}_\sigma (t)= u_\sigma (t)+ \sum _{\eta =1}^{M} X_{\sigma \eta }^\ast \left [ x_\eta (t-\tau _{\sigma \eta })-x_\sigma (t)\right ],\end {equation}


\begin {equation}\label {d2.9} \begin {gathered} \Phi _{\sigma \eta }^\ast = \psi _\eta ^\ast {-}\psi _\sigma ^\ast {-}\Omega _L^\ast \tau _{\sigma \eta }-\alpha _{\sigma \eta },\\ X_{\sigma \eta }^\ast = K_{\sigma \eta }\cos \Phi _{\sigma \eta }^\ast . \end {gathered}\end {equation}


$u(t)=\hat {u}\,e^{i\omega t}$


$x(t)=\hat {x}\,e^{i\omega t}$


\begin {equation}\label {d2.10} L(\omega ;\delta )\,\hat {x}=\hat {u}, \quad H(\omega ;\delta )=L{(\omega ;\delta )}^{{-}1},\end {equation}


\begin {align}&L(\omega ;\delta )= i\omega I + D_0(\delta )- X_{\mathrm {del}}^\ast (\omega ;\delta ), \label {d2.11}\end {align}


\begin {align}&{[D_0(\delta )]}_{\sigma \sigma } = \sum _{\eta =1}^{M} X_{\sigma \eta }^\ast (\delta ), \label {d2.12}\end {align}


\begin {align*}&{[X_{\mathrm {del}}^\ast (\omega ;\delta )]}_{\sigma \eta } = X_{\sigma \eta }^\ast (\delta ) e^{{-}i\omega \tau _{\sigma \eta }}. \nonumber \end {align*}
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$G(\omega ,\delta )=d^\dagger H(\omega ;\delta )s =H_{13}(\omega ;\delta )-H_{14}(\omega ;\delta )$
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$\omega _0^*=1.943$


$X_{\sigma \eta }^\ast $


\begin {equation}\label {d2.13} V(\omega )=\left . \partial _\delta L(\omega ;\delta )\right |_{\delta =\delta ^\ast },\end {equation}


\begin {equation}\label {d3.1} 1\to 2\to 3\to 1,\quad 1\to 2\to 4\to 1,\end {equation}


$\leftrightarrow $


\begin {equation}\label {d3.2} \begin {gathered} d = e_1, \\ s = e_3-e_4,\\ G(\omega ,\delta ) = d^\dagger H(\omega ;\delta )s, \\ G(\omega ,\delta ) = H_{13}(\omega ;\delta )-H_{14}(\omega ;\delta ),\\ f(\omega ,\delta ) = {\rm Re}\,G(\omega ,\delta ). \end {gathered}\end {equation}
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\begin {align}\label {d3.3} &P_{34}L(\omega ;\delta ^*)P_{34}^{{-}1}=L(\omega ;\delta ^*),\end {align}


\begin {align}&P_{34}d=d,\quad P_{34}s={-}s . \label {d3.4}\end {align}


$H(\omega ;\delta ^*)=L{(\omega ;\delta ^*)}^{-1}$
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\begin {align}G(\omega ,\delta ^*)&= d^{{\dagger }}H(\omega ;\delta ^*)s = d^{{\dagger }}P_{34}^{{-}1}H(\omega ;\delta ^*)P_{34}s = {-}G(\omega ,\delta ^*). \label {d3.5}\end {align}


\begin {equation}\label {d3.6} G(\omega ,\delta ^*)\equiv 0, \quad f(\omega ,\delta ^*)\equiv 0 \quad \hbox {for \; all \; real }\omega .\end {equation}
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\begin {equation*}\Omega (\delta )=\Omega (0)+\delta \nu , \quad \nu ={(0,0,1,-1)}^{\mathsf {T}},\end {equation*}
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\begin {equation}\label {d4.1} L(\omega ,\epsilon )= i\omega I + D_0 - \sum _{m=1}^{q} A_m e^{{-}i\omega \tau _m} + \epsilon V + \mathcal {O}\big (\epsilon ^2\big ),\end {equation}


$\tau $


$\relax _{\kern -\mathsurround \mathrm {\textit {m}}\kern -\mathsurround }$


$\geq $


$\relax _{\kern -\mathsurround \mathrm {0}\kern -\mathsurround }$


\begin {equation}\label {d4.2} G(\omega ,\epsilon )=\Re \left [ d^\dagger L{(\omega ,\epsilon )}^{{-}1}s\right ],\end {equation}
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\begin {equation}\label {d4.3} \begin {gathered} H^{(0)}(\omega ) =L{(\omega ,0)}^{{-}1},\\ H_\rho ^{(0)}(\omega ) =\Pi _\rho H^{(0)}(\omega )\Pi _\rho ,\\ V_{\alpha \beta } =\Pi _\alpha V \Pi _\beta . \end {gathered}\end {equation}
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\begin {equation}\label {d4.4} G(\omega ,0)=0 .\end {equation}


\begin {equation}\label {d4.5} \partial _\epsilon G(\omega ,0)={-}\Re \left [ d^\dagger H_\alpha ^{(0)}(\omega )V_{\alpha \beta } H_\beta ^{(0)}(\omega )s \right ].\end {equation}


\begin {equation}\label {d4.6} H_\beta ^{(0)}(\omega )=\frac {u_\beta \ell _\beta ^\dagger }{\Lambda _\beta (\omega )} + R_\beta (\omega ), \quad \|R_\beta (\omega )\|=\mathcal {O}(|\omega |^{{-}2})\end {equation}


\begin {equation}\label {d4.7} \begin {gathered} T(\omega ) = d^\dagger H_\alpha ^{(0)}(\omega )V_{\alpha \beta }s_\beta = C_\ast (\omega )e^{{-}i\omega \tau _{\mathrm {eff}}} + \sum _{p\ne \ast } C_p(\omega )e^{{-}i\omega \tau _p},\\ \eta (\omega ) := \sum _{p\ne \ast } \left |\frac {C_p(\omega )}{C_\ast (\omega )}\right | \ll 1 . \end {gathered}\end {equation}


\begin {equation}\label {d4.8} \begin {gathered} \Lambda _\beta (\omega ) =i\omega +\mu _\beta +\mathcal {O}(1),\\ C_\ast (\omega ) =C_{{\ast },\infty }+\mathcal {O}(|\omega |^{{-}1}),\quad C_{{\ast },\infty }\ell _\beta ^\dagger s \neq 0, \end {gathered}\end {equation}
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$\phi \in \mathbb {R}$


\begin {equation}\label {d4.9} \partial _\epsilon G(\omega ,0)= \frac {A}{\omega }\cos (\omega \tau _{\mathrm {eff}}+\phi )+\mathcal {O}(|\omega |^{{-}2})+\mathcal {O}(\eta (\omega )).\end {equation}


\begin {equation}\label {d4.10} \begin {gathered} \omega _n = \frac {(n+\tfrac {1}{2})\pi -\phi }{\tau _{\mathrm {eff}}} +\mathcal {O}(n^{{-}1})+\mathcal {O}(\eta ),\\ \Delta \omega _n \equiv \omega _{n+1}-\omega _n \to \frac {\pi }{\tau _{\mathrm {eff}}}. \end {gathered}\end {equation}
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$\partial _\epsilon H|_{\epsilon =0}=-H^{(0)}VH^{(0)}$
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\begin {equation}\label {d4.11} \Delta \omega _n \to \frac {\pi }{\tau _{\mathrm {eff}}}\end {equation}
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\begin {equation}\label {d5.2} Q^{T}L(\omega ;\delta ^*)Q = L_{\mathrm {sym}}(\omega )\oplus L_{\mathrm {anti}}(\omega ),\end {equation}
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\begin {equation}\label {d5.3} L_{\mathrm {anti}}(\omega )= i\omega + D_s + Y e^{{-}i\omega \tau _{34}}.\end {equation}
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\begin {equation}\label {d5.4} f(\omega ,\delta )= \epsilon g(\omega )+ \mathcal {O}\big (\epsilon ^2\big ),\end {equation}


\begin {equation}\label {d5.5} g(\omega )={-}\sqrt {2}\, \mathrm {Re}\left [ \frac {e_{1}^{(+)T} L_{\mathrm {sym}}{(\omega )}^{{-}1} w(\omega )} {L_{\mathrm {anti}}(\omega )} \right ].\end {equation}
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\begin {equation}\label {d5.6} T_d(\omega )= e_{d}^{(+)T} L_{\mathrm {sym}}{(\omega )}^{{-}1} w(\omega ), \quad d\in \{1,2\},\end {equation}
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\begin {equation}\label {d5.7} \begin {gathered} L_{\mathrm {sym}}{(\omega )}^{{-}1} = {(i\omega )}^{{-}1}I + \mathcal {O}\big (|\omega |^{{-}2}\big ),\\ L_{\mathrm {anti}}{(\omega )}^{{-}1} = {-}\frac {i}{\omega } + \mathcal {O}\big (|\omega |^{{-}2}\big ), \end {gathered}\end {equation}


\begin {equation}\label {d5.8} T_d(\omega )= C_{d,\infty }\, e^{{-}i\omega \tau _{d,\mathrm {sel}}} + \mathcal {O}(|\omega |^{{-}1}), \quad C_{d,\infty }\neq 0.\end {equation}
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\begin {equation}\label {d5.9} \tau _{1,\mathrm {sel}}=\tau _{13}.\end {equation}


\begin {equation}\label {d5.10} g(\omega )= \frac {A_1}{\omega }\cos (\omega \tau _{13}+\phi _1)+\mathcal {O}(|\omega |^{{-}2}), \quad \phi _1=0\ (\mathrm {mod}\ \pi ),\end {equation}


\begin {equation}\label {d5.11} \begin {gathered} \omega _n^* = \frac {\left (n+\tfrac {1}{2}\right )\pi -\phi _1}{\tau _{13}} +\mathcal {O}(n^{{-}1}),\\ \Delta \omega _n \equiv \omega _{n+1}^*-\omega _n^* \longrightarrow \frac {\pi }{\tau _{13}}. \end {gathered}\end {equation}
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delayed oscillator models, they can shift locking thresholds, stabi-
lize or destabilize phase locking, enlarge amplitude-death regions,
and reorganize modular or symmetry-related activity patterns.®~'
Yet, this central dynamical role does not by itself make microscopic
delays easy to measure.

The practical inverse problem is subtle. A measured trans-
fer curve in a single detector-source channel typically superposes
contributions from many directed routes, each carrying a phase
factor e and each weighted by local gain and feedback. Accord-
ingly, peaks, phase slips, and even zeros usually encode multi-path
interference rather than a directly readable time of flight. Existing
inference strategies address the broader problem of reconstructing
interactions or causal structure from multivariate time series—via
statistical similarity analysis, functional-network inference with
uncertainty quantification, transfer entropy, model-free reconstruc-
tion, machine-learning link inference, or modern nonlinear causal
discovery.'”>* These approaches are powerful, but they generally
target global network identification and, therefore, require richer
observations than an experimentally simple channel-resolved spec-
troscopy. Broader network-dynamics studies, including recent work
on reliability assessment in binary-state networks and simulated
spreading dynamics on social networks with different topologies,
further illustrate how network structure shapes dynamical observ-
ables.”"* These studies provide useful context for the more specific
oscillator-network inverse problem addressed below.

This leads to a narrower and, for experiments, often more
useful question: Given a chosen source and detector, can one iden-
tify which delayed path controls that specific response channel?
Given a chosen source and detector, can one identify which delayed
path controls that specific response channel? We show that discrete
symmetry can make this possible. Symmetry is already known to
organize collective dynamics through invariant subspaces, balanced
patterns of synchrony, and cluster-synchronized states in coupled-
cell and network systems.”* Our use of symmetry is different.
Rather than classifying which nodes synchronize together, we use
it to enforce a detector-source selection rule on linear response. At
a symmetry-preserving operating point, if the detector and source
belong to inequivalent symmetry sectors, the corresponding scalar
response vanishes identically on the real-frequency axis. A con-
trolled one-parameter detuning then opens the forbidden inter-
sector channel at first order and unfolds the protected zero into a
ladder of real-frequency nodal crossings.

When a single delayed phase dominates the high-frequency
symmetry-selected path expansion, the crossing locations obey

n+ Hm —
w, = u + O(n_l),
Teff (1.1)
T
Aw, = Wy — 0, —> —.
Teff

Equation (1.1) turns a frequency sweep into a microscopic ruler.
The quantity T is not a network average and not a black-box fit
parameter; it is the delay carried by the dominant directed path
that survives symmetry selection in the chosen measurement chan-
nel. Changing the detector can, therefore, select a different route
and a different asymptotic spacing. The protected object in our
setting is not an eigenvalue degeneracy of the delay operator but
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the nodal set of a scalar transfer observable, conceptually distinct
from the diabolical-point framework familiar from spectral degen-
eracies.”’ Because the mechanism relies on a retarded linearization,
each microscopic delay enters as a simple phase factor and the path
interpretation remains transparent.”’

We formulate this idea in delay-coupled Kuramoto popu-
lations with heterogeneous natural frequencies and phase-lagged
sinusoidal interactions, a canonical setting for collective synchro-
nization on networks.””* For Lorentzian frequency distributions,
the Ott-Antonsen reduction yields a closed macroscopic descrip-
tion, and with interaction delays, it retains the phase-factor structure
needed for a path-based frequency-domain analysis.”’ =’ Working
on a locked branch serves two purposes at once: It connects the
macroscopic response operator directly to a microscopic delayed
ensemble, and it keeps the linearization retarded—delayed states
appear, but delayed derivatives do not. This is the natural regime
in which a symmetry-protected response zero can be unfolded into
a measurable nodal ladder.

Recent work has further broadened the range of Kuramoto-
type and related oscillator-network models in which nonpairwise
interactions and additional dynamical structure shape collective
behavior. Higher-order interactions can play a dual role in the
stability of twisted states in high-harmonic Kuramoto-Sakaguchi
models,” while layer-specific higher-order interactions can affect
the robustness of relay synchronization in multilayer oscillator
networks.” More generally, cooperative and competitive hyper-
order interactions have been shown to reshape collective dynamics
in complex networks,” and spatial-phase drift can modify syn-
chronization transitions in swarmalator systems with higher-order
interactions.”” These studies emphasize how coupling architecture,
interaction order, and drift-like mechanisms can reorganize syn-
chronization dynamics. The present work is complementary: Rather
than asking how these mechanisms change collective states, we
use symmetry of a retarded response operator to turn a selected
detector-source quadrature into a path-specific delay observable.

The present mechanism complements, but is distinct from, pre-
vious delay-based studies of functional organization in oscillator
networks. Delays and frustration can reorder effective information
transfer, reveal remote synchronization between symmetry-related
regions, and generate functional modularity even when the struc-
tural coupling is not modular.'*'* Our focus is more specific: We
identify a detector-dependent zero-ladder observable whose asymp-
totic spacing isolates a path-specific microscopic delay without
reconstructing the full transfer matrix. This emphasis on nodal
crossings rather than resonance peaks is experimentally attractive
because zeros are controlled by sign structure and phase winding,
and are, therefore, less sensitive to absolute gain calibration.

In this paper, we (i) derive the locked-branch, branch-frozen
response operator directly from the microscopic delayed Kuramoto
ensemble; (ii) prove a general symmetry-protected ladder theorem
for finite retarded delay networks; (iii) solve the minimal four-
population swap motif in closed form and identify the detector-
selected microscopic delay governing the baseline ladder; and
(iv) validate the mechanism beyond the minimal motif and trans-
late it into a frequency-sweep protocol. Section II derives the
model and response operator. Section III introduces the minimal
symmetry-protected motif. Section IV states the general theorem,
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and Sec. V gives the exact four-node factorization and baseline lad-
der law. Section VI presents validations beyond the minimal motif,
while Secs. VII and VIII discuss detector specificity, delay essen-
tiality, and the measurement protocol. Limitations are examined
in Sec. IX, followed by conclusions in Sec. X. Detailed deriva-
tions, proofs, robustness analyses, and implementation details are
collected in the supplementary material.

Il. MODEL AND BRANCH-FROZEN RESPONSE
OPERATOR

We consider a directed network partitioned into M oscilla-
tor populations. Oscillator k in population o has phase 6, (¢) and
natural frequency w, , drawn from the Lorentzian density

A,

P TR | (2.1)

& () =

Throughout, the first index denotes the receiver and the second the
transmitter, so Ky, is the coupling from population 7 to popula-
tion o, and 74, >0 is the corresponding transmission delay. The
microscopic delayed Kuramoto dynamics are

. Mg o
ea,k = Wq k + Z Fn Z sin [Gn,](t - Tan) - Ga,k(t) - aan] 5
n=1 =N j=1

(2.2)
where a,, is a phase lag.”>"
The population order parameters are
1 &
— i (1) — i _ igxr,j(t)
z5 (1) = p, (b)e Nllglw N, 21: e . (2.3)
=

For Lorentzian frequency distributions, the Ott-Antonsen ansatz
closes the continuum dynamics on the order parameters and yields

M
. _ 1 B
25 = _(Aa - lQa)Za + E ZKHW [e WU"Zn(t — ‘L'gn)

n=1
— ei"‘“”z:(t — ‘L'a,,)zi] . (2.4)

This is the macroscopic delayed population model used throughout;
the full continuity-equation derivation is given in the supplementary
material >4

The spectroscopy developed below is evaluated on a locked
branch of the identical-oscillator limit, A, = 0, for which p, =1
and

2o (f) = SV, (2.5)

Substituting Eq. (2.5) into Eq. (2.4) gives the algebraic locked-branch
equations,

M
Fo=Q, =+ Y Kyysin (¥, — ¥ — Uty — ) =0,
n=1
(2.6)
o=1,...,M,

after fixing the gauge ¥, =0. We allow a one-parameter fam-
ily of operating points 2(8) =Q© +§v so that solving Eq. (2.6)

pubs.aip.org/aip/cha

defines a detuning-dependent locked branch (¥ (§), €2.(8)). The
symmetry-restoring value § =8* used later is specified in Sec. I1];
the continuation details are given in the supplementary material.

Let (¢*,€}) denote a chosen operating point on the locked
branch, typically §* or a nearby detuned state, and write

b () = Lt + Y 4x,(1),  |x.(0)] < L. 2.7)

With a weak external probe u, (¢), linearization of the phase dynam-
ics gives

M
() =u, () + Y X [t — 1) —x, (0], (28)

n=1

where
* — *_ *_ * _
<I>an =Y, =Y Q[ Toy — 0oy

(2.9)
X5, = Kyycos @ .
Equation (2.8) contains delayed states but no delayed derivatives and
is, therefore, a retarded delay equation. This distinction is essential
for the high-frequency path expansion used later.”
For a harmonic probe u(¢) = & ' and response x(t) = X ",
Eq. (2.8) becomes

L(w;8) X =1, H(w;8) = L(w;8)7", (2.10)
with
L(w; 8) = iwl + Dy(8) — Xy (w3 6), (2.11)
M
[Do@®]oo = Y X5, (2.12)
n=1

(X (@;9)],, = X5, (8)e ™.

Thus, every microscopic delay enters the response operator as a
phase factor e7%n. The matrix H(w;3) is the branch-frozen trans-
fer operator: it maps a weak harmonic input at the selected operating
point to the corresponding linear response in frequency space.

This operator is the starting point for the symmetry analysis
below. Operationally, one first continues the locked branch to the
desired operating point, then freezes the coefficients X7, , and finally
computes the frequency response from Eq. (2.10). When the scalar
detuning is differentiated, the dependence of the locked branch itself
is absorbed into

V(w) = 85L((¢);8)|5:5* > (2.13)

which is the first-order symmetry-breaking perturbation used in the
nodal-ladder analysis. In the minimal motif introduced next, the
detuning direction is chosen to be odd under the terminal swap, so
V becomes the inter-sector bridge that unfolds the protected zero.

lll. SYMMETRY-PROTECTED ZERO IN THE MINIMAL
FOUR-POPULATION MOTIF

The branch-frozen response operator derived in Sec. IT acquires
its simplest nontrivial symmetry interpretation in a four-population
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directed motif with two competing delayed loops,
1522351, 1—>2—>4-—>1, (3.1)

related by the terminal swap 3 <> 4. This is the minimal geometry
in which a gateway detector, a symmetry-opposite source, and a
symmetry-breaking detuning can coexist while preserving a micro-
scopic delayed return path. We place the detector at node 1 and
probe the motif through the antisymmetric terminal channel,

d=e,
s=e; — ey
G(w,8) = d H(w; 8)s, (3.2)
G(w,8) = Hi3(w;8) — Hig(w;6),
flw,8) = Re G(w, §).

Equivalently, G is the complex response at node 1 to equal-
amplitude opposite-sign harmonic drives applied at the two termi-
nal populations.

Let P34 denote the permutation matrix that exchanges the two
terminal populations. At the symmetry-restoring operating point
8 = 6%, the locked branch and the branch-frozen coefficients are
invariant under this swap, so the response operator satisfies

PyL(w; 8Py, = L(w; "), (33)

P34d = d, P34S = —S. (34)

Hence, the resolvent H(w; 8*) = L(w; 8*) ™" also commutes with Ps,,
and

G(w,8%) = d' H(w; §*)s = d' P} H(w; 8*) Pays = —G(w,8%). (3.5)

(a)

713

detector
d=e;

antisymmetric
terminal drive

s=e3—e4
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Therefore,
G(®,8") =0, flw,6")=0 for all real w. (3.6)

Equation (3.6) is a protected zero line in the (w, §) plane, not an iso-
lated cancellation at one tuned frequency. The mechanism is purely
symmetry-based: An even detector cannot communicate with an
odd source through the unperturbed symmetric resolvent.

The natural scalar detuning for this motif,

Q0) =Q0)+68v, v=(0,01-1T,

is odd under the same terminal swap. Moving away from §*, there-
fore, opens the forbidden detector-source channel at first order.
Figure 1(a) shows the minimal four-population motif with two com-
peting delayed loops related by the terminal swap (3 <> 4), while
Fig. 1(b) shows the contour geometry of the local unfolding of the
protected zero. The entire line § = §* remains pinned at zero, while
a small symmetry-breaking detuning unfolds it into transverse real-
frequency crossings; near the marked point (wj,8*), this unfold-
ing is locally hyperbolic. These crossings are the finite-frequency
precursors of the nodal ladder analyzed in Secs. IV-IX.

This four-node motif is useful precisely because it isolates the
spectroscopy mechanism in its cleanest form: Symmetry protects
the baseline zero, the odd detuning opens the otherwise forbidden
channel, and delayed return paths then determine the frequency
spacing of the unfolded zeros. To keep the main text focused,
we do not repeat the full symmetry-adapted construction here.
Section S2 in the supplementary material gives the explicit even/odd
decomposition, proves the decoupling of the unperturbed chan-
nels, and derives the exact first-order factorization of the unfolded
response. Section I'V now states the general symmetry-protected lad-
der theorem for finite retarded delay networks, after which Sec. V
returns to the present motif to obtain the exact baseline rung law.

b 03
( ) +04 ‘hyperbolic local
unfolding
+0.3
0.2
+0.2
x
o 0.1
I +0.1
P (5=5" /=0 (protected zero line)| .
o <
g 00 00 3
=] * * =
g 01 wo Wy
S -0.1
-0.2
-0.3

3 4
frequency w

FIG. 1. Minimal four-population motif and local unfolding of the protected zero. (a) Directed four-population motif with two delayed loops, 1—2— 3 — 1 and
1—2—4—1, related by the terminal swap 3 <> 4. The selected detector is the gateway node d = ey, while the selected source is the antisymmetric terminal
drive s=e; — ey, corresponding to equal-amplitude opposite-sign harmonic inputs at nodes 3 and 4. (b) Local zero-contour geometry of the scalar detector—source
response G(w, 8) = d"H(w; 8)s = Hiz(w;8) — His(w; 8), where H(w;8) = L(w;8)~" is the branch-frozen transfer matrix. The plotted real quadrature is f(w, 8) = Re G(w,
8) = Re[H13(w;8) — His(w;8)], shown over § — §* € [—0.45, +-0.45]. The green curve marks the zero contour f(w, §) = 0. At the symmetry-restoring operating point § = §*,
the swap symmetry enforces the protected zero line G(w, §*) = 0 and, therefore, f(w, §*) = 0, for all real frequencies. A small symmetry-breaking detuning away from §*
unfolds this protected line into transverse real-frequency nodal crossings; the local hyperbolic opening near (wyg, 8*) illustrates the first-order unfolding mechanism. This figure
demonstrates the basic protected-zero/unfolding mechanism on which the delay-spectroscopy protocol is built. Parameters: 743 = 0.90, w§ = 1.943.
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IV. GENERAL SYMMETRY-PROTECTED LADDER
THEOREM

The four-population motif already displays the mechanism in
its minimal form, but the phenomenon is not tied to that special
algebra. What matters is a retarded linear response operator, a dis-
crete symmetry that places the detector and source in inequivalent
sectors, and a controlled perturbation that opens the otherwise for-
bidden channel. The representation-theoretic block decomposition
used below is standard in symmetry-based network dynamics, and
the distinction between retarded and neutral delay operators is stan-
dard in the theory of functional differential equations.””*"> Here, we
state only the result needed in the main text; the full projector con-
struction, source-sector reduction, high-frequency path expansion,
and proof are given in Sec. S3 in the supplementary material.

Consider a finite retarded response operator

q
L(w,€) = iwl + Dy — ZAme—"wfm +eV+0(e), (4.1)

m=1

where 7,, > 0, the local part D, is evaluated at the chosen operating
point, and no delayed derivatives occur. The measured observable is
the scalar detector-source response

G(w,€) =R [d' Lw,e)7's], (4.2)

with fixed detector d and source s.

The assumptions used in Theorem 1 are summarized in Table I,
together with their physical roles.

Physically, A1 makes the response a sum over delayed path
phases; A2 and A3 create the protected zero by placing the detec-
tor and source in inequivalent symmetry sectors; A4 supplies the
controlled symmetry-breaking bridge; A5 reduces the source-sector
dynamics to the channel actually probed; and A6 is the dominance
condition that turns the zero sequence into a delay ruler. Thus, the
assumptions are not only technical hypotheses for the theorem but
also the operational conditions under which the frequency-sweep
protocol identifies a detector-selected microscopic delay.

TABLE I. Assumptions for Theorem 1 and their physical roles.

pubs.aip.org/aip/cha

Let IT, denote the isotypic projector onto sector W, and define
HO(0) = L(,0)",
HY (w) = IL,H ()11, (4.3)
Vop = 11, VIIg.

Theorem 1 (Symmetry-protected nodal-crossing ladder):
Assume A1-A6. If d € W, and s € Wy with a # B, then the unper-
turbed detector-source response vanishes identically on the real-
frequency axis,

G(w,0) = 0. (4.4)
The first nonzero detuning response is

3.G(,0) = —n [d"'Hff) (@) Vop HY (a))s] . (4.5)

Suppose further that the source-sector resolvent and the induced
transfer amplitude satisfy

ET
H%@=ﬁ&+mw,www=awﬂ (4.6)

and

T(w) = dTH;O) (@) Vopsg = C*(a))e—iw‘[eff + Z Cp(w)e‘iw’P,

pF#* 4.7)
4.7

C,(w)

) =) P’<1
~|C.()
I
Ag(@) = iw + g + O(1),

(4.8)

Ci(@) = Cooo + O(l@| ™),  Crocllys #0,

then there exist constants A > 0 and ¢ € R, such that

%G(,0) = = costwr+ ) + Ol ) + O@).  (49)

Al.: L(w, €) is a finite retarded delay operator of the form (4.1); no delayed derivatives occur. Role: Each microscopic delay enters
as a phase factor =7, so a high-frequency delayed-path expansion is available.
A2.: At e = 0, the unperturbed operator commutes with a finite-group representation R(g). Role: The response operator
decomposes into symmetry sectors at the operating point.
A3.: The detector and source belong to inequivalent isotypic sectors: d € Wy, s € Wpg, a # B. Role: The unperturbed
detector-source response is symmetry-forbidden and, therefore, protected at zero.

A4 The perturbation mixes the selected sectors at first order, 11, VIIg # 0, while same-sector first-order terms are absent or

irrelevant for the chosen observable. Role: The detuning supplies the controlled symmetry-breaking bridge that opens the
forbidden channel.
A5.: In the selected source channel, the unperturbed resolvent has a rank-one dominant component uﬁZ}; /Ap(w); for

multidimensional irreducible sectors, this is a statement about the multiplicity-space channel used in the measurement. Role:
The source-sector dynamics reduce to the effective channel actually probed.

A6.: The induced transfer amplitude has one dominant delayed phase C,(w)e

—iwT,

«f over the high-frequency tail used for zero

extraction. Role: This dominance turns the zero sequence into a delay ruler with spacing 7 /7 ..
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Consequently, the real zeros in the high-frequency tail satisfy

DT oy + o),

T,
eff (4.10)
T
Aw, = Wy — 0y —> —.
Teff

Wn

Proof sketch. At e = 0, Assumption A2 block-diagonalizes the
unperturbed operator into isotypic sectors, so H® preserves each
sector and the cross-sector response vanishes, giving Eq. (4.4). Dif-
ferentiating the resolvent yields 8. H|.—o = —H® VH©®, and A4 iso-
lates the inter-sector block opened by the perturbation. Assumption
A5 reduces the selected source sector to one effective scalar denom-
inator, while the retarded Neumann expansion of Hg’) writes the
induced transfer amplitude T(w) as a symmetry-filtered sum over
directed delayed paths. Under A6, one delayed phase dominates that
sum, so the leading term of 9, G is the cosine in Eq. (4.9), and the zero
sequence follows from the implicit-function theorem applied to its
simple zeros. Section S3 in the supplementary material gives the full
argument, together with the explicit high-frequency convergence
bound.

Corollary 1 (Z, swap case): For a network invariant under
a swap of two symmetry-related subnetworks, choose the detector in
the even sector and the source in the odd sector. If the detuning is
odd under the swap and mixes the two sectors at first order, then the
unperturbed response is identically zero and the high-frequency rungs
obey

Aw, — = (4.11)
Teff
whenever a single odd-to-even delayed transfer path dominates the
selected tail channel.

The theorem separates symmetry selection from delay selection.
Symmetry decides which detector-source channels are forbidden at
the operating point; the perturbation opens the selected channel; and
the dominant retarded path fixes T . Section V turns this abstract
statement into an exact detector-dependent formula for the minimal
four-population motif.

V. EXACT FOUR-NODE FACTORIZATION AND
BASELINE LADDER LAW

We now specialize the symmetry-protected mechanism of
Sec. IV to the minimal four-population motif and make the selected
microscopic delay explicit. The value of the four-node problem is
that the symmetry reduction is exact and the odd sector is one-
dimensional, so the first-order unfolded response can be written in
a closed factorized form. The detailed node-basis derivation is given
in Secs. $2.8-S2.11 in the supplementary material; here, we retain
only the steps needed for the main result.

For the terminal swap 3 <> 4, introduce the symmetry-adapted
basis

e;+ ey €3 — €4

NN

and write Q=[e, e, e, €,]. At the symmetry-restoring operating
point § = §*, the branch-frozen operator is block diagonal in this

e, = (5.1)

pubs.aip.org/aip/cha

basis,
Q"L(@;6")Q = Ly (®) @ Lopi (@), (5.2)

where Ly (w) € C*< acts on the even sector spanf{ey, e,, e;} and
Loni(w) € C acts on the odd sector span{e,}. For the minimal motif
the odd block is scalar,

Lani (@) = iw + Dy + Ye ™4, (5.3)

This scalarization is not generic for arbitrary networks; it is the
specific simplification produced here by the one-dimensional anti-
symmetric sector. If the terminal pair is uncoupled, then Y =0 and
the delayed term drops out of the odd denominator altogether.

The symmetry-breaking detuning direction v=(0, 0, 1, — 1)¥
is odd under the terminal swap, so 9sL|s is purely off diagonal
in the even/odd decomposition. Writing € = § — §* and using the
resolvent identity d;H = —H(9;L)H, the protected zero unfolds as

flw,8) = eg(w) + O(€?), (5.4)
with
T -1
LS m
g(w) = —+/2Re ! ym (@) w(@) . (5.5)
Lanti(w)
Here, e§+) = (1,0, O)T is the detector e; embedded in the even sector,

and w(w) is the effective even-sector source induced at first order by
the odd detuning. Equation (5.5) is the exact first-order factorization
for the four-node motif: The numerator is an even-sector transfer
amplitude generated by symmetry breaking, while the denominator
is the scalar odd-sector response. In the baseline branch used below,
Loni(w) has no real-axis zero in the scanned frequency window, so
the observed rungs are zeros of the real part of Eq. (5.5), not poles or
resonances.

To identify the selected delay, define the detector-dependent
even-sector numerator,

Ti() = e Lym(@) 'w(w), de{1,2}, (5.6)

where ¢{” = (1,0,0)" and ¢"’ = (0,1,0)". In the high-frequency
tail, the retarded path expansion gives

Lym(®) ™" = (iw) ' I+ O(lw| ),
; (5.7)
Lai(@) ™' = ==+ O(|o|?),

and the symmetry-selected numerator is dominated by one delayed
transfer phase,

Ty(@) = Caoo e ™ + O(l0| ™), Caoo # 0. (5.8)

The key point is interpretive rather than algebraic: 7, is not a
network average and not a fit parameter. It is the microscopic
delay carried by the dominant symmetry-selected path in the chosen
detector channel.

For the baseline detector d=e¢;, the dominant path is the
closing edge from node 3 to node 1, so

Tisel = T13- (59)

Moreover, in this bare-node detector channel, the leading coefficient
is real up to an overall sign, so the constant phase can be absorbed
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rung index n

rung index n

FIG. 2. Global nodal-crossing ladder and baseline spacing law for the four-node motif. (a) Extracted nodal rungs w? (open circles) for the baseline detector d = e;, where
each w? is a real-frequency zero of the symmetry-selected response, plotted against n, together with the asymptotic predictor ((n + %)n) /713 (dashed red line). The
anchor values wj = 1.943 and wj, = 36.669 are highlighted as filled squares. (b) Local spacings Aw, = w}., — w} approach the predicted asymptotic value

n+1

7/743 = 3.4907 (dashed red line) from below. The tail-window fit, obtained from the high-frequency spacings used for delay extraction, gives 3.4933 (dashed green line),
differing from the prediction by only ~0.08%. The slower convergence of the first few spacings is the expected O(n=") correction in Eq. (5.11) and does not affect the
asymptotic law. These rungs are zeros of the symmetry-selected detector—source response, not resonance peaks or poles. Parameters: t43 = 0.90.

into the rung index. Substituting Eq. (5.8) into Eq. (5.5), therefore,
yields

8©) = L costns + )+ Ol ), 91 =0 (mod x), (5.10)

and the nodal crossings satisfy

c_(t3)T—¢

=2+ 0",
s (5.11)
g
Aw, = v, — 0 — —.
713

Thus, the four-node motif realizes the general theorem in its cleanest
possible form: Symmetry protects the zero, the odd detuning opens
the forbidden channel, and the asymptotic rung spacing reads out
the selected microscopic delay 73.

Figure 2(a) is the numerical readout of Eq. (5.11) for the base-
line detector d = e, displaying the agreement between the extracted
nodal sequence and the asymptotic predictor

(n+
713 '

The scan yields 11 positive-frequency rungs, from w; = 1.943
to wj, = 36.669, and the extracted sequence follows the predictor
((n+ %)n) /713 closely already at moderate rung index. The spac-
ing plot in Fig. 2(b) is the more stringent test: The local differences
converge to /73 = 3.4907, while the measured tail fit gives 3.4933,
corresponding to a relative discrepancy of only ~0.08%. The slow
approach from below at small # is not a defect of the mechanism; it
is precisely the subleading O(n™") behavior allowed by Eq. (5.11).

Two points are worth emphasizing. First, the ladder in Fig. 2
is not generated by a pole of the odd-sector denominator. In the
baseline window, the odd channel is regular on the real axis, so
the crossings are genuine zeros of the symmetry-selected scalar
response. Second, the measured spacing identifies the path delay sin-
gled out by the detector channel, here 73, rather than any average
delay of the full three-edge loop. This detector dependence becomes
explicit in Secs. VI-IX, where we show that changing the detector
changes the selected microscopic delay and that the same symmetry
logic extends beyond the minimal four-node realization.

VI. VALIDATION BEYOND THE MINIMAL MOTIF

The four-population motif establishes the mechanism in closed
form, but a natural concern is whether the observed ladder is tied
to the special one-dimensional odd sector of that minimal exam-
ple. To test this directly, we now examine two higher-node retarded
networks that realize the symmetry selection mechanism of Sec. IV
in different symmetry classes. In both cases, we evaluate the signed
first-order coefficient g(w) opened by the symmetry-breaking per-
turbation and plot wg(w), which removes the universal 1/w envelope
and makes the zero sequence directly visible; the validation results
are summarized in Fig. 3.

Figure 3(a) considers a six-node network with a Z, swap sym-
metry. The detector remains d=¢; in the even sector, while the
antisymmetric source s=e; — ¢, lies in the odd sector. The dom-
inant symmetry-selected transfer path is 3 — 5 — 1, together with
its swapped partner 4 — 6 — 1, so the microscopic delay singled out
by the ladder law is

Teff = Ts3 + T1s = 0.5+ 2.0 = 2.5.
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FIG. 3. Validation beyond the minimal motif. (a) Six-node swap-symmetric network with o = (34)(56). The antisymmetric source selects the odd swap sector, and the
dominant symmetry-selected transfer path is 3 — 5 — 1, with swap partner 4 — 6 — 1. The plotted quantity is wg(w), where g(w) is the signed first-order response
opened by the symmetry-breaking perturbation. Multiplication by » removes the universal 1/w envelope and makes the asymptotic zero ladder directly visible. The selected
effective delay is 7ef =753 + 715 =0.5+2.0=2.5, and the local spacing approaches /7 = 1.2566. (b) Seven-node C;-symmetric hub-and-branches network with
p=(234)(567). The dominant character-selected path is 2— 5 — 1, together with its cyclic images, giving e = 52 + 715 = 0.8 + 1.9 =2.7. Again, wg(w) displays
a regular zero ladder, with spacing approaching /7« = 1.1636. These results confirm that the symmetry-protected zero-ladder mechanism persists beyond the minimal
four-node motif and remains effective in higher-node networks with different symmetry classes.

The extracted crossings form a regular ladder whose local spacing
tends to /7. = 1.2566. A tail-window estimate gives Tog = 2.5027,
showing that the measured spacing recovers the same path delay to
within approximately 0.11%.

Figure 3(b) provides a second test in a different symmetry
class. Here, the network has C; symmetry, the detector d=e; lies
in the trivial sector, and the source is chosen in the k=1 character
sector. The complex source used for this projection is only a con-
venient way to isolate a single irreducible channel; the equivalent
real two-quadrature implementation is described in the supplemen-
tary material. The dominant character-selected path is 2— 5— 1,
together with its cyclic images, which gives

Teff = Tsp + T15 = 0.8 + 1.9 =2.7.

The corresponding zero sequence again approaches a constant spac-
ing, now 7/t.s=1.1636. The tail-window estimate . = 2.7030
differs from the microscopic path delay by only approximately
0.11%.

These two examples make the main point of the section. The
ladder is not an algebraic peculiarity of the exact four-node factor-
ization of Sec. V; it persists in a larger Z, network and in a cyclic
C; network, where the sector structure and dominant paths are dif-
ferent. In both cases, the asymptotic rung spacing again identifies
the delay of a symmetry-selected directed path rather than a bulk
average over all delayed edges. Full network definitions, symme-
try projectors, and zero-extraction details are given in Secs. S4 and
S5 in the supplementary material, and the first-order response is
cross-checked against centered finite differences in Fig. S6 in the
supplementary material.

VII. DETECTOR SPECIFICITY, DELAY ESSENTIALITY,
AND OBSERVABLE CLASS

Intuitively, the detector is not a passive readout of a single
global network delay. It projects the symmetry-unfolded response

onto a particular symmetry-adapted transfer numerator. After the
odd detuning opens the forbidden channel, only those delayed path
contributions that have nonzero overlap with the chosen detector
survive in the measured scalar quadrature. Replacing the detector,
therefore, changes the projected numerator, and the leading high-
frequency delayed phase can switch from one microscopic route
to another. This is why d=e; selects the closing delay 7,5 in the
four-node motif, whereas d = e, selects 7,3.

The spectroscopy is channel-specific rather than network-wide.
In the language of Secs. IV and V, changing the detector does not
merely rescale the same response; it changes the symmetry-selected
transfer numerator and can, therefore, change the dominant delayed
path that survives in the measured channel. In the four-population
motif, this is seen most clearly by replacing the gateway detector
d=e; with d=e¢,. Both detectors lie in the even swap sector, so
the protected zero at § = §* survives, but the high-frequency tail
is controlled by different closing delays: 7,5 for d=e; and 7,3 for
d=e,. Figure 4(a) shows the corresponding convergence of the local
spacings to /73 and 7/7,3. The observed change is, therefore, not
a fitting artifact; it is the operational signature of detector-selected
path spectroscopy.

Delay is equally essential. If all microscopic delays are rescaled
uniformly, then the dominant retarded phase e~* is replaced by
e~ @%ff and the nodal ladder contracts accordingly,

wil@) =a ')+ O(n"),  Ter(a) ~ ate(l). (7.1)

The rescaled ladders in Fig. 4(b) follow this collapse over the fitted
tail window. Figure 4(c) further shows that, as o approaches zero,
the number of observable rungs within a fixed frequency window
decreases; accordingly, the infinite asymptotic ladder is lost in the
instantaneous limit. In the instantaneous limit 7,,, — 0, the retarded
exponential factors are removed from the resolvent, the response
becomes rational in w, and the infinite asymptotic zero ladder disap-
pears. This provides a direct diagnostic that the measured spacing is
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FIG. 4. Detector specificity and delay essentiality. (a) Changing the detector from e; to e, modifies the symmetry-selected transfer numerator and, therefore, selects a
different microscopic delay in the four-node motif. Both e, and e, are even-sector detectors, so the protected zero at § = 5* survives, but the asymptotic spacing changes
from 7/t 43 to /T3, reflecting the detector-dependent path selection. (b) Uniform delay rescaling ., + ., contracts the ladder according to o (@) ~ a~'w} (1),
confirming that the rung spacing is controlled by delay-induced phase winding. Here, & > 0 is the rescaling factor applied to all microscopic delays. (c) Number of extracted
rungs in a fixed scan window (Qscanmax = 40) as a function of the rescaling factor «. As « — 0, corresponding to the instantaneous-delay limit, the number of observable
rungs in the window decreases and the infinite asymptotic ladder disappears, demonstrating the essential role of finite delays in generating the zero ladder.

generated by delay-induced phase winding rather than by a generic
oscillatory background.

Finally, the theorem is not a statement about arbitrary observ-
ables. It applies to linear detector-source responses of the form

G(w) = Re [d'H(w)s],

for which detector and source can be assigned to definite symmetry
sectors and the first-order perturbation opens a selected inter-sector
channel. Nonlinear composites such as |Hy; — Hi4|?, Re[H 3Hay),
or |Hi3|? generally mix sectors and delayed phases before the zero
condition is imposed. Such observables may still exhibit isolated
zeros, but those zeros are not protected by the same first-order selec-
tion rule and need not organize into a clean asymptotic ladder. For
this reason, the spectroscopy protocol of Sec. VIII targets a single
linear detector-source quadrature. Explicit Category-II failure tem-
plates are collected in Sec. S7 in the supplementary material, while
robustness to finite population size, delay heterogeneity, observa-
tional noise, and residual symmetry breaking are summarized in
Sec. S6 in the supplementary material.

VIIl. FREQUENCY-SWEEP MEASUREMENT PROTOCOL

The theory above translates directly into a detector-source
spectroscopy protocol that does not require reconstruction of the
full transfer matrix. One fixes a symmetry-preserving locked oper-
ating point, chooses a detector d and a source s from the symmetry
analysis of Secs. IV-V1II, and measures only the scalar quadrature

N [d H(w; )s].
In the minimal four-population motif, this channel is

flw,8) = N [Hiz(w;0) — Hia(;8)],

corresponding to the gateway detector d=e; and the antisym-
metric terminal source s = e; — e4. Experimentally, one may realize
this source by applying weak opposite sinusoidal drives to the two
terminal populations,

uz(t) = ug cos(wt), uy(t) = —ugy cos(wt), (8.1)

with all other input components set to zero. The probe ampli-
tude uy should be small enough that the response remains on the
locked branch and within the linear regime of the branch-frozen
description.

At the symmetry point § =§*, the selected channel vanishes
identically, so the useful experimental signal is the first-order
unfolded response. Rather than evaluating the detuning derivative
analytically, one can extract it directly from data by repeating the
same frequency sweep at two nearby detunings 6*+h and §* —h
and forming the centered difference,

flw, 8" +h) — flw,5* —h)

o (8.2)

() =

For sufficiently small 4, this approximates the first-order coefficient
g(w) with O(h?) error while suppressing the symmetry-protected
baseline. Operationally, the protocol, therefore, requires only a weak
swept-sine measurement in one detector channel, repeated at two
nearby values of the scalar control parameter.

The nodal crossings are then obtained from the real zeros of
2n(w). In practice, one samples g, on a dense frequency grid, brack-
ets the sign changes, and refines each crossing by local interpolation
or a safeguarded one-dimensional root finder. If

* * *
L S R Y C A |
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denote a tail window of extracted rungs, the effective delay is
estimated from the mean local spacing

(w:0+m+1 - a):0+m) . (8.3)

The first few low-frequency crossings should typically be discarded
because preasymptotic interference from subleading paths can dis-
tort the spacing. At the same time, frequencies that are too large are
also undesirable, since the response envelope decays as 1/w and the
local slope at a zero eventually approaches the experimental noise
floor. The most reliable window is, therefore, the highest-frequency
interval in which the crossings are still well resolved and the local
spacing has already stabilized.

This protocol is detector-specific by construction. Chang-
ing the detector can select a different symmetry-adapted transfer
numerator and, therefore, a different microscopic delay, as shown
in Sec. VII. That dependence is not a nuisance but the central
measurement principle: Detector choice acts as a selector of the
delayed path whose time of flight is read from the asymptotic
rung spacing. To keep the main text focused on this experimen-
tally accessible core, the finite-difference validation of Eq. (8.2), the
robustness tests against finite-N fluctuations, delay heterogeneity,
and observational noise, and the complete step-by-step workflow
diagram are deferred to Secs. S5-S8 and Fig. S8 in the supplementary
material.

IX. DISCUSSION AND LIMITATIONS

Theoretical scope. The observable-class restriction has already
been stated in Sec. VII; here, we emphasize the broader dynamical
and asymptotic limits of the spectroscopy. The result proved above
is a statement about a local, branch-frozen linear response measured
on a symmetry-preserving locked branch. Its logic separates cleanly
into three operations: symmetry protects the baseline zero, detuning
opens the otherwise forbidden inter-sector channel, and retardation
converts the selected microscopic delay into a frequency-domain
phase winding. Accordingly, a clean asymptotic ladder should be
expected only when a symmetry-preserving operating point exists,
detector and source belong to inequivalent sectors, the chosen con-
trol parameter mixes those sectors at first order, and one delayed
transfer phase dominates the selected high-frequency tail. If the last
condition is weakened, the zero sequence need not disappear, but
the local spacing can show long crossovers or beating rather than
rapid convergence to a single value 77/7 .

It is useful to stress that the proposed measurement is a
nodal-crossing spectroscopy, not a resonance-peak spectroscopy.
The extracted delay comes from the spacing of real zeros of the
first-order unfolded detector-source quadrature. These zeros are
generated by the phase winding of the symmetry-selected delayed
path. Resonance peaks, in contrast, are associated with gain maxima
or pole proximity and can shift with damping, local amplification,
and calibration. This is why the protocol uses zero locations rather
than peak positions.

The theorem is also specific to retarded linearizations. This is
not a technical detail. In the present setting, the linearized operator
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contains delayed states but no delayed derivatives, so each micro-
scopic delay enters as a simple factor e~* and the high-frequency
path expansion remains available. Neutral equations can have qual-
itatively different high-frequency behavior and, therefore, require
a separate analysis.” The same caution applies to distributed-delay
kernels, state-dependent delays, or parameter regimes in which sev-
eral source-sector channels remain comparable: These are natural
extensions of the present framework, but they are not covered by
the theorem in its current form.

A second limitation is dynamical rather than algebraic. The
ladder law is local to a locked branch and to the frequency win-
dow over which the branch-frozen coefficients provide an accurate
description. The symmetry-protected zero at the operating point
is fixed by sector selection and survives as long as the relevant
symmetry is preserved, but the extracted spacing law is meaning-
ful only while the selected locked state remains well defined. Near
loss of locking, or near branch turning points and bifurcations, the
usable tail window can shrink and dominant-path selection can
become ambiguous. For that reason the ladder should be viewed
as a diagnostic of microscopic delayed paths near a controlled
operating point, not as a substitute for full nonlinear bifurcation
analysis.

Experimental imperfections. Practical imperfections likewise
do not invalidate the mechanism, but they set the experimental error
budget. Finite population size, delay heterogeneity, observational
noise, and residual symmetry breaking broaden the nodal crossings
and can generate a nonzero background in the nominally protected
channel. Finite-size studies of Kuramoto ensembles provide a useful
baseline for how such fluctuations scale with system size.'>"” In the
present setting, they appear as uncertainty in the extracted zeros and,
therefore, in T, while imperfect symmetry can turn exact crossings
into shifted or weakly avoided ones when the residual background
becomes comparable to the first-order unfolded signal. These effects
are quantified for the present models in Secs. S6 and S7 and Fig. S7
in the supplementary material.

Within those limitations, the central practical message remains
favorable: These limitations are not weaknesses of the method but
operational conditions that indicate when the protocol should be
expected to work cleanly. In that sense, the same assumptions
that delimit the theorem also guide experiments by identifying the
symmetry-selected detector-source channel, the controllable detun-
ing, and the frequency window in which the nodal crossings can
be resolved reliably. The protocol, therefore, still does not require
reconstruction of the full transfer matrix or full network identi-
fication. Rather, it provides a practically targeted form of delay
spectroscopy near a controlled operating point while also making
explicit where the present theory stops.

X. CONCLUSIONS

We have shown that discrete symmetry can convert a compli-
cated delayed transfer response into a frequency-domain ruler for
a microscopic path delay. For delay-coupled Kuramoto populations
on a locked Ott-Antonsen branch, a symmetry-preserving operat-
ing point produces an exactly vanishing detector-source response
between inequivalent sectors. A scalar symmetry-breaking detuning

Chaos 36, 073108 (2026); doi: 10.1063/5.0345354
Published under an exclusive license by AIP Publishing

36, 073108-10

0Z :9€ :0T 9202 AInC 60


https://doi.org/10.60893/figshare.cha.c.8543169
https://doi.org/10.60893/figshare.cha.c.8543169
https://doi.org/10.60893/figshare.cha.c.8543169

then opens this forbidden channel at first order and unfolds the pro-
tected zero into a ladder of real-frequency nodal crossings whose
asymptotic spacing satisfies

T
Aw, —» —.
Teff

The central point is interpretive as much as it is mathemati-
cal. The quantity . is not a bulk average and not an opaque fitting
parameter. It is the delay carried by the dominant symmetry-selected
directed path in the chosen detector-source channel. In the minimal
four-population motif, this mechanism can be solved exactly: The
unfolded response factorizes into an even-sector transfer numer-
ator and a scalar odd-sector denominator, and the measured tail
spacing recovers the selected microscopic closing delay. The same
logic persists in higher-node swap-symmetric and cyclic networks,
showing that the effect is not an algebraic accident of the minimal
construction.

These results turn symmetry from a structural classification
tool into a measurement principle. Because the protocol targets a
single linear detector-source quadrature and its nodal crossings,
it does not require reconstruction of the full transfer matrix or
full network identification. Detector replacement selects different
microscopic delays, uniform delay rescaling contracts the ladder
accordingly, and the instantaneous limit removes the infinite lad-
der, providing direct operational checks that the measured spacing
is genuinely delay-controlled.

The present theory is local to symmetry-preserving locked
operating points and to retarded branch-frozen linear response.
Within that scope, however, it provides a practical route
to symmetry-assisted delay spectroscopy in nonlinear oscilla-
tor networks. Natural next steps are extensions to neutral or
distributed-delay settings, robust automated zero extraction in noisy
experimental data, and continuation of the nodal structure across
branch changes and bifurcations.

SUPPLEMENTARY MATERIAL

See the supplementary material for detailed derivations of the
Ott-Antonsen reduction, the four-node symmetry analysis, proofs
of the general theorem, numerical validation procedures, robust-
ness analyses, Category-II observable tests, and the frequency-sweep
workflow.
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