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Dynamics of Q-Learning in Networked
Stochastic Games

Zheng Yuan, Guangchen Jiang", Shuyue Hu", Matjaz Perc"”, Chen Chu, and Jinzhuo Liu

Abstract—Stochastic games form the foundational mathe-
matical framework for describing multiagent interactions and
underpin the theoretical foundations of multiagent reinforcement
learning (MARL) and optimal decision making. However, previ-
ous research has typically focused on either two-agent settings or
large-scale well-mixed agent populations, where the considered
interaction scenarios were far from realistic. In this article, we
consider structured populations where agents can interact with
immediate neighbors. By using the pair-approximation method,
we develop a new dynamical model to describe the Q-learning
dynamics in stochastic games on regular graphs. Through
comparisons with agent-based simulation results, we validate
the accuracy of our dynamical model across various stochastic
games, population structures, and algorithm parameters. Qur
research thus provides both qualitative and quantitative insights
into the effects of state transition rules and graph topologies
in population dynamics. In particular, we show that, under
certain conditions, state transitions can significantly promote the
evolution of cooperation in social dilemmas. We also explored
the effects of agent degree on cooperation, and unlike previous
findings, we show that this can have either positive or negative
implications for cooperation depending on the transition rules.

Index Terms—Cooperation, Q-learning dynamics,
graphs, stochastic game.
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I. INTRODUCTION

ECENT advances in multiagent reinforcement learning

(MARL) have significantly improved the decision-
making abilities of agents, driving progress in robotics [1],
autonomous systems [2], resource allocation mechanisms [3],
social dynamics research [4], [5], [6], [7], and intelligent game
agents [8], [9], [10]. Despite these achievements, the theoret-
ical foundations of MARL remain an open question [11].

Understanding the theoretical aspects of multiagent learning
has long been a key focus, particularly through the lens
of learning dynamics in games [12], [13], [14], [15], [16],
[17]. Among various learning algorithms, Q-learning is a
fundamental method that iteratively estimates the state—action
value function for optimal decision making [18]. Together with
its variants [19], it has been applied across diverse domains
and has had a profound impact [20], [21]. This success
has naturally motivated extensive studies on the dynamics
of multiagent Q-learning. Tuyls et al. [22] introduce the
selection—mutation model, which formalizes the evolutionary
dynamics of Q-learning with Boltzmann exploration in two-
agent normal-form games. This model establishes a notable
connection between MARL and evolutionary game theory
(EGT), offering new perspectives for algorithm design in
MARL [23]. Expanding beyond two-agent scenarios, Hu et al.
[24] demonstrate that, in an infinitely well-mixed population
where agents are randomly paired to play two-agent normal-
form games, the Q-learning dynamics can be described by
a Fokker—Planck equation. This has inspired further research
on learning dynamics in large-scale multiagent systems [25],
[26]. However, these foundational works are limited to static
normal-form games with fixed payoff matrices, whereas real-
world interactions often occur in dynamic environments [27],
[28]. Most MARL algorithms today account for the evolving
interplay between agent strategies and their environments [29],
[30], [31].

More recently, research has focused on modelling learning
dynamics in stochastic games (Definition 1), which better
reflect real-world interactions by incorporating state transitions
that capture how humans both affect and are affected by
their environment [32]. Stochastic games provide a powerful
framework for investigating adaptive agent behaviors under
environmental variability [33], [34]. Hennes et al. [35] intro-
duce state-coupled replicator dynamics to model replicator
dynamics in stochastic games, while Chu et al. [36] develop
a dynamical model for Q-learning in stochastic games under
an infinite-agent setting.
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Despite these advances in learning dynamics in stochastic
games, relatively little attention has been given to structured
populations, where graphs offer a more realistic represen-
tation of local interactions [37]. To address this gap, we
present a new formal model that captures the dynamics
of Q-learning in stochastic games within large-scale struc-
tured populations, that is, networked stochastic games. The
population structure (Definition 2) is represented as a reg-
ular graph, where each agent occupies a node and edges
denote pairwise interactions. Each edge corresponds to a two-
agent stochastic game with symmetric state transitions. In
the networked stochastic games, the learning process unfolds
iteratively over discrete time steps. At each time step, every
agent selects an action to interact with all immediate neighbors
and receives an average reward from all pairwise interactions,
where the number of neighbors is determined by the degree
of the regular graph. Following action selection, the state
transitions in each stochastic game are determined by the
joint actions, the current state, and chance. Each agent then
updates its strategy using stateless Q-learning with Boltzmann
exploration, based on the average reward obtained from all
interactions.

In contrast to the idealized all-to-all interactions, the vast
number of possible local configurations in structured popu-
lations significantly complicates their mathematical analysis
[38]. Especially in networked stochastic games, an agent’s
reward is determined not only by its neighbors’ actions but also
by the states of the stochastic games, rendering the local con-
figurations more complex than those in normal-form games.
Moreover, the interplay between agent behaviors and their
environment induces population heterogeneity—agents exhibit
distinct state distributions and opponent strategies—which
critically influences learning dynamics. Modelling the learning
dynamics in such settings thus presents the following chal-
lenge: how can we formally describe the local interactions
encountered by agents and accurately capture the resulting
population heterogeneity?

To address this challenge, we adopt the novel pair-
approximation method proposed by Chu et al. [36]. Specif-
ically, we focus on the evolution of a pair (Definition 3),
defined as the combination of the Q-values of an agent pair
along with their state. The population state is then compre-
hensively represented by the probability distribution of such
pairs. To formally capture the complex local interactions in
networked stochastic games, we introduce the concept of an
interaction configuration (Definition 4), which specifies the
number of pairwise interactions of each type in an agent’s
neighborhood. Here, the type of an interaction is defined by
the neighbor’s action and the current game state. Based on
the interaction configuration, the immediate payoff received
by an agent within a pair can be derived (Lemma 1),
which subsequently drives the evolution of its Q-values
(Lemma 2).

Importantly, the pair-approximation method allows us to
capture population heterogeneity that the widely adopted
mean-field approximation cannot directly describe [24], [39],
[40]. By leveraging the probability distribution of pairs, we can
infer agents’ heterogeneous state distributions and opponent
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strategies from their Q-values (Lemma 3). In this way, we
partition a heterogeneous population into groups of agents with
identical Q-values. For agents with the same (-values, the
influence of each pairwise interaction the agent participates in
is approximated by an average effect, which is represented by
the average probability of an agent engaging in a given type of
pairwise interaction (Lemma 4). Using this average effect, the
probability distributions of agents’ interaction configurations
can be derived (Lemma 5). Finally, we establish a differen-
tial equation to track the evolution of environmental states
(Lemma 6) and a partial differential equation to characterize
the temporal evolution of pair distributions (Theorem 1), offer-
ing deeper insights into the dynamics of both agent behavior
and environmental state over time.

We validate our model by comparing its predictions with
agent-based simulations across various game configurations,
state transition rules, network topologies, and learning algo-
rithm parameters. Our model consistently provides an accurate
description of multiagent Q-learning dynamics. Notably, in a
two-state donation game, we demonstrate that environmen-
tal stochasticity markedly influences both the evolution of
environmental states and the agents’ strategy learning. In
a stochastic game featuring transitions between stag hunt
(SH) and prisoner’s dilemma (PD) games, we observe that
under a state-independent transition rule, the cooperation rate
decreases as the degree of the regular graph increases. In
contrast, with a state-dependent transition rule, agents on
higher degree regular graphs exhibit more cooperative behav-
ior. Furthermore, in a two-state SH game, we show that
state transitions can yield more efficient outcomes compared
to repeated normal-form games. These findings complement
previous research on stochastic games [33], [41], offering
novel insights into resolving real-world social dilemmas and
advancing the development of prosocial agents in multiagent
systems.

In summary, the main contributions of this article are.

1) We develop the first formal model that describes multia-
gent Q-learning dynamics in stochastic games on graphs,
introducing the concept of interaction configuration to
formally characterize the features of local interactions.

2) We extend the pair-approximation method to model
Q-learning dynamics in networked games. This
approach effectively captures the strong coupling
between agent behaviors and environmental states
in stochastic games, and characterizes population
heterogeneity.

3) Through extensive experiments, we validate the descrip-
tive power of our dynamical model and reveal that the
influence of network topology on cooperative behavior
varies depending on the state transition rules.

The remainder of the article is organized as follows. In
Section II, we review related work. Section III outlines the
key preliminaries. In Section IV, we formally model the
dynamics of multiagent Q-learning in networked stochastic
games. Finally, Section V presents experimental results under
various settings to validate our model and explore behavior
evolution in networked stochastic games.
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II. RELATED WORK

Numerous studies highlight the importance of modelling
reinforcement learning dynamics in multiagent systems,
significantly advancing the field. Borgers and Sarin [12]
establish a formal link between the behavior of cross learning
[42], a fundamental MARL algorithm, and the population
dynamics described by replicator dynamics in EGT. Tuyls et
al. [22] and Sato and Crutchfield [43] extend this connection to
Q-learning dynamics, represented through a
selection—mutation model. Rodrigues Gomes and Kowalczyk
[44] and Wunder et al. [45] further explore Q-learning dynam-
ics with e-greedy exploration in two-agent games. Panozzo
et al. [46] propose an extended selection—-mutation model for
Q-learning in extensive-form games, while Deng et al. [47]
present state-transition replicator dynamics, deriving ordinary
differential equations to capture learning automata dynamics in
stochastic games. Building on these dynamics, new algorithms
such as FAQ-learning [48] and RESQ-learning [49] have
been developed, enhancing our understanding of complex
reinforcement learning dynamics in two-agent settings.

Expanding to large-scale agent populations, Hu et al. [24]
utilize mean-field theory to develop a Fokker—Planck equation-
based model characterizing Q-learning dynamics in repeated
games. Leung et al. [50] generalize this approach to scenarios
where agents have local and incomplete information, while
Chu et al. [39] introduce a variant for Q-learning dynamics on
regular graphs. Beyond regular graphs, Liu et al. [51] propose
a framework to formally characterize Q-learning dynamics in
repeated normal-form games across various nonregular graph
topologies, such as random and scale-free graphs. Shi et al.
[52] further investigate Q-learning dynamics in public goods
games on uniformly random hypergraphs, where agents inter-
act within larger groups rather than pairwise. Extending to
stochastic games, Chu et al. [36] propose a novel application
of the pair-approximation method for modelling Q-learning
dynamics in well-mixed populations. Apart from Q-learning,
regret minimization has also received attention. Wang et al.
[53] offer an insightful and theoretically grounded characteri-
zation of the regret dynamics of individual agents in repeated
normal-form games using the master equation approach.
Besides, building on these studies, convergence guarantees
and equilibrium analysis have attracted increasing interest.
Hu et al. [54] provide new convergence results for smooth
fictitious play in both network games and network population
games. Hu et al. [55] model the real-time regret dynamics
in population network games using the continuity equation,
providing convergence guarantees for regret minimization in
weighted zero-sum and weighted potential population network
games.

Therefore, along this line of research on learning dynamics
in games, Q-learning dynamics in networked stochastic games
remain poorly understood. Our work on this scenario not only
addresses this gap but can also inform future research on
establishing convergence of learning under stochastic games.

III. PRELIMINARIES

In this section, we introduce the foundational concepts and
details related to our multiagent learning framework.

IEEE TRANSACTIONS ON NEURAL NETWORKS AND LEARNING SYSTEMS, VOL. 37, NO. 6, JUNE 2026

A. Multiagent Learning Framework in Networked Stochastic
Games

Stochastic games effectively capture interactive scenarios
in which individual actions wield the power to influence the
dynamics of future interactions. Such a dynamic environment,
in turn, plays a crucial role in shaping individuals’ decision-
making processes.

Definition 1 (Stochastic Game): A stochastic game with
ng agents and d states is typically defined as a tuple
< NS, A,z,r,x',....x" >. In every state s € S :=
{sl,...,sd}, each agent i € J\/'g = {1,...,n,} can select its
action @' from its action set A'(s) according to its x'(s). The
payoff function r(s, a) : ]_[;l‘:"l A(s) — R" maps the joint action
a := [a',...,d"]" to an immediate reward for each agent.
The transition function z(s, a) : ]_[:Zl Ai(s) - A% determines
the change in environmental state under current state s and
joint action a, where A?~1 s the (d - 1)-simplex, and zy (s, a)
is the transition probability from state s to s’ under joint
action a.

For better clarity, we consider the simplest two-agent
stochastic game as an illustrative example, which involves two
states and two available actions in each state to demonstrate the
essential elements of a stochastic game. Each state corresponds
to a symmetric normal-form game characterized by a specific
payoff matrix. Consequently, a state transition can be inter-
preted as a change in the type of normal-form game. Due to the
fact that we consider the normal-form game to be symmetric,
the two agents have the same action sets in a certain state,
that is, A'(s) = A%(s). Then, we can drop the agent index
and use A(s) to represent the set of available actions for all
agents in state s. Here, we have A(s) := {a1(s), a»(s)}, where
ai(s),i € {1,2}, is the ith action in state s. My is the payoff
matrix for agents in an arbitrary state s and can be represented
as follows:

M, := |:rll|(S)lll(S)

Tay(s)a(s)
Tay(s)ay(s)

Tay(s)as(s)

where ry(sa;s), i J € {1,2}, is the reward that an agent can
receive when it takes the ith action against its opponent taking
the jth action in state s. Besides, the state transition matrices
are given as follows:

T. = |2 sa(s),a(s)
TV 2y (s,a2 (8), a1 ()
Tsax = IZ - T.vax’

zy (s,a1 (s),ar (S))]

Zg (8,a2(5), a2 (s))

where T,y represents the transition probabilities from an
arbitrary state s to another different state s’ under different
joint actions, and T,_,; represents the probabilities that the
state s will not change given different joint actions. For
i,j €{1,2}, zy (s, a;(s),a;(s)) denotes the transition probability
from state s to 5" under the joint action a = [a;(s),a;(s)]". I,
denotes a second-order all-ones matrix. Note that symmetric
state transitions mean that the impact of agent behaviors on
environmental changes is based solely on their actions, irre-
spective of their individual identities. Formally, the transition
probabilities should satisfy the condition zy (s, a;(s), a;(s)) =
2 (5.aj(5), ai(s)).
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Building upon a specific stochastic game, this article focuses
on population-level networked stochastic games. Specifically,
we investigate the learning dynamics in a structured popu-
lation, where each agent plays a separate stochastic game (as
defined in Definition 1, with n, = 2 and symmetric state tran-
sitions) against each of its neighbors. This pairwise-interaction
setup is typical in large-scale population games [24], [36],
[39], where the entire population can be viewed as compris-
ing multiple two-agent stochastic games. The neighbors are
determined by the population structure, which restricts the
range of interactions. This local interaction model mirrors real-
world social dynamics, where individuals typically maintain
connections within a limited social circle due to cognitive
constraints and practical limitations [56], [57]. For instance,
in social networks, users predominantly interact with a select
group of others, influenced by factors such as geographical
proximity, shared interests, and the cognitive cost of main-
taining relationships, rather than engaging with the entire user
population.

Definition 2 (Population Structure): The interactive struc-
ture of the population is described by an undirected connected
graph G := < NV, £ > without any loops, where N :={1,...,n}
is the set of nodes, and £ € N x N is the edge set. Each agent
occupies a node, and each edge denoted by e;; = (i, j),i # j
and i, j € N means that agent i is connected to j. For the
undirected connected graph, e;; and ej; refer to the same edge
which indicates i and j are two connected agents (neighbors).
Only the two connected agents can interact with each other
along the edge.

According to the above definition, we can represent the
interactive relationships between agents more explicitly by
using an adjacency matrix B := [b;;],x,. Based on whether
there is an edge between two agents, all diagonal elements
b;; of matrix B equal zero, off-diagonal elements satisfy
bij = 1(i # j) if and only if ¢;; € £, otherwise b;; = 0. Besides,
we define the neighbor set of agent i as N; := {j : ejj € E}.

In this article, we consider agent populations represented by
k-regular graphs, where each node has exactly k neighbors.
Regular graphs provide a canonical framework for studying
population dynamics and the evolution of cooperation, bridg-
ing analyses from well-mixed to structured populations [37],
[39], [58]. Although heterogeneous networks better capture
real-world diversity, their analytical complexity often limits
theoretical exploration. As highlighted by Liu et al. [51],
incorporating more topological attributes is challenging but
essential for modelling dynamics on nonregular graphs. There-
fore, most theoretical studies have been conducted on regular
graphs [59], [60], [61], [62], [63], [64]. Similarly, in this
article, the simple topology of regular graphs enables us
to investigate, in a tractable manner, how network structure
shapes population dynamics under stochastic games, thereby
providing a fundamental theoretical understanding of such
systems.

Then, we propose a concurrent learning framework for
networked stochastic games, where each agent simultaneously
interacts with all k neighbors through pairwise stochastic
games. At each time step f, every agent selects a single
action according to its strategy and applies it uniformly across
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all interactions. Agent behaviors in these interactions result
in both their immediate rewards and state transitions. The
immediate reward for each agent is the average of its k
interactions, while state transitions follow a uniform rule
governed by transition matrices, which map joint actions and
current states to future states. Finally, each agent updates its
strategy according to the specified learning algorithm.

Note that the assumption that each agent takes a sin-
gle action across all interactions is common in studies of
Q-learning dynamics and graphical polymatrix games [13].
It is also widely accepted in research on the evolution of
cooperation (e.g., [65], [66], [67], [68]). Although some stud-
ies allow agents to choose different actions toward different
neighbors (e.g., [69], [70]), this line of research remains
limited. Therefore, adopting this assumption ensures that our
model remains comparable with a large body of existing work
while retaining empirical plausibility—for instance, a social
media user often broadcasts identical content to audiences with
different social ties, or a self-driving car executes a single
maneuver at an intersection when encountering multiple other
vehicles.

B. Q-Learning Algorithm for State-Agnostic Agents

We assume that all agents update their strategies using
the well-known Q-learning algorithm [18]. Conventionally,
QO-learning agents condition their actions on the perceived
state. For example, under the scenario where an agent takes
the same action for all pairwise stochastic games with its
neighbors, the standard Q-learning algorithm allows the agent
to make decisions based on the perceived state of its local
neighborhood, which is determined by the game states of its
pairwise interactions. This naturally raises further questions of
how to represent the perceived state and how this representa-
tion, as an input, influences the learning dynamics.

However, to reveal the effects of state transitions and graph
topologies on learning dynamics, while the state-aware case
involves additional challenges in representing the perceived
state and its transition process, a simplified state-agnostic
setting where agents make decisions without relying on
perceived-state information can provide meaningful insights.
Therefore, many classical studies have adopted such a state-
agnostic setting (e.g., [41], [61]). Moreover, this setting is
also realistic, as in many applications, knowledge about
environmental states is at best incomplete. For example,
Abou Chakra et al. [71] consider unpredictable environments,
and there are real-world situations where agents must make
rapid decisions without additional state information, while
physical limitations and the high cost of acquiring information
can further restrict their knowledge.

Therefore, this article adopts the state-agnostic setting,
which is consistent with previous studies [36], and we view the
dynamical model based on this setting as a foundational step
toward richer extensions and as necessary for understanding
the role of information (both its presence and absence) in
decision-making [41]. Specifically, state-agnostic agents learn
their strategies in a dynamic environment through a stateless
version of Q-learning. We assume that each pairwise stochastic
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game between agents involves d states. For every state, the
agent’s action set is identical and contains m available actions,
that is, A(s;) = --- = A(sy) = A = {ai1,...,a,}. Besides,
the state-agnostic agent only needs to maintain a vector of
Q-values for the m actions. At time step f#, for an arbi-
trary agent i, its (Q-value vector Qi is written as Qﬁ =
[Qi(a1), ..., Qi(an)]". If agent i takes action a; € A to interact
with its k neighbors, and receives an immediate reward ry(a;),
then the jth element in its Q-value vector Qi is updated
according to (1), while other elements remain unchanged

0141 (a)) = O (a)) + a[r; (a)) - O} (a))] Q)
where « is the learning rate.

The strategy of a state-agnostic agent is defined as a
probability distribution over its action set. Thus, the strategy
of agent i with Q-values Q' at time step ¢ is represented
as xi = [x/(a;,Q),...,x(a,, Q)]T, where for each action
aj € A, xi(a s Qf) denotes the probability that agent i selects

action a;. We assume that each agent follows the Boltzmann
exploration scheme, which determines x;(a;, Q;) as follows:

£72i(a5)

ZaEA erdi@
where 7 is the Boltzmann exploration temperature. The value
of 7 controls the tradeoff between exploration and exploitation
in the learning process. If 7 = 0, the agent is in complete
exploration (taking an action at random). If T — oo, the agent
chooses the action with the maximum Q-value.

For state-agnostic Q-learning agents, our proposed multia-
gent learning framework is further detailed in Algorithm 1.

xi (a;,Q)) = 2)

IV. FORMAL MODEL FOR MULTIAGENT Q-LEARNING
DYNAMICS IN STOCHASTIC GAMES ON REGULAR GRAPHS

In this section, we formally model the Q-learning dynamics
for state-agnostic agents playing stochastic games within the
concurrent learning framework described in Section III-A.

A. Q-Value Dynamics for Individual Agents Within a Pair

In stochastic games, agents’ decision-making not only yields
payoffs that prompt them to update their strategies but also
induces changes in the environmental states. These micro-
level alterations subsequently drive the macro-level population
dynamics. Consequently, our modelling approach initially
focuses on the Q-value updates of agents and the state
transitions resulting from pairwise interactions. Unlike normal-
form games, characterizing state transitions presents a novel
challenge. Since all stochastic games within the population
occur in pairwise fashion, the joint actions of a pair of agents
determine the state transitions between them, which in turn
influence the agents’ payoffs. Therefore, the pair approxima-
tion method, as adopted by Chu et al. [36], naturally serves
as a framework for modelling these dynamics in stochastic
games. Following their intuitive and effective framework, we
first define the pair as follows.

Definition 3 (Pair): A pair is defined by the Q-values
of two connected agents and their state, represented by a
tuple < Q!,s5,Q? >, where Q! = [Q!(a)),...,0a,)]" and

IEEE TRANSACTIONS ON NEURAL NETWORKS AND LEARNING SYSTEMS, VOL. 37, NO. 6, JUNE 2026

Algorithm 1 Multiagent Q-Learning Framework in Networked
Stochastic Games

1: Require: A k-regular graph G = (N, £) representing the
population, where || = n. Each agent i € N has a
neighbor set N; = {j : ¢;; € £}. Each edge ¢;; € &
corresponds to a stochastic game (N, S, A4,z, rx', x2)
with |/\/g| = 2, state set S = {s1,...,54}, and an action
set A = {ay,...,a,} that is identical for all agents and
identical across all states. The payoff function is given by
r(s,a), and the state transition rule by zy (s, a). Q-learning
parameters: learning rate @ and Boltzmann exploration
temperature 7. A maximum time step 7.
Initialization:
for each agent i € A do
Initialize its Q-values Q'(a) for all a € A.
end for
for each edge ¢;; € £ do
Initialize the state of the corresponding stochastic
game.
end for
9: Set t 0.
10: while t < T do
11:  for each agent i € N do

A o

*®

12: Agent i selects an action @' € A according to its
strategy X-.

13: end for

14:  for each agent i € A/ do

15: for each neighbor j € N; do

16: Agents i and j play the two-agent stochastic

game using their selected actions.
17: end for
18: Agent i receives the immediate reward ri(a’), aver-

aged over its k pairwise interactions.

19: end for

20: for each undirected edge ¢;; € £ do

21: The state s € S of the stochastic game between i
and j transitions to s’ € S according to zy (s, a).

22: end for

23:  for each agent i € N do

24: Update Q-value: Q! (a") « Qi(d') + alri(a’) -
Qi(a)].

25: end for

26 tet+1

27: end while

Q,2 = [Q,Z(al),...,Q,z(am)]T are the Q-value vectors of the
two agents distinguished by the superscripts 1 and 2, and
s is the current state of the stochastic game the two agents
play.

Now, we aim to model the Q-value dynamics of individual
agents within a pair. To do so, we first need to calculate the
average reward an agent receives from interacting with its
neighbors in stochastic games. For each pairwise interaction,
the reward an agent receives depends on both its own action
and its neighbor’s action, as well as the current game state.
Formally, at time step #, in a pairwise interaction between an
agent and a neighbor in state s € S, if the agent takes action
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a; and the neighbor takes action a;, the agent’s reward is

Iy (a,' N

where e; is the unit vector with the ith element equal to 1
and all other elements equal to 0. Furthermore, to compute
the average payoff of an agent in stochastic games with its
k neighbors on a k-regular graph, we need to account for
both the actions of each neighboring agent and the associated
game states. Drawing inspiration from the concept of neighbor
configuration employed to capture the behaviors of an agent’s
neighbors in networked normal-form games [39], we introduce
a novel concept of interaction configuration for determining an
agent’s average payoff in networked stochastic games. Since
our focus lies on the payoff of an agent within a pair, we can
leverage the fact that for any agent in a pair, the strategy of
one neighbor and the corresponding game state are already
known. Thus, we only need to consider the configuration
of the remaining k — 1 uncertain pairwise interactions. The
interaction configuration is formally defined as follows:
Definition 4 (Interaction Configuration): At time step ¢, for
an arbitrary agent i (where i € {1,2}) in the pair (Q,l, s, Qtz) on
a k-regular graph, let k(Y ap represent the number of pairwise
interactions where agent i interacts in state s, with a neighbor
who takes action a;. Note that the interaction in the focal

a;) = e Mye; 3)

pair (Q},s,Q?) is excluded from this count. The interaction
configuration for agent i is given by
i _ [ i i i T
W = [k(sl,al),t’ o k(Sl,am),t’ Tt k(Sd,al),t’ Tt k(Sd,am),t]
where 0 < kfs,uw < k-1forall hefl,...,d}and j €
{1,...,m}, and the constraint Zh DI kis, a )¢ = k—1holds.

The interaction configuration formahzes the complex local
interactions of an agent in networked stochastic games, where
the agent may interact with different neighbors in various
states. Based on this configuration, we can derive the following
lemma to compute the immediate reward for an individual
agent within a given pair.

Lemma 1: For a pair (Q!,s,Q?) on a k-regular graph, if
agents 1 and 2 within this pair select actions a; and a;,
respectively, and have interaction configurations w! and w2,
then the immediate reward received by agent 1 is given by

(W) = (€M F M) @)

and the immediate reward received by agent 2 is given by
1 )
17 (a;| W, s,a;) = z (e]Mye; + e M'W;) 6)

where the matrix M’ = [M;, | M, | --- | M, ], obtained by
concatenating the payoff matrices for all d states column-wise,
has m rows and d X m columns.

Proof: For an arbitrary pair (Q,l, s, Q,z) on a k-regular graph,
the immediate reward that an agent in this pair can receive
depends on the rewards from all of the agent’s pairwise
interactions. This includes both the interaction in the focal
pair (Q},s, Q,z) and the other k — 1 interactions, which are
formalized by the agent’s interaction configuration. For exam-
ple, consider agent 1 in this pair. Given agent 1’s interaction
configuration w! and agent 2’s action a j» and using (3), which

2859

derives the agent’s reward from a specific pairwise interaction,
we can calculate the immediate payoff when agent 1 chooses
action a; as follows:

1
rtl (ai|Wl1,S,aj) = E (rr a; ) +r (al|wl1))
1
Tk (e Miej + ZZ’%, apaTe @ilsn, ap)
h=1 I=1
1 m
- E (e M. o€ +sz(w an€i Mshel
h=1 I=1
1
= (7 Mye; + ¢ [M,, ML, [ M, w))
1
= z( Mej+eTM,Wt) (6)

where M’ = [M;, | My, | --- | Mj,] is the matrix obtained
by concatenating the payoff matrices corresponding to all
d states column-wise. Similarly, given agent 2’s interaction
configuration w? and the action a; taken by agent 1, we can
derive agent 2’s immediate payoff r7(a;|w?, s, a;). O

After receiving the immediate reward from game interac-
tions, each state-agnostic agent updates its Q-value vector to
perform strategy learning. We derive the following lemma to
capture the dynamics of Q-values for each agent within an
arbitrary pair (Q,' .S, Qf).

Lemma 2: At time step ¢, for an arbitrary pair (Q,', S, Q,z),
where agent 1 with Q-values Q,1 and agent 2 with Q-values
Q,2 interact in state s, suppose agent 1 takes action a; with
interaction configuration w}, and agent 2 takes action a; with
interaction configuration w?. Then, the rate at which agent 1
updates its Q-value for action a; can be expressed as follows:

vi (Qf.ai,w},aj|s) = a [% (e/Mye; + e/ M'w,) — 0 (a))

)

the rate at which agent 2 updates its Q-value for action a; is

Vi (

1
2 0w als) = a [; (/Mie +eIM'W?) - 02 (a))
®

Proof: Consider agent 1 in a given pair (Qll, s, Qtz), where
agent 1 chooses action a; with interaction configuration w; and
agent 2 chooses action a; with interaction configuration w?. By
(1), we can derive the difference equation for agent 1’s Q-value
for the ith action. Substituting the reward information from (4)
into this difference equation, in the continuous-time limit, we
obtain the following equation that governs the dynamics of the
change in the Q-value for action a; when agent 1 takes action
a; at time step ¢

v,-1 (Q,1 ,a;, Wll ,a; \ s)

0141 (@) - 0 (@)

[07 [l’ll (aiiw,l, S, (lj) -

0} (a)]
a [% (e/Mye; + e/ M'w}) — Q; (a,-)j| )
9)

Similarly, using (1) and (5), we «can derive
2(Q,,a j,w,,a |s), which expresses the rate at which agent 2
increases or decreases its Q-value for action a;. m]
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The asynchronous update property of the Q-learning algo-
rithm ensures that at any given time step, an agent updates only
the Q-value for the action it has taken, rather than updating all
Q-values. Therefore, when agent 1 in a given pair (Qt1 , 8, Qtz)
takes action a; at time step # with interaction configuration w},
and agent 2 takes action a;, the rate of change of agent 1’s
Q-value vector Q,1 can be represented as: VI(Q,I, a;, w,l,ajls) =
viQ,, ai, W ajls),....vL(Q},ai, W}, ajls)]T, where the ith
element is calculated using (7), and all other elements
are zero. Similarly, for agent 2 with interaction config-
uration w?, when agent 2 takes action a; and agent 1
takes action a;, the rate of change of agent 2’s (-value
vector Q,2 is represented as follows: vz(Qtz,aj, wlz,a,'|s) =
[v%(Q,z, aj, w2 ails),..., v2(Q?, aj,w?,a;s)]", where the jth
element is calculated using (8), and all other elements are zero.

B. State Distribution and Opponent Strategies for an
Individual Q-Learner

Agents encounter different types of pairwise interactions
with varying probabilities during the interaction process. These
interactions are distinguished by the game state and neighbor
behavior. While we have derived the payoft calculation for an
agent in a specific pairwise interaction, the probability of an
agent participating in any given interaction is still unclear. To
address this, we now aim to derive the agent’s state distribution
and the opponent strategy under each state, enabling us to
compute the probabilities of the agent engaging in various
pairwise interactions.

It is important to note that in networked stochastic games,
state transitions lead to significant population heterogeneity,
where different agents may encounter distinct state distribu-
tions and opponent strategies. This heterogeneity breaks the
homogeneity assumption of mean-field theory commonly used
in modelling population dynamics [24], [39]. However, the
pair approximation method we employ has the advantage of
modelling this heterogeneity. By utilizing the probability dis-
tribution of pairs, we can derive the different state distributions
and opponent strategies faced by agents based on their own
QO-values.

Let p(Q;,s,Q?, 1) represent the proportion of pairs in the
population where agents 1 and 2 are in state s at time
step ¢ and have Q-values Q] and Q?, respectively. Using
the compatibility conditions of the pair-approximation method
[72], the marginal probability of finding agents with Q-values
Q! at time step ¢ is obtained by integrating the joint distribution
p(Q,l, S, Qtz, t) over agent 2’s Q-values and summing over all
states

(10)

p@.)=3 [ [r@.setiav

seS

where we define dQNay)...dQNay)
(resp.dQ*(ay) ...dQ%(ay)) as dV; (resp.dV>) in this article.
We further establish the following lemma to give the state
distribution and opponent strategy in each state for an
individual agent from its Q-values.

Lemma 3: For an individual agent with Q-values Q,I at time
step ¢, the probability of participating in a pairwise interaction
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occurring in state s is given by

[ [p(Ql.5,Q7,1)dV;
Zses.['“,/‘p(Qzl’s»Qtz,t)dV2.

As for the opponent strategy for an agent interacting in
state s, we denote the conditional probability of this agent
encountering a neighbor who takes action a; as p(a jIQ,l, s, 1).
Then, p(a jIQ},s, t) is given as follows:

p(s|Ql.1) = (11)

2 (a))

S S p (@5 Q) £ G avs
[ [p(Q.5.QF.1)dV>

Proof: According to the conditional probability formula,
for an agent with Q-values equal to Q;, the probability of
participating in a pairwise stochastic game in state s is

1
s|QL1) = p(Qt,s,t)
p(sl0:.1 P (Qi.1)
where the joint probability p(Q}, s, t) represents the proportion
of pairs in which agent 1 has Q-values Q,1 and the state is s.
This joint probability can be derived by integrating the
probability distribution of pairs (Q!, s, Q%) with respect to
the random vector Q7. Then, by computing the denomina-
tor p(QtI,t) on the right-hand side of (13) using (10), we
obtain (11).

In a similar way, given that a focal agent with Q-values Ql1
interacts in state s, the probability for this agent encountering
an opponent who takes action a; is calculated by

(ol o2 P(@san)
e R T

_ [ p(Qs.QL 1) o (4, QF) Vs
p(Q.s.1)

where x*(a j,Q,z) is the probability that agent 2 in the pair
< Qtl,s, Q,2 > takes action a;, and x,z(aj, le) is obtained
by (2). O

Building on Lemma 3, we introduce the following lemma
to characterize the probability of an agent participating in an
arbitrary type of pairwise interaction.

Lemma 4: For an arbitrary agent with Q-values equal to
Q! at time step ¢, the probability that this agent finds itself
engaged in an interaction in state s, with an opponent taking
action gy is given by

0% (a
f.'.fp(Q)fl’s]DQt29t) Xzeg#dVQ

o o707 @

Yes ) [ P(Qs.QF1)dVs

Proof Sketch: To derive the probability of an agent with
Q-values Q! engaging in a specific interaction (sy,a;), we
first determine the probability that the agent plays in state
sp, denoted as p(shIQ,l,t). Next, we obtain the conditional
probability that this agent encounters a neighbor taking action
a; in state sy, expressed as p(allQ,l,sh,t). Multiplying these
two probabilities yields

p (snal|Q.1) = p (su|Q/.1) - p (@|Q). s, 1) .
Thus, we can prove this lemma by using (11) and (12).

p(aj|Q/,s,1) = (12)

(13)

(14)

p (Shsal}Qtl’t) =

. (15)
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C. Probability Distribution of Interaction Configuration

The interaction configuration can take various values
depending on the size of the action set A, the state set
S, and the degree of the regular graph. At time step ¢, let
p(W!|Q!) denote the probability that an arbitrary agent i within
a given pair, possessing Q-values Q!, assumes a specific
interaction configuration w!. Based on Lemma 4, the pair
approximation method partitions the population into groups
of agents sharing identical Q-values and applies a mean-field
approximation within each group. Consequently, for a given
agent, all pairwise interactions within its local neighborhood
are represented by the same average effect [i.e., (15)]. Under
this approximation, we make the following assumption:

Assumption 1: For an agent within a pair with specific
QO-values, all different pairwise interactions contributing to a
particular local configuration are represented by the same aver-
age effect under (15). Accordingly, these pairwise interactions
are assumed to be statistically independent.

Building on this, the following lemma derives the probabil-
ity distribution over an individual agent’s possible interaction
configurations.

Lemma 5: The interaction configuration of an individual
agent within a given pair follows a multinomial distribution.
Thus, the probability that an arbitrary agent i, having Q-values
Q!, has a certain interaction configuration w! at time step ¢,
denoted by p(wiIQi), is given as follows:

d m o
. . , l,l (spar)t
p(wi|Q)) = k- DTTT] p (sn- 1| Q1) -

,. (16)
h=1 I=1 k !

(snar)t”

Proof: Consider an arbitrary agent i in a given pair,
whose neighborhood consists of & — 1 interaction slots and

whose interaction configuration is denoted by wj. Let

be the number of interactions occurring in state s with a
neighbor selecting action a. First, we note that the number

of ways to assign kéx’a),t interactions of type (s,a) to the

k — 1 available slots is given by the binomial coefficient

(k’;*:r) As the remaining k — 1 — k{ , , slots must then be

allocated among the other interaction types, and this pro-
cess is carried out sequentially for all interaction types, the

total number of spatial arrangements is described by the
k—l.—k(!S],a]).l) (kzrd,am)./) — ((k_

i i
(sp.a2):t k(sd,um),r

multinomial coefficient (k,-’H )( )
(sy.ap)t

OO/ (I T Kya!)-

Next, based on Assumption 1, for a particular spatial
arrangement conforming to the configuration wi, the proba-
bility is I—[Zzl [T, pCsi, aillQ., £) K

Since every arrangement corresponding to W is equally
likely, the overall probability for the agent i to have configu-
ration w! is given by multiplying the number of arrangements
(the multinomial coefficient) with the probability of any spe-
cific arrangement. Thus, the interaction configuration of an
individual agent follows a multinomial distribution. O

D. Evolutionary Dynamics of the Population State

Over time, the strategy learning of agents and state tran-
sitions jointly drive the evolution of the population. Using
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the pair-approximation method, the probability distribution
of pairs provides sufficient insights into agent behaviors and
the population’s environmental information. Consequently, the
population state can be effectively represented by this dis-
tribution. We denote the proportion of pairs (Q,,s, Q?) in
the population as p(Q,l,s, Q,Z,t). By tracking the temporal
evolution of this distribution (i.e., deriving dp(Q), s, Q*,1)/dt),
we can model the population dynamics.

Next, we present an effective step-by-step approach to
solving the population state evolution. Specifically, we first
denote the proportion of state s in the population at time ¢
as p(s,t), which can also be interpreted as the proportion of
pairs in the population engaged in interactions occurring in
state s. Then, for clarity, we represent the Q-values of an agent
pair within (Q,s,Q?) as P = [Q}, Q?]. We use the function
p(P, 1| s) to describe the distribution of agent pairs’ Q-values
within the state space s, where agents interact in state s. The
function p(P, ¢ | s) can also be understood as the proportion of
agent pairs with Q-values P among all agent pairs interacting
in state s. Finally, since the joint probability p(P, s, ) can be
derived by multiplying the marginal probability p(s,?) by the
conditional probability p(P,? | s), we have

ap (P,s.1) _ d[p(s.0p@,1s)]

ot ot
_ op (P, 1] ) dp (s, 1)
=p(s.1) ey + p (P, 1]s) 7 (17)
where p(P,t|s) = p(P,s,1)/p(s, 1), and we have
p(s,t)=/~-/p(Q},s,Q,2,t) dvydv,. (18)

Equation (17) states that to solve the evolution of the popu-
lation state, we can proceed in two steps: first, we derive the
temporal evolution of the environmental state (see Lemma 6),
which is defined as the distribution of states in the population.
Then, we determine the evolution of the probability distribu-
tion of agent pairs’ Q-values within each state space.

Lemma 6: For a networked population where each agent
plays stochastic games with its neighbors, the state transi-
tions in each pairwise interaction at the microscopic level,
determined by agent strategies and the state transition rule,
drive the macroscopic evolution of the environmental state of
the population. Consequently, the evolution of p(s,f) can be
described by the following differential equation:

dp(s,1)

dt
:Z/.../p(Q,l,s',Q,z,t)
s'eS

x Yo x (@ Q) %7 (), Q7)z (', @i aj) dVidVs

i=1 j=1

—/.../p(Q,',s,Qf,t)dvldv2

where z,(s’,a;,a;) represents the transition probability from
state s’ to s for a pair of agents, given that agents 1 and 2
take actions a; and a;, respectively.

Proof: At time step t, the probability p(s,?) evolves due
to interactions transitioning into and out of state s. The rate

19)
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of change of p(s,t) is thus determined by the net balance
between the inflow and outflow of interactions associated
with state s. The inflow term aggregates all interactions that
transition from any other state s’ # s into state s, and is given
by  Yeses) S PQLs QLD YT Y 6 (@i Q)
xtz(aj, tz)zs(s’,a;,aj) dVidV,, while the outflow term
encompasses all interactions that leave state s for other
states,  given by, o, [ [ QL QLD T I
x}(a;, Q))x(aj, Q7)zy (s, ai, a;) dV1dV,. To express both inflow
and outflow in a unified form, we rewrite the summations
over s’ # s as summations over all s € S. Spemﬁcally,
the inflow term can be reformulated as > . g/
[ pQy. s, Q7,0 X, YL X1 (@i, Q)xt(aj, Q))zs(s s ai, a,)dw
dVy = [ [p@Ls QLo Yr, Y, xl @, Q) QD)
z5(s,a;,a;)dV1dV,. Note that the above minus term represents
the proportion of agent pairs that remain in state s. Therefore,
adding this term to the outflow term yields exactly the
total proportion of pairs currently in state s, that is,
S f p(Q!,5,Q% 1)dV,dV,. Therefore, by algebraically
combining the inflow and outflow terms, we obtain the
compact expression for the macroscopic dynamics of the
environmental state as given in (19). m]

We then formalize the evolution of the distribution of pairs
in the following theorem.

Theorem 1: The time evolution of the probability distribu-
tion of pairs in the population is governed by the following
partial differential equation:

ap (P, s,1)

ot

Gp’( R s’))

= p( ) I i v

RIS

X Zx a,,Q, X; (aj,Q,)zX(s a,,aj)
i=1 j=1
-p@P,s,1) (20)
where
’ , S)

m

ot
Z

1 1 1 2 2
[V,- Q/,ai,w;,aj|9)x7(a;, Q})

g‘

WE

0 [x!(ai, QHpw!Q)p(P. 1|s)]
40! (a))

Ms

3

[ 2(Q7,aj, Wi, ai|s)x/ (a;, Q})

I wlew

~.
Il

3 [x2(aj, Q) p(W? 5]

003 (ay)

21

Proof: Modelling the evolution of p(P,s,f) also entails
characterizing the evolution of p(P, | s). To this end, assume
there are d distinct Q-value spaces, each corresponding to a
state s € S. The Q-value space of state s is a 2m-dimensional
Euclidean space, referred to as the state space s. At time f,
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each agent pair interacting in state s occupies a position in this
space based on their Q-values, so that p(P,¢ | s) also denotes
the proportion of agent pairs at P within state s. Over time,
agent pairs may transition from P to another position P’ within
the same state space or to P’ in a different one. Modelling
these transitions across state spaces is challenging. However,
for state-agnostic Q-learners—whose strategy updating and
state transitions are independent—the modelling process can
be decomposed into two stages for tractability: first, we
assume fixed states and model how agents’ behavior alters the
Q-value distribution within a state space. Then, we incorporate
state transitions by updating state information according to the
transition rule.

When assuming no state transitions occur, the evolution of
the Q-value distribution in a state space is solely due to internal
position changes induced by Q-value updates.

Following the master equation approach presented in [53],
and by categorizing the transitions in agent pair positions
based on their distinct joint actions and various interaction
configurations, (21) can be derived.

Based on the derivation of (21), we now consider the
actual dynamics introduced by state transitions. For all agent
pairs reaching position P in space s without considering state
transitions, in practice only a fraction remain in space s,
as state transitions cause some of them to be redirected to
different spaces. Similarly, agent pairs from other spaces may
transition into space s and arrive at position P. Based on this
analysis, we update the state information according to the
behavior of agent pairs driving their transitions across different
state spaces, yielding the actual rate of change in the Q-value
distribution of agent pairs within each state space

ap (P, t}s)
ot
sl 2e)

D (0,01 (@) 2 ()

i=1 j=1
s) dp(s,1)
dt ’

s)—p (P,

- p(s,t)p(P,t

(22)

By substituting (22) into (17), we can prove Theorem 1 ]

Through Theorem 1, we can track the temporal evolution
of the distribution of pairs in the population. Furthermore, at
each time step, we can derive important information about
expected agent behaviors from the probability distribution of
pairs. Specifically, we can calculate the expected Q-value of
action a; by

E[Q: (a)] = / Qi (ai) p (@i (a) 1) dQ (a;) (23)

where p(Q;(a;), ) represents the proportion of agents in the
population whose Q-value of action a; equals Q,(a;), and is

p(Qt(a)t)—Z/ / (Q:. 5.Q7.1)

seS
dQ;(a1)...dQ; (ai-1)dQ; (aiy1) ... dQ; (am)dVy.  (24)
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1C, 0.1

(b)

Fig. 1. Illustration of two-state donation games with different state transition rules. In both (a) and (b), each agent selects an action from the set A = {a;,az} =
{cooperate (C),defect (D)}, where a; corresponds to cooperation (C) and a; to defection (D). In state i € {1,2}, choosing C entails a cost ¢ to the agent and
provides a benefit b; to the partner, whereas choosing D incurs no cost. Blue arrows indicate possible transitions between states. (a) Arrow labels indicate
how the number of cooperators determines the transition. For example, in state 1, if one agent cooperates and the other defects (1C), they transition to state 2.
Transitions occur with probability 0 or 1. (b) Arrow labels indicate the number of cooperators and the corresponding transition probability. In both cases,

parameters are set to by = 1.8, b = 0.3, and ¢ = 0.1.

Besides, the expected strategy for action a; is given by

E [x; (a))] =/--./17(Q,,t) x (ai, Q) dOi (ay) ...dQ; (an) .
(25)

V. EXPERIMENTS

In this section, we verify that the dynamic model developed
in Section IV accurately captures the learning dynamics of
structured populations in stochastic games by comparing it
with agent-based simulation results across various experimen-
tal scenarios. In addition, we analyze how state transition rules
and underlying population structures influence agent behavior.

A. Environmental Stochasticity Leads to Varying Population
Dynamics

Stochastic games can be classified into two categories based
on the nature of state transitions: deterministic and proba-
bilistic. To evaluate our dynamical model, we first validate
its accuracy under both types of transition rules.

We conduct experiments using a two-state donation game,
where agents engage in donation games with different payoff
values based on their current state. This game is a special
instance of the PD, commonly used to explore the evolution
of cooperation in social dilemmas. Fig. 1 illustrates the payoff
matrix for the donation game in each state and outlines the
deterministic and probabilistic state transition rules considered.
Note that even with deterministic transitions, the game is still
called a ““stochastic game,” as this represents a special case of
the general framework, and the next state may still depend on
chance events if the agents’ strategies are stochastic.

In this article, unless otherwise specified, we follow previ-
ous studies [36], [39] and set the learning rate @ = 0.4 and
the Boltzmann exploration temperature T = 2 for both agent-
based simulations and theoretical analyses. For the agent-based
simulations, the population size n is set to 10000, with 100
simulations run for each setting to mitigate randomness. We
assume that the initial state for each agent pair is determined
randomly. As for the initialization of agents’ Q-values, fol-
lowing related classical works [24], [51], we consider that the
Q-values of agents are sampled from Beta distributions. In
our experiments on the two-state donation game, without loss
of generality, we assume that the initial Q-values for the first

Ring network Honeycomb network
k=2) *=3)

—v @

.\
\

Square lattice
(k=14)

I
erERes

Lattice network Complete graph

4

:

1
&9

Triangular network

Fig. 2. Examples of regular graphs. For clarity, we show cropped portions
(rather than full layouts) of regular graphs with periodic boundary conditions,
where not all wrap-around edges of boundary nodes are depicted, although
every node in the full graph has the same degree. Different node colors indicate
the distinct actions chosen by agents, while different edge colors represent
different states.

action a; (C) and the second action a, (D) follow different
Beta distributions: Beta(20, 80, rin, 7max) for action C and
Beta(10, 90, rmin, rmax) for action D. The first two parameters
of the Beta distribution enable us to flexibly control the shape
of the probability density function, while the latter two define
the support as [Fmin, Fmax], Where ryin = —0.1 and rpx = 1.8
denote the minimum and maximum payoffs for agents in the
stochastic game. Besides, we consider agents distributed on
a regular graph with degree k = 4, using the widely adopted
square lattice with periodic boundary conditions [73], [74],
[75]. In addition to the square lattice, other commonly used
regular graph topologies include the ring network (k = 2),
honeycomb network (k = 3), triangular network (k = 6), and
lattice network (k = 8). Examples of these regular graphs are
illustrated in Fig. 2.

Fig. 3 displays the mean values from the agent-based
simulations as solid lines, while the shaded areas represent
results derived from our theoretical model. Agent behaviors
are described by the average Q-values and average strategies.
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Fig. 3. Evolution of agent behaviors and that of the environmental state of
the population under (a) deterministic and (b) probabilistic state transition
rules. In (a) and (b), we sequentially illustrate the temporal evolution of
the average Q-values, average strategies, and environmental state of the
population, comparing results from both the simulation and dynamical model.

For simulations, the average Q-value of an action is computed
as the mean of all agents’ Q-values for that action, while the
average strategy of an action is the mean probability across
all agents of selecting that action. For theoretical predictions,
the results are obtained using (23) and (25). We observe
that, under both deterministic and probabilistic transition rules,
the time evolution of agent behaviors and the environmental
state predicted by our theoretical model closely align with the
agent-based simulation results. Notably, the dynamics of the
environmental state can differ significantly between the two
transition patterns. Under the probabilistic transition rule, the
proportion of agent pairs interacting in state 2 is considerably
higher than under the deterministic rule.

These findings demonstrate that environmental stochasticity
introduced by probabilistic transitions can substantially influ-
ence population dynamics compared to deterministic ones.
This suggests that carefully designing transition probabilities
can effectively steer agent behavior to resolve social dilemmas.

B. Impact of Network Structure on Agent Behavior

We now aim to validate the applicability of our theoretical
model in capturing the learning dynamics of structured popu-
lations across various graph topologies, and to investigate how
population structure influences dynamics in stochastic games.

We consider a two-state stochastic game where the states
correspond to an SH game and a PD game, respectively. In
either state, agents select actions from the set A = {a,az} =
{cooperate (C), defect (D)}. Fig. 4 presents the payoff matrices
for both games and outlines two different transition rules. A
state transition rule is termed state-independent if the next
state’s determination relies solely on the agents’ joint action
at the current time step, independent of their current state. In
the example shown in Fig. 4, under a typical state-independent
rule, if either agent defects in the current step, they transition
to state 2; otherwise, they stay in state 1. In contrast, the
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State-independent transitions

1C, 0C
C D 2¢ 1C, 0C
1
D r r
2C
State-dependent transitions
0C
C D
2C, 1C 1C, 0C
1 -r
D b 0
2C
(a) (b)

Fig. 4. Two-state stochastic game with transitions between an SH game and
a PD game. The parameter values for the payoff matrices are set to b = 1.2
and r = 0.1. (a) Payoff matrices. (b) State transition rules.

state-dependent transition rule takes into account both the
agents’ joint actions and their current state to determine
the next state. As illustrated in Fig. 4, under the state-
dependent rule, the two agents remain in their current state
at the next time step when selecting the joint action “1C.”
In this stochastic game, which transitions between an SH
game and a PD game, Fig. 5 demonstrates that our the-
oretical model accurately captures the time evolution of
average Q-values for populations with various structures,
under both state-independent and state-dependent transition
rules. We also compare the results of structured populations
with those of a well-mixed population, which is represented
by a complete graph with degree k = 99. Notably, in
this experiment, we set Qgp(a;) ~ Beta(60,60,—-0.1,1.2) and
Qo(ay) ~ Beta(5,5,-0.1,1.2). This setting for the Beta dis-
tributions differs from that used in the previous experiment,
allowing us to further confirm that the applicability of our
model is not constrained by the choice of initial conditions.

To further explore the impact of population structure on
cooperative behaviors, we present the dynamics of cooperation
rates for different structured populations, as obtained from our
theoretical model and agent-based simulations (Fig. 6). Note
that the theoretical results for the well-mixed population with
degree k = 99 are obtained from the dynamical model of
Chu et al. [36]. Notably, the effects of population structure on
agent behavior differ significantly depending on the transition
rules. As illustrated in Fig. 6(a), under the state-independent
transition rule, increasing the degree of the regular graph leads
to a decrease in the cooperation rate. Conversely, Fig. 6(b)
indicates that under the state-dependent transition rule, agents
interacting on a regular graph with a higher degree exhibit
more cooperative behavior. Overall, agent populations achieve
higher cooperation rates under the state-dependent rule com-
pared to the state-independent rule.

C. Important Role of State Transitions in Promoting the
Evolution of Cooperation

The emergence and evolution of cooperation in multiagent
systems has been a longstanding and prominent research
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Fig. 6. Effect of population structure on agents’ cooperative behavior under
different transition rules. (a) State-independent transition rule. (b) State-
dependent transition rule.

direction [21], [76], leading to the development of numerous
effective mechanisms for promoting cooperation and the dis-
covery of many intriguing phenomena. In stochastic games,
understanding how state transition mechanisms influence the
evolution of cooperation among state-agnostic Q-learners is of
great importance and represents a significant contribution.

To demonstrate the efficacy of stochastic games, we con-
duct experiments on a two-state SH game, where state 1 is
considered more valuable than state 2. In state 1, mutual
cooperation yields a reward of 1.8 for each agent. If one agent
cooperates while the other defects, the cooperator receives
0, while the defector always earns 0.8. In state 2, mutual

0 100 0 100 0 100
Time step Time step Time step

(a) State-independent transitions. (b) State-dependent
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Fig. 7. Stochastic games are the catalysts for fostering cooperation in
structured populations. In this experiment, we distribute the population over
a four-regular graph and set @« = 0.5 and 7 = 3. This parameter setting
differs from that used in previous experiments and is intended to demonstrate
that the applicability of our model is not constrained by specific algorithmic
parameters. Additionally, we initialize Qo(a;) ~ Beta(10,60,0,1.8) and
Qo(az) ~ Beta(60, 10,0, 1.8).

cooperation results in a lower reward of 1 for each agent. As in
state 1, unilateral cooperation yields O for the cooperator, while
the defector receives a fixed reward of 0.4. State transitions
follow a state-independent rule [see Fig. 4(b)], where mutual
cooperation promotes transitions to the more profitable state,
and defection leads to the less valuable one. This setup
illustrates the “tragedy of the commons,” highlighting how
prosocial behavior can safeguard shared resources, whereas
negative behaviors lead to environmental degradation and
diminished benefits.

In Fig. 7, we visualize the strategy learning dynamics in the
two-state SH game, comparing these outcomes with those from
two associated normal-form games. Consequently, the strategy
learning dynamics of three populations are presented: the
first population engages in stochastic games with transitions
between the two SH games, while the other two populations
play only the more valuable SH game (game 1) and the
less valuable SH game (game 2), respectively. The SH game
features two Nash equilibria: the risk-dominant equilibrium
(D, D) and the efficient equilibrium (C, C), which maximizes
social welfare. Understanding how agents can avoid the ineffi-
cient equilibrium and coordinate towards the efficient outcome
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is crucial across various fields. In our experiments, agents
that always play the more valuable game 1 fail to reach the
efficient equilibrium, achieving only an 18% cooperation rate.
Conversely, the population that always plays the less valuable
game 2 attains a cooperation rate of approximately 68%.
Remarkably, when agents engage in stochastic games, the
cooperation rate rises to nearly 90%, indicating that the state
transition mechanism can positively influence the evolution of
cooperation in social dilemmas.

Fig. 8 presents the dynamics of the average Q-values and
the environmental state of the population in the two-state SH
game. As shown, the initial distribution of Q-values in this
experiment results in a much higher initial average Q-value
for defection than for cooperation. This helps demonstrate that
the higher cooperation rate observed under the state transition
mechanism, compared with the two repeated normal-form
games, is not due to a cooperation-favoring initial condition.
By contrast, even under an initial condition that disfavors
cooperation, agents can learn to cooperate, leading to more
frequent interactions in the more valuable state.

Further experiments examining how algorithm parameters
affect the learning dynamics are analyzed in detail in the
Supplementary Material.

VI. CONCLUSION

In this article, we propose a formal model for multiagent
Q-learning dynamics in stochastic games on regular graphs.
We use interaction configurations to characterize the fixed
local interactions of agents, which determine the rewards
driving their strategy learning processes. By leveraging the
pair-approximation method, we derive state distributions and
opponent strategies for agents with different Q-values and
obtain probability distributions of interaction configurations
for different agents. Considering the influence of these
configurations on agents and the underlying environmental
dynamics, we derive a partial differential equation to track
the evolution of the pair distribution. To validate our model,
we conduct experiments across various stochastic games,
exploring different game configurations, state transition rules,
population structures, and algorithm parameters. Our findings
reveal that population structure can significantly affect the
evolution of cooperation among state-agnostic Q-learners,
depending on the transition rules. Notably, we demonstrate
that under certain conditions, populations with state transitions
converge to more prosocial outcomes that cannot be achieved
in corresponding single normal-form games.

IEEE TRANSACTIONS ON NEURAL NETWORKS AND LEARNING SYSTEMS, VOL. 37, NO. 6, JUNE 2026

In future work, we will explore the applicability of our
model to asymmetric games and alternative learning algo-
rithms. Moreover, developing a dynamical model for agents
that condition their decisions on environmental states presents
a promising direction for further study, offering deeper insights
into how agents’ ability to perceive and utilize environmental
information influences the evolution of cooperative behavior.
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