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Efficient driver-node selection for pinning control
via second-order perturbations
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ABSTRACT
Driver-node selection is a fundamental problem in the pinning control of complex networks, where the aim is to identify a small set of nodes
whose external control can most effectively steer the collective dynamics of the network. Driver nodes are typically selected sequentially, and
greedy optimization serves as the standard benchmark for such sequential methods since it produces near-optimal node sets. However, this
level of accuracy comes at a computational cost that becomes prohibitive for large networks. In this work, we propose a second-order pertur-
bation framework that overcomes this limitation by estimating the shift in the smallest eigenvalue of the network Laplacian, the quantity that
governs the stability of the pinned network, using second-order perturbation theory. Consequently, the proposed method reduces the com-
putational complexity of driver-node selection from O(N5) in conventional greedy schemes to O(N4), enabling efficient and scalable selection
in large-scale networks. Extensive simulations across diverse network topologies, including small-world, scale-free, and random networks,
demonstrate that the proposed method consistently outperforms standard centrality-based heuristics. It achieves performance comparable to
optimal greedy benchmarks, while offering substantially higher computational efficiency. The proposed framework thus provides a practical
and scalable solution for the control of large complex networks, and more broadly, demonstrates the utility of higher-order perturbation
analysis for node-ranking problems in network controllability.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0351619

The efficient selection of driver nodes is a critical bottleneck in the
pinning control of complex dynamical networks. While greedy
algorithms provide high accuracy, their intensive computational
requirements limit their applicability to large-scale systems. This
paper proposes a scalable alternative based on a second-order
perturbation theory to rank candidate nodes by approximating
the sensitivity of the smallest Laplacian eigenvalue to diagonal
perturbations induced by node pinning. The proposed method
outperforms standard centrality-based heuristics and provides
a substantial improvement in accuracy over the first-order per-
turbation method. By lowering the computational complexity
from O(N5) to O(N4), the proposed approach offers an efficient
alternative to greedy methods without sacrificing selection qual-
ity. It achieves a high level of accuracy in identifying critical
driver nodes, comparable to that of computationally intensive

greedy searches, thereby enabling effective control of large-scale
networked systems with reduced computational demands.

I. INTRODUCTION
The ability to control complex networks is one of the main

themes in research on dynamical systems and network theory.1,2

The dynamical patterns observed in a system arise from the
mutual influence between the network’s topology and the gov-
erning laws that regulate interactions among its nodes.3 Among
various strategies for controlling complex networks, pinning con-
trol manipulates only a limited group of nodes so that the entire
network eventually tracks a prescribed external reference sig-
nal.4 Developing strategies that achieve effective network control
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while minimizing resource usage has attracted significant atten-
tion in the literature.1,5,6 This problem is significant for large-
scale networks, such as those found in chemical processes,7 bio-
logical networks,8 and social systems.9–11 To provide a compre-
hensive understanding of the current state of research, key con-
tributions on pinning control and network synchronization are
reviewed.

An essential application of pinning control lies in achieving
network synchronization, where all nodes are steered toward a
common target state. In complex network structures, synchroniza-
tion plays a crucial role in processes observed in neuroscience and
biological contexts.12 Majhi et al.13 examined how neuronal net-
works achieve synchrony, highlighting the roles of both dyadic and
higher-order interactions in producing intricate spatiotemporal pat-
terns in which synchronous and asynchronous dynamics appear
simultaneously. Franović et al.14 conducted research on neuronal
networks with noisy excitability and showed that synchronization
clusters emerge due to the combined effects of coupling delays,
noise, and the inherent excitable dynamics of neurons. Investi-
gations of coupled inhibitory neurons with synaptic delays have
revealed that modifications to synaptic characteristics influence the
likelihood of neurons achieving synchronized states within specific
arrangements, indicating a progressive transition from anti-phase
to in-phase coordination.15 Positive interconnections among oscilla-
tors typically facilitate synchronization in phase alignment, leading
to either complete synchrony in identical systems or partial phase
coherence in diverse ones.16 Acharya et al.17 analyzed distance-
type synchronization in conservative chaotic oscillators possess-
ing axial symmetry and linked through a master–slave interaction.
Their results showed that the oscillators synchronize into a syn-
chronous state with a fixed phase offset dictated by the strength
of the coupling. To address synchronization challenges in large-
scale networks with time delays, Xu et al.18 proposed an intermittent
event-triggered control strategy. Their framework, utilizing both
continuous and periodic sampling, leverages a generalized Halanay
inequality and Lyapunov stability theory to derive synchroniza-
tion criteria. The effectiveness of this approach was demonstrated
through analytical results and a practical application in robot arm
systems. Ye and colleagues19 explored the parameter regimes that
best facilitate synchronization in higher-order neural networks con-
structed from triplet motifs. Their work utilized the Dynamic Learn-
ing of Synchronization (DLS) approach, where connection weights
are adjusted to modulate firing patterns. Along similar lines, Wu
et al.20 proposed a DLS-based scheme designed to secure robust
synchronization in networks of nonlinear coupled systems. Their
algorithm persistently updates the coupling weights between nodes,
allowing the network to maintain synchronous behavior follow-
ing adaptation. By employing the Master Stability Function (MSF),
they confirmed that the DLS mechanism guides the system toward
regions where synchronization is stable. Recent analyses based on
the MSF have demonstrated that the arrangement of couplings,
together with whether the interactions involve single or multiple
node variables, plays a decisive role in determining the minimum
coupling strength that guarantees stable synchrony.21 Ding et al.22

also applied the DLS method to achieve adaptive global and local
synchronization. They examined the robustness of DLS under noisy

conditions, showing that it maintained strong performance in weak
noise environments.

In multilayered networks featuring mobile nodes, the synchro-
nization dynamics, both within and between layers, are highly sensi-
tive to parameters associated with mobility and coupling strengths.
Notably, this synchronization can exhibit robustness against struc-
tural and dynamical perturbations.23 In a study by Wang et al.,24

the challenge of achieving pinning synchronization within impul-
sive Lur’e networks characterized by nonlinear and asymmetric
couplings was addressed. Their proposed single pinning impul-
sive controller was designed to account for both synchronizing
and desynchronizing impulses, leveraging the principles of aver-
age impulsive interval and gain. Utilizing the Lyapunov method,
the researchers established rigorous conditions guaranteeing expo-
nential synchronization even in the presence of hybrid impulses,
with numerical simulations confirming the efficacy of their devel-
oped technique. Chen et al.25 investigated synchronization in a 9D
system composed of two identical memristive subsystems coupled
via a memristor, focusing on how initial conditions influence syn-
chronous behaviors. Synchronization in this system, which is highly
sensitive to initial conditions, was theoretically confirmed through
Lyapunov-based stability analysis. Xiao et al.26 proposed a novel
approach for synchronization control in stochastic networked sys-
tems using a hierarchy of polynomial Lyapunov functions. Their
method unifies the design of distributed control protocols and
synchronization guarantees through a convex sum-of-squares opti-
mization framework.

Some studies have emphasized the theoretical foundations
and mathematical principles of control, illustrating how network
structure, node selection, and local controllers govern the stabiliza-
tion, synchronization, and overall controllability of the system. It
has been shown that complex systems encompass multiple stabil-
ity regimes, spanning from marginal instability—where no stable
state is attainable—to sensitive conditions, in which stability appears
only within a narrow interval of the system’s parameters.27 Yildirim
et al.28 analyzed multiagent networks on directed graphs, addressing
exogenous disturbances from misbehaving nodes. They introduced
a proportional-integral feedback control strategy using a subset of
driver nodes to ensure the network’s input-to-state stability. Their
graph-theoretical method allows the critical steady-state values of
nodes to be determined without full knowledge of the Laplacian
matrix. Pasqualetti et al.29 tackled the dual problem of selecting opti-
mal driver nodes and devising control inputs for state steering in
networks. They introduced a metric for control complexity based
on energy use. Additionally, they defined foundational energy-node
trade-off limits, stemming from the system’s dynamics (topology
and edge weights). Finally, they presented an open-loop control
method, merging graph partitioning for node identification with
distributed optimal control for input design. Li et al.30 addressed
the challenge of ensuring structural controllability in multiplex net-
works by determining the smallest possible set of control or driver
nodes. Using a graph-theoretic formulation, they showed that this
selection task can be transformed into a minimum-cost flow opti-
mization problem. Based on this insight, they designed an efficient
algorithm capable of identifying the optimal driver nodes with
polynomial computational complexity.
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Expanding on these theoretical frameworks, a significant body
of research has emerged to address the critical bottleneck of iden-
tifying optimal driver-node sets for enhanced pinning control.
Recognizing that node selection is a decisive factor in achieving
global stability with minimal control effort, several studies have
proposed diverse selection criteria ranging from structural heuris-
tics to optimization-based frameworks. In this context, Liu et al.31

leveraged matrix spectral theory to design a node-selection mech-
anism that evaluates the influence of pinned sites on the spectrum
of the network Laplacian. By formulating an optimization problem
geared toward enhancing synchronization capability, they employed
eigenvalue perturbation tools to characterize the resulting spectral
shifts. Alanis et al.32 considered the task of identifying suitable con-
trol nodes in complex dynamical networks such that stability can
be achieved with limited control energy and implementation effort.
Since an exhaustive examination of all possible node subsets is com-
putationally prohibitive in large nonlinear networks, they employed
binary optimization techniques to identify a subset of nodes that can
efficiently guide the network dynamics toward the zero equilibrium.
In another contribution, Moradiamani et al.33 tackled driver-set
determination by adopting the eigenratio of the modified Laplacian
as an optimization benchmark, aiming to expand the admissible
coupling-strength interval for stable synchronization. To circum-
vent intensive combinatorial searches, they formulated a computa-
tionally tractable centrality index based on the spectral sensitivity
of the Laplacian, enabling driver identification via merely a sin-
gle matrix diagonalization. Focusing on directed topologies, Zhang
et al.34 introduced a quantitative index named control contribu-
tion to gauge nodal steering capabilities. This descriptor synthesizes
a node’s propensity to belong to a minimal driver configuration
with its capacity to dictate the states of neighboring units. Address-
ing time-evolving systems, Qin et al.35 designed a fast, real-time
heuristic routine to track driver nodes across temporal graphs. Their
theoretical and numerical assessments on both synthetic bench-
marks and empirical datasets revealed that a substantial fraction
of temporal links is superfluous for steering the network, whereas
pathways characterized by high betweenness centrality prove indis-
pensable for preserving controllability. In the context of restoring
functional dynamics within oscillator ensembles, Bomela et al.36

focused on pinpointing the most influential node to serve as a
single pinning target. They devised an algebraic scheme centered
on the Moore–Penrose pseudoinverse of the Laplacian, illustrat-
ing that the optimal target site can migrate as the control gain
varies; consequently, distinct nodes emerge as dominant under weak
interaction regimes compared with strong interaction regimes. In
a related study, Zhang et al.37 considered the problem of selecting
the most effective driver nodes for accelerating synchronization in
multi-agent networks with switching topologies. They established
synchronization criteria under pinning control and introduced a
selection scheme that guarantees the highest convergence rate in
periodically switched systems. Their results further showed that,
under certain assumptions, the optimal choice of driver nodes does
not depend on the system matrix.

Hui et al.38 examined the optimization of pinning-control
schemes in large-scale complex networks by employing the mini-
mum eigenvalue, λ1, of the grounded Laplacian as an indicator of
network controllability. Because the maximization of λ1 constitutes

an NP-hard optimization task, they proposed a filtering-based pro-
cedure for detecting the nodes that exert the greatest influence on
this spectral quantity and for obtaining the best attainable λ1 under
a prescribed pinning budget. Their study introduced the notion of
node-set importance, showing that the best driver-node configu-
ration is not fixed but varies with the number of nodes selected
for pinning. Along similar lines, Zhou et al.39 considered the selec-
tion of a node subset in a connected network so as to maximize
the smallest eigenvalue of the grounded Laplacian. Since this eigen-
value governs both the performance of pinning control and the
convergence speed of leader–follower dynamics, its maximization
provides a meaningful criterion for node placement. They estab-
lished that the associated objective is monotonic, although it does
not possess the submodularity property. To address the resulting
computational difficulty, they first designed an iterative heuristic
for sequential node selection and subsequently developed a scalable
greedy approach that combines derivative matrices, eigenvalue per-
turbation analysis, and Laplacian solvers to achieve scalable node
selection.

Despite these notable advances, the problem of identifying
optimal driver nodes remains computationally demanding, par-
ticularly in large-scale networks where repeated spectral evalu-
ations are required. In addition, although greedy and heuristic
strategies can substantially improve efficiency, they still rely on
sequential node updates and may become costly when the net-
work size grows or when rapid repeated assessments are needed.
These limitations motivate the development of a more system-
atic spectral approximation scheme that can retain the accuracy of
eigenvalue-based selection while reducing computational overhead.
In this paper, we, therefore, present a second-order perturbation
framework for the systematic selection of driver nodes in pinning
control.

The approach uses eigenvalue perturbation theory to approx-
imate the effect of diagonal modifications of the Laplacian on
its smallest eigenvalue, thereby providing a computationally effi-
cient criterion for node selection. Unlike the conventional greedy
algorithm, which requires repeated eigenvalue computations and
scales poorly with network size, the proposed method achieves com-
parable accuracy with reduced computational cost. Through exten-
sive experiments on networks with various topologies—including
small-world, scale-free, and random models—the proposed method
is shown not only to reduce computational burden while produc-
ing results comparable to those of the benchmark greedy strategy,
making it a promising tool for large-scale network-controllability
analysis. The remainder of this paper is structured as follows.
Section II establishes the necessary theoretical groundwork. It begins
by examining pinning control in complex networks, followed by
a rigorous convergence analysis in pinning synchronization, and
concludes with an overview of the first- and second-order per-
turbation theory. Section III introduces the proposed method,
detailing the core algorithmic contributions. Section IV presents
the results, offering a comprehensive evaluation of the proposed
approach through extensive simulations. In Sec. V, a critical dis-
cussion on the implications of the findings and their broader con-
text is provided. Finally, Sec. VI offers the conclusion, summariz-
ing the key insights and outlining potential directions for future
research.
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II. PRELIMINARIES
In this section, the fundamental concepts and control strategies 

relevant to this study are briefly reviewed.

A. Pinning control in complex networks
Pinning control is a widely used framework for stabilizing and 

steering the dynamics of complex networks toward a desired man-
ifold or trajectory.40 The central idea is that instead of applying 
control inputs to all nodes, only a small fraction of nodes—referred 
to as driver nodes or pinned nodes—are directly controlled,41 while 
their influence propagates to the rest of the network through the 
coupling structure. In the pinning control framework, the dynamics 
of nodes are defined as

ẋi = F(xi) − c
N∑︂

j=1

lijΓxj − diΓ(xi − s), i = 1, . . . , N, (1)

where xi = (xi1, xi2, xi3, . . . , xim) ∈ Rm represents the m-dimensional 
state vector associated with node i, capturing its underlying dynam-
ics. The term F(xi) characterizes the local dynamics at that node. 
The entry lij corresponds to the (i, j)th component of the Lapla-
cian matrix L, while c denotes the coupling intensity. di ≥ 0 specifies 
the control input applied at node i; a node selected as a driver 
receives gain di = d, whereas all other nodes have di = 0. The scalar 
d denotes the control gain. The aim is to drive the network toward a 
synchronized configuration or a prescribed manifold s.

To assess the stability of the stationary state s, Eq. (1) is 
linearized about s, which results in

ξ̇ = ξ [DF(s)] − dBξΓ. (2)

In this expression, DF(s) ∈ Rm×m denotes the Jacobian matrix 
of F evaluated at s, and ξ = (ξ1, ξ2, . . . , ξN)T

∈ RN×m, where 
ξ i(t) = xi(t) − s(t) for i = 1, 2, . . . , N. Additionally, the matrix B is 
given by

B =

(︂ c

d
L + E

)︂
. (3)

The matrix E is diagonal, with all diagonal elements set to 1 for 
driver nodes and 0 for non-driver nodes.

By projecting ξ onto the eigenvectors of the B matrix (so 
that λiϕi = Bϕi) and expressing ξ = Φϑ with Φ = [ϕ1, ϕ2, . . . , ϕN]
∈ RN×N, the dynamics can be rewritten as

ϑ̇ = ϑ[DF(s)] − dΔϑΓ, (4)

where Δ = diag(λ1, λ2, . . . , λN). Thus, the temporal evolution of the 
ith component is described by

ϑ̇T
i = [DF(s) − dλiΓ]ϑT

i , i = 1, 2, . . . , N. (5)

According to classical linear stability analysis, exponential con-
vergence to the desired trajectory is guaranteed provided that the 
largest Lyapunov exponent of the variational system governed by 
[DF(s) − dλ1Γ] is negative. This condition can be reduced to the 
inequality dλ1 > θ , where λ1 denotes the smallest eigenvalue of the 
matrix B and θ is the critical threshold required for stability. This 
condition is in complete agreement with the MSF framework and 
was formally derived by Wang and Chen.40

This criterion reveals that networks characterized by larger 
values of λ1 require a smaller control gain to ensure stability. Conse-
quently, the size of λ1 serves as a key indicator of the effectiveness 
of the chosen driver nodes. For a fixed driver set, a greater λ1

corresponds to a more favorable configuration.

B. Convergence analysis in pinning synchronization
The convergence rate characterizes how quickly the network 

trajectory approaches the reference state s from an arbitrary initial 
condition. To quantify this, define

µi = ∥ξi∥
2
= ξT

i ξi. (6)

The normalized variation of µi can be expressed as

µ̇i

µi
=

ξT
i [DF(s)T

+ DF(s)]ξi

∥ξi∥
2

− 2cλi. (7)

If the fluctuation component is negligible, the solution evolves 
approximately as

µi(t) ≈ µi(0)e
−2cλit, (8)

implying a decay rate of −2cλi. As a result, the global convergence 
rate is governed by the quantity mini 2cλi = 2cλ1. Hence, the small-
est eigenvalue of matrix B directly specifies the asymptotic speed 
with which synchronization is achieved.42

C. First- and second-order perturbation theory
Perturbation theory offers a structured approach for examin-

ing how small alterations to a matrix influence its eigenvalues and 
eigenvectors. Consider a perturbed matrix of the form

A(ε) = A0
+ εD, (9)

where A0 denotes the unperturbed matrix (e.g., the Laplacian of 
the network), D represents the perturbation matrix (e.g., diagonal 
modification corresponding to node selection), and ε is a small per-
turbation parameter. According to the classical perturbation theory, 
both eigenvalues and eigenvectors of A(ε) can be expanded in a 
Taylor series around ε = 0,

λ(ε) = λ0
+ ελ(1)

+ ε2λ(2)
+ O(ε3), (10)

v(ε) = v0
+ εv(1)

+ ε2v(2)
+ O(ε3), (11)

where λ0 and v0 denote the eigenvalue and eigenvector of the unper-
turbed system, respectively. It is notable that these perturbation 
expansions are valid under the assumption that λ0 is a simple (non-
degenerate) eigenvalue and the eigenvectors of A0 are assumed to 
be orthonormal. Crucially, in this work, an augmented Laplacian 
matrix is considered, and the focus is specifically on estimating its 
smallest eigenvalue using perturbation expansions. While the gen-
eral theory of perturbation expansions requires all eigenvalues to 
be simple, here, the objective is solely to approximate the smallest 
eigenvalue, λ1. Therefore, the potential degeneracy of higher eigen-
values does not affect the approximation of λ1, as their specific 
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behavior is not critical to this analysis. Substituting these expansions 
into the eigenvalue equation

A(ε)vi(ε) = λi(ε)vi(ε) (12)

and equating terms of equal order in ε, yields the perturbation 
relations. At the first order, the eigenvalue correction is given by

λ
(1)
i =

(︁
v0

i

)︁T
Dv0

i , (13)

known as the first-order perturbation formula. Consequently, the 
perturbed eigenvalue can be approximated up to the first order as

λi(ε) ≈ λ0
i + ε

(︁
v0

i

)︁T
Dv0

i . (14)

This approximation is computationally inexpensive and already 
provides valuable insight into the sensitivity of eigenvalues with 
respect to perturbations, though higher-order terms are often 
required for improved accuracy.

To improve accuracy, the second-order correction is included, 
which takes the form

λ
(2)
i =

∑︂
j ̸=i

(︃(︂
v0

j

)︂T
Dv0

i

)︃2

λ0
i − λ0

j

, (15)

where the index i corresponds to the target eigenvalue, v0
j  and λ0

j

denote the eigenvector and eigenvalue associated with the jth mode, 
respectively. This formula is derived by solving the higher-order 
terms while enforcing the orthogonality conditions of eigenvectors. 
As a result, the second-order approximation of the eigenvalue is 
expressed as

λi(ε) ≈ λ0
i + ε

(︁
v0

i

)︁T
Dv0

i + ε2
∑︂
j ̸=i

(︃(︂
v0

j

)︂T
Dv0

i

)︃2

λ0
i − λ0

j

. (16)

This expression forms the theoretical foundation of the proposed 
method. By perturbing the diagonal entries of the Laplacian matrix 
and evaluating the approximate change in the smallest eigenvalue 
via the above formula, the contribution of each node to network 
controllability can be systematically quantified. In this work, the per-
turbation term ε represents the control gain assigned to individual 
driver nodes. Consequently, driver nodes are selected sequentially 
based on their ability to maximize the increase in λ1(ε). This theo-
retical framework naturally motivates the use of perturbation theory 
in this work, as it provides an efficient way to approximate the varia-
tions of λ1 under small diagonal perturbations in L, thereby guiding 
the systematic identification of effective driver nodes for pinning 
control.

III. PROPOSED METHOD
The central idea of the proposed method is to employ a 

second-order perturbation expansion to approximate the smallest 
eigenvalue associated with the Laplacian matrix after sequentially 
selecting a set of driver nodes. At each step, let the current Lapla-
cian be denoted by L, with the smallest eigenvalue λ1 and associ-
ated eigenvector v1. The corresponding eigensystem is written as 
{λj, vj}

N
j=1.

When a set of k nodes is designated as drivers, the perturbation 
matrix D is defined as a diagonal matrix with entries equal to 1 for 
selected nodes and zero otherwise. The perturbed eigenvalue is then 
approximated as

λ1(ε) ≈ λ1 + εvT
1 Dv1 + ε2

∑︂
j ̸=1

(︂
vT

j Dv1

)︂2

λ1 − λj
. (17)

This formulation makes it possible to approximate the effect of 
adding each candidate node to the current driver set based on 
the current eigensystem, rather than performing a full eigen-
decomposition for all possible perturbations. In sequential selection, 
at each step, a node is selected that yields the largest incremental 
increase in λ1.

The second-order perturbation framework is selected because, 
at each step of the sequential pinning procedure, evaluating a can-
didate driver node i is equivalent to assessing the spectral effect 
of a localized positive rank-one update to the current augmented 
Laplacian (L). For a simple smallest eigenvalue λ1 of L, with nor-
malized eigenvector v1, the perturbation expansion in Eq. (17) 
consists of a first-order term, εvT

1 Dv1, and a second-order term, 

ε2
∑︁

j ̸=1

(vT
j Dv1)

2

λ1−λj
. The first-order contribution reflects only the direct 

participation of node i in the current critical eigenmode, whereas 
the second-order correction accounts for the coupling of this mode 
with the remaining eigenvectors through the inverse spectral sep-
arations (λ1 − λj)−1. It thus captures the leading global redistribu-
tion of spectral influence induced by the localized pinning action, 
which is essential for reliably ranking competing candidate nodes. 
Moreover, since λj > λ1 for j ̸= 1, this correction is non-positive 
and represents the curvature of the smallest-eigenvalue path under 
the perturbation. Hence, the second-order approximation provides 
the lowest-order computationally tractable model that incorporates 
intermodal effects while avoiding the repeated computation of the 
complete eigensystem for every candidate node, offering an appro-
priate balance between spectral accuracy, physical interpretability, 
and computational efficiency.

One inherent limitation of the perturbation method is that 
it requires the perturbations to remain sufficiently small. Specif-
ically, the validity of the Taylor expansion and the truncation of 
higher-order terms can only be guaranteed when the perturbation 
amplitude is confined within a limited range.

It is worth emphasizing that the perturbation-based approach 
employed in this study achieves higher accuracy in identifying driver 
nodes in dense networks. This advantage can be explained by two 
spectral properties. First, in dense networks, the eigenvalues of the 
Laplacian (or adjacency) matrix are typically spread over a wider 
range, which means that a small local perturbation (e.g., modify-
ing a diagonal entry) has a relatively smaller effect on the overall 
spectrum. Consequently, the fundamental condition for the conver-
gence of the perturbation series—that the perturbation magnitude is 
much smaller than the spectral spacing—is better satisfied. Second, 
dense networks usually exhibit a larger spectral gap. Since the per-
turbation corrections involve denominators of the form (λi − λj), a 
larger spectral separation suppresses the higher-order terms, leading 
to faster convergence and greater stability of the approximation. In 
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contrast, sparse networks tend to have small spectral gaps, making
higher-order corrections more significant and reducing the accuracy
of the perturbative method.

A spectral criterion can be introduced to quantify the appli-
cability of the perturbation method. Let R = d/Δmin, where d rep-
resents the magnitude of the diagonal perturbation applied to the
Laplacian, and Δmin denotes the smallest difference between the
eigenvalue of interest and the remaining eigenvalues. Perturbative
expansions remain accurate when R ≪ 1, as this ensures that higher-
order terms contribute minimally. Dense networks naturally tend to
meet this condition because their Laplacian eigenvalues are more
widely separated, yielding larger Δmin. Therefore, the ratio R serves
as a practical spectral measure that links network density to the
expected reliability of perturbation-based driver-node selection.

The computational complexity of the proposed scheme can be
analyzed and compared with the Sequential Greedy Node Selec-
tion algorithm, which serves as a widely used baseline for sequential
driver-node selection methods. The sequential greedy node selec-
tion method relies on a step-by-step greedy strategy to maximize the
smallest eigenvalue (λ1) of the augmented Laplacian matrix (L + D).
The process begins by testing each node in the network individu-
ally as a potential first driver; the node that produces the highest λ1

is selected. Once the first driver is fixed, the algorithm repeats this
evaluation for the remaining nodes to find the second driver, ensur-
ing that the new selection maximizes the eigenvalue increase given
the first driver is already in place. This iterative procedure contin-
ues sequentially: at each stage, the set of previously selected drivers
remains fixed, and the next driver is chosen from the remaining
candidates to yield the optimal λ1. By systematically evaluating the
direct spectral impact of every candidate at every step, this method
provides a rigorous, exhaustive reference point for comparing other
sequential approaches.

The complexity of the proposed method is evaluated as follows:
The proposed method relies on an initial eigen-decomposition

of the modified Laplacian matrix, followed by an iterative evaluation
of the influence of each candidate node using a second-order per-
turbation expansion. The computational cost of each component is
detailed as follows:

1. Initial eigen-decomposition: At the beginning of the algorithm,
the matrix L + D, where D encodes the previously selected driver
nodes, is decomposed once to obtain its eigenvalues and eigen-
vectors. This operation has a well-known computational com-
plexity of O(N3).

2. Perturbation-based evaluation of candidate nodes: To select
a driver node, the influence of each candidate on the smallest
eigenvalue λ1 is approximated using the second-order pertur-
bation expansion [refer to Eq. (17)]. This procedure incurs a
computational cost of O(N2).

3. Repetition over all selection steps: Since one driver node is
selected at each iteration and a total of N nodes must be exam-
ined, the entire selection process is repeated N times.

Thus, each iteration requires one eigen-decomposition of cost
O(N3) and a perturbation-based evaluation phase of cost O(N2).
Consequently, the overall complexity of the proposed method

becomes

O(N) ×
(︁
O(N2) + O(N3)

)︁
≈ O(N4). (18)

It can be seen that the perturbation-based approach achieves a total
computational complexity of O(N4), making it significantly more
scalable than classical greedy approaches, especially for medium- 
and large-scale networks.

The sequential greedy node selection method requires, at each
iteration, modifying the diagonal element of L + D for each candi-
date node and performing a full eigen-decomposition to evaluate the
resulting smallest eigenvalue. It needs

1. Evaluation of all candidates per iteration: For each of the N can-
didate nodes, modifying the matrix and computing its leading
eigenvalue via full eigen-decomposition requires O(N3). There-
fore, evaluating all candidates at a single iteration costs O(N)

× O(N3) = O(N4).
2. Repetition over all selection steps: Because this procedure must

be repeated for all N driver node selections, the total computa-
tional cost becomes O(N) × O(N4) = O(N5).

Thus, the sequential greedy algorithm exhibits a prohibitive compu-
tational complexity of O(N5).

By replacing repeated full eigen-decompositions with a
perturbation-based approximation, the proposed method reduces
the computational cost from O(N5) to O(N4). This reduction in
computational complexity significantly enhances practicality and
scalability, enabling efficient analysis of medium- to large-scale net-
works where traditional greedy methods become computationally
infeasible.

IV. RESULTS
To assess how well the proposed approach performs, it is

applied to networks exhibiting a variety of topological forms, such
as small-world, scale-free, and randomly connected architectures. In
all simulations, the coupling strength and the control gain are fixed
at 1.

Small-world networks based on the Watts–Strogatz construc-
tion are produced by first forming a regular ring lattice where every
node links to its q closest neighbors, and then randomly rewiring
each edge with a probability p.

The scale-free networks (the Barabási–Albert model) are con-
structed through preferential attachment, beginning with an initial
set of b0 fully connected nodes and subsequently adding new nodes,
each linked to b existing nodes, where the likelihood of choosing
a particular node grows in accordance with its degree. Random
networks (the Erdős–Rényi model) are formed by independently
establishing each possible edge with probability k.

The evaluation criterion is defined as the similarity between the
driver-node sequences obtained by different strategies and the cor-
responding sequence produced by the sequential greedy node selec-
tion method (a commonly adopted benchmark among sequential
approaches). For each network topology, the similarity percentage
is computed as the number of selected driver nodes increases.

To better understand how the perturbation-based strategies
behave, a direct comparison between the first-order and second-
order formulations is carried out, with their outcomes displayed in
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FIG. 1. Comparison of driver-node selection accuracy between first-order and second-order perturbation methods across six benchmark topologies: (a) a 100-node small-
world network with parameters q= 34, p= 0.8; (b) a 100-node scale-free network with parameters b0 = 9, b= 8; (c) a 100-node random network with parameter k = 0.3;
(d) a 200-node small-world network with parameters q= 20, p= 0.5; (e) a 200-node scale-free network with parameters b0 = 6, b= 5; and (f) a 200-node random network
with parameter k = 0.2. Curves illustrate the selection accuracy (similarity relative to the sequential greedy benchmark) as a function of the number of chosen driver nodes
for the second-order (blue curves) and first-order (green curves) approximations. The second-order perturbation method consistently achieves near-perfect accuracy across
a wide range of driver-set sizes. In contrast, the first-order method exhibits strong fluctuations and lower accuracy, most prominently when the number of driver nodes grows.
Because both formulations share the same asymptotic computational complexity of O(N4), the second-order framework delivers substantial gains in fidelity without incurring
additional computational overhead, establishing it as the superior tool for network-controllability assessment.
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Fig. 1. In these diagrams, the x-axis reports how many driver nodes 
have been chosen, whereas the y-axis reflects the similarity to the 
greedy benchmark. The blue curves represent the second-order per-
turbation method, and the green curves correspond to the first-order 
perturbation method.

As observed across all network topologies, the second-order 
perturbation method consistently maintains very high accuracy, 
often remaining at or near 100% similarity with the greedy bench-
mark for a broad range of driver-set sizes. This trend is evident in 
all cases, whether for small-world, scale-free, or random networks, 
underscoring the robustness of the second-order formulation. In 
contrast, the first-order method exhibits strong fluctuations, and the 
reliability of the method drops noticeably as more driver nodes are 
included. The superiority of the second-order perturbation method 
arises from its more accurate approximation of eigenvalue varia-
tions, which enables it to capture the influence of node selection on 
network controllability more faithfully.

Importantly, the computational burden of the first-order and 
second-order approaches is essentially comparable: while the first-
order method has a complexity of O(N4), the second-order method, 
as derived earlier, also scales as O(N4). Thus, the substantial 

improvement in accuracy delivered by the second-order method 
comes at no extra computational cost.

Based on these findings, the second-order perturbation frame-
work is adopted for subsequent analyses. It not only offers scal-
ability suitable for large networks but also delivers results that 
remain consistently close to the greedy benchmark, thereby pro-
viding a practical and theoretically grounded tool for controllability 
analysis.

To further validate the reliability of the second-order perturba-
tion framework, additional experiments are performed by averaging 
the accuracy results over a large number of independently gener-
ated networks. The purpose of this analysis is to ensure that the 
high similarity with the greedy benchmark, observed in individ-
ual networks, is not an artifact of a specific topology instance but 
a consistent property across an ensemble of independently gener-
ated networks. Specifically, for each topology type, multiple network 
realizations are constructed, and the corresponding accuracy curves 
of the second-order perturbation method are computed. The mean 
accuracy values, together with standard-deviation bounds, are then 
plotted as a function of the number of selected driver nodes, thereby 
providing a more comprehensive statistical assessment.

FIG. 2. Statistical evaluation and generalization performance of the second-order perturbation method across 100 independently generated network realizations for three 
distinct topologies (N= 200 nodes): (a) small-world networks (q= 30, p= 0.7); (b) scale-free networks (b0 = 8, b= 7); and (c) Erdős–Rényi random networks (k = 0.3). 
Solid curves and shaded regions depict the ensemble mean accuracy and the corresponding ±1 standard-deviation bounds, respectively, as a function of the number of 
selected driver nodes. The proposed framework consistently maintains high average accuracy—closely matching the greedy benchmark—across a wide range of driver-set 
sizes in all topological regimes. The narrow standard-deviation bands, particularly pronounced in scale-free topologies, demonstrate the robustness and stability of the method 
against structural randomness, confirming that its superior controllability performance is an intrinsic property rather than an artifact of specific network instances.
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FIG. 3. Accuracy comparison between 
the second-order perturbation method and 
four centrality-based strategies for iden-
tifying driver nodes in small-world net-
works. The x-axis represents the number 
of selected driver nodes, and the y-axis 
shows the similarity of the selected driver 
set to the greedy benchmark, expressed 
as accuracy. Panels (a)–(d) present the 
results for the 100-node small-world network 
with q= 34 and p= 0.8, where (a) corre-
sponds to degree centrality; (b) to between-
ness centrality; (c) to closeness central-
ity; and (d) to eigenvector centrality. Pan-
els (e)–(h) present the corresponding results 
for the 200-node small-world network with 
q= 20 and p= 0.5, where (e) corresponds 
to degree centrality; (f) to betweenness 
centrality; (g) to closeness centrality; and 
(h) to eigenvector centrality. Across all net-
work configurations and driver-set sizes, the 
second-order perturbation method consis-
tently achieves near-perfect or high and sta-
ble accuracy, reaching or closely approach-
ing 100% in a substantial portion of the 
selection process. In contrast, the conven-
tional centrality-based strategies exhibit pro-
nounced fluctuations and generally lower 
agreement with the greedy benchmark. 
These discrepancies are particularly evident 
for closeness and eigenvector centrality, 
indicating that conventional centrality mea-
sures may not adequately capture the 
collective network-controllability structure. 
Consequently, they may lead to subopti-
mal driver-node configurations, whereas the 
second-order perturbation method provides 
a more reliable and robust approximation to 
the greedy driver-node selection strategy.

The results, summarized in dedicated figures for small-
world, scale-free, and random networks (Fig. 2), demonstrate 
that the second-order perturbation method consistently achieves 
high average accuracies across a broad range of driver-set 
sizes. The relatively narrow standard-deviation bands—particu-
larly in the scale-free case, and moderately in the small-world 

and random ensembles—confirm the robustness of the method, 
indicating that performance remains stable under structural 
variations.

These findings provide strong evidence that the proposed 
approach not only performs well in individual cases but also gen-
eralizes reliably to large ensembles, reinforcing its suitability for 
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FIG. 4. Comparison of accuracy between
the second-order perturbation method and
four centrality-based strategies for identify-
ing driver nodes in scale-free networks. The
number of selected driver nodes is reported
on the x-axis, while their similarity to the
greedy benchmark is depicted on the y-
axis as accuracy. Panels (a)–(d) present the
results for the 100-node scale-free network
with parameters b0 = 9 and b= 8, where
(a) corresponds to degree centrality; (b) to
betweenness centrality; (c) to closeness cen-
trality; and (d) to eigenvector centrality. Pan-
els (e)–(h) present the corresponding results
for the 200-node scale-free network with
parameters b0 = 6 and b= 5, where (e) cor-
responds to degree centrality; (f) to between-
ness centrality; (g) to closeness centrality;
and (h) to eigenvector centrality. Due to the
structural heterogeneity and the presence
of prominent hub nodes inherent to scale-
free topologies, centrality metrics achieve a
higher baseline accuracy compared to small-
world and random networks, particularly for
small driver-set sizes where they become
comparable to the second-order perturbation
method by exhibiting near-100% accuracy.
However, as the driver set expands, these
heuristic centrality measures rapidly dete-
riorate. In contrast, the second-order per-
turbation framework consistently maintains
top-ranked performance and superior, near-
optimal accuracy throughout the entire selec-
tion process across all driver-set sizes, high-
lighting its scalability, precision, and robust
capacity to capture spectral shifts beyond
hub-dominated dynamics in heterogeneous
network architectures.

practical applications in controllability assessment of complex net-
works.

To complement the perturbation method analysis, additional
experiments are conducted to compare the proposed second-order
perturbation framework with four widely used centrality-based

strategies—degree, betweenness, closeness, and eigenvector central-
ity—across all six network topologies under study (in Fig. 1). In
each case, the accuracy of the driver-node sequences produced by
these methods is evaluated relative to the greedy benchmark as the
number of selected nodes increases.
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FIG. 5. Evaluation of driver-node identification
accuracy using the second-order perturbation
method alongside four centrality-based strategies
in random networks. The x-axis indicates the count
of chosen driver nodes, and the y-axis plots their
similarity percentage relative to the greedy bench-
mark. Panels (a)–(d) display the results for the 100-
node random network with connection probability
k = 0.3, where (a) corresponds to degree central-
ity; (b) to betweenness centrality; (c) to closeness
centrality; and (d) to eigenvector centrality. Panels
(e)–(h) show the corresponding outcomes for the
200-node random network with k = 0.2, where (e)
corresponds to degree centrality; (f) to between-
ness centrality; (g) to closeness centrality; and (h) to
eigenvector centrality. In homogeneous and sparse
random topologies that lack pronounced hub hier-
archies, centrality-based approaches struggle sig-
nificantly, exhibiting performance degradation and
erratic fluctuations. In contrast, the second-order
perturbation framework demonstrates clear superi-
ority and consistently outperforms all four heuristics
by yielding driver node configurations that closely
align with the optimal greedy benchmark, under-
scoring the advantage of incorporating the spectral
properties of the B matrix over purely topological
indicators.

The results, presented in Figs. 3–5, consistently show that
none of the centrality-based approaches achieves accuracy levels
comparable to the second-order perturbation method. In scale-free
networks, degree centrality often performs reasonably well when
a small number of driver nodes is required, reflecting the intu-
itive importance of high-degree hubs. However, its accuracy quickly

deteriorates as the driver-set size increases. Betweenness, closeness,
and eigenvector centrality display even greater variability, produc-
ing highly fluctuating curves that frequently deviate from the greedy
reference. In contrast, the second-order perturbation method main-
tains consistently superior performance in most network configu-
rations and across a broad range of driver-set sizes. These findings
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confirm that centrality measures are not sufficiently sensitive to 
capture the nuanced role of nodes in network controllability. The 
perturbation framework, by explicitly incorporating the spectral 
properties of the B matrix and approximating eigenvalue variations, 
provides a more principled and robust basis for node selection. 
Overall, the comparative analysis underscores the practical value 
of the proposed method, demonstrating that it consistently outper-
forms centrality-based heuristics and delivers results much closer to 
the greedy benchmark.

V. DISCUSSION
To further investigate the performance and robustness of the 

proposed method, a sensitivity analysis was conducted with respect 
to the control gain d. As mentioned before, one of the limitations 
associated with the proposed method is that the control gain must 
be sufficiently small. To thoroughly assess its impact, the resulting 
error is quantified as d increases. The sensitivity analysis is carried 
out by systematically increasing the value of d from 1 to 15. For 
each value of d, the smallest eigenvalue λ1 is computed under both 
the perturbation-based strategy and the Sequential Greedy Selection 
method, for driver-set sizes ranging from 1 to Kmax. The error is 
quantified as the average percentage difference between the λ1 val-
ues obtained using the two methods over driver-set sizes ranging 

FIG. 6. Sensitivity analysis of the second-order perturbation framework with 
respect to the control gain d for an Erdős–Rényi random network (N= 100, 
k = 0.4). The plot shows the mean percentage error in approximating the small-
est eigenvalue λ1 relative to the greedy baseline [evaluated via Eq. (19)] as d 
increases from 1 to 15. As expected from asymptotic expansions, the approxi-
mation error grows monotonically with increasing control gain. However, the error 
remains well-contained below approximately 10% for gains up to d≈ 10. This 
demonstrates that the proposed perturbation framework maintains high fidelity 
and predictive accuracy over a broad, operationally relevant range of control 
intensities before higher-order nonlinear effects become dominant.

from 1 to Kmax. It is calculated using the following formula:

Error(d) =
1

Kmax

Kmax∑︂
j=1

100
⃓⃓⃓
λ

Pert2
1 (j, d) − λ

Greedy
1 (j, d)

⃓⃓⃓
λ

Greedy
1 (j, d)

, (19)

allowing a direct assessment of how the gain magnitude influences 
the accuracy of the perturbation-based approximation. The corre-
sponding result for a random network comprising 100 nodes with 
k = 0.4 and Kmax = 40 is illustrated in Fig. 6. This graphical repre-
sentation facilitates an understanding of the trade-off between the 
magnitude of the control gain and the accuracy of the perturbation-
based eigenvalue estimation.

As the figure indicates, increasing d leads to a gradual rise in the 
approximation error, reflecting the natural limitations of second-
order perturbation expansions when the control input becomes 
large. Nonetheless, for values up to approximately d = 10, the error 
remains relatively contained—about 10%—demonstrating that the 
perturbation-based approach retains strong fidelity to the greedy 
baseline within a practically meaningful range of gain values.

This behavior highlights the effectiveness of the proposed 
method under moderate control intensities and confirms that its 
predictive accuracy remains reliable across a broad and opera-
tionally relevant parameter regime.

VI. CONCLUSION
In this study, we investigated the driver-node selection prob-

lem for pinning controllability in complex dynamical networks and 
introduced an analytical second-order perturbation framework. By 
approximating the shift in the smallest non-zero eigenvalue of the 
grounded Laplacian matrix under diagonal modifications, the pro-
posed method provides a principled criterion for ranking candidate 
pinning nodes without requiring exhaustive combinatorial evalua-
tions. Computationally, the framework reduces the complexity from 
O(N5) for the standard sequential greedy procedure to O(N4), while 
preserving near-optimal selection accuracy across different network 
sizes and topological classes.

First, despite sharing the same asymptotic complexity of 
O(N4), the first- and second-order formulations exhibit substan-
tially different selection performances. The first-order approxima-
tion shows noticeable degradation and fluctuations as the number 
of selected driver nodes increases, whereas the second-order method 
retains near-100% fidelity relative to the sequential greedy bench-
mark over a broad range of driver set sizes. This result demonstrates 
the importance of incorporating second-order perturbation correc-
tions for reliable driver-node ranking. Second, statistical evaluations 
over 100 independently generated realizations of small-world, scale-
free, and Erdős–Rényi random networks show that the proposed 
method maintains high mean accuracy and closely matches the 
greedy benchmark across a wide range of driver-set sizes. Moreover, 
the narrow standard-deviation bands observed across the ensem-
bles—particularly for the scale-free networks—indicate limited sen-
sitivity to structural randomness. These findings confirm that the 
favorable performance of the proposed approach is not restricted to 
individual network instances but persists across independently gen-
erated networks with the same underlying topology. Third, across 
small-world, scale-free, and Erdős–Rényi random networks, the 
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proposed framework outperforms the degree, betweenness, close-
ness, and eigenvector centrality heuristics. Although the presence 
of structural hubs in scale-free networks provides centrality-based 
strategies with a relatively higher baseline accuracy, closeness and 
eigenvector centralities tend to exhibit comparatively larger devia-
tions from the greedy benchmark in several scenarios. In contrast, 
the second-order method consistently achieves near-optimal and 
robust accuracy across the considered topological regimes, includ-
ing networks with different edge densities and degrees of structural 
heterogeneity. Finally, the sensitivity analysis with respect to the 
feedback control gain d further supports the practical reliability 
of the method. Specifically, the mean percentage approximation 
error remains below approximately 10% for moderate gain val-
ues (d ≈ 10), indicating that the proposed approximation remains 
effective over a practically relevant range of control gains.

Overall, these quantitative and qualitative findings show that 
the second-order perturbation strategy provides a favorable balance 
between spectral accuracy and computational scalability, thereby 
making it particularly suitable for large-scale networked systems in 
which exhaustive or sequential greedy searches become computa-
tionally impractical. Future work may extend the present framework 
to adaptive and time-varying pinning strategies, weighted, directed, 
and multilayer networks, as well as systems with heterogeneous node 
dynamics, actuator constraints, and uncertainty in network struc-
ture or control gains. Further directions include the joint optimiza-
tion of driver-node locations and pinning strengths, together with 
robustness-oriented formulations incorporating additional control 
objectives beyond stabilization.
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