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Abstract
We introduce a low-dimensional, discrete-time benchmark for evaluating critical slowing down
indicators and early-warning signals in the presence of complex dynamics. Starting from a map-
based attention-deficit-disorder model, we add a bias offset to obtain a modified system with a
controllable, hysteresis-like coexistence band. Within this band, forward and backward parameter
sweeps follow distinct branches, and abrupt switching can occur alongside periodic windows and
chaotic regimes. We characterize the dynamics using state-space portraits, bifurcation diagrams,
and Lyapunov exponents. We then evaluate four metric-based indicators—lag-1 autocorrelation,
variance, skewness, and kurtosis—using a period-aware computation designed for regimes bey-
ond period-one. We find that variance exhibits the most consistent warning trend near the coex-
istence boundaries, whereas autocorrelation is more susceptible to spurious spikes. Higher-order
moments are generally less reliable, particularly in intermittently chaotic regions. Overall, the
benchmark is computationally efficient and provides a practical testbed for stress-testing early-
warning methods and for quantifying sensitivity to analysis choices.

1. Introduction

Critical slowing down (CSD) refers to the progressive loss of resilience that many dynamical systems
exhibit as they approach a critical transition (tipping point), typically associated with a local bifurca-
tion where a stable state becomes weakly attracting [1, 2]. As recovery from small perturbations becomes
slower, the system’s dominant return rate decreases, leading to characteristic statistical footprints in
observed time series that can serve as early warning signals (EWS) [3, 4]. Common CSD-based indic-
ators include increasing lag-1 autocorrelation (reflecting longer memory), rising variance (reflecting
amplified fluctuations), longer relaxation times, and, in some settings, changes in skewness, kurtosis,
or spectral reddening due to the shift of power toward low frequencies [5, 6]. In practice, EWS are
usually estimated within moving windows and interpreted as trends rather than absolute values; how-
ever, their reliability depends strongly on noise structure, sampling rate, window length, nonstationar-
ity, and confounding mechanisms that can generate similar patterns without an impending bifurcation.
Consequently, rigorous validation and comparison of EWS methods require controlled benchmark sys-
tems with known stability structure and tunable proximity to criticality.
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Different studies have examined CSD indicators on real-world datasets and compared their perform-
ance under practical constraints. For example, Mehrabbeik et al [7] evaluated lag-1 autocorrelation, vari-
ance, skewness, and kurtosis as candidate CSD indicators using electroretinogram recordings from sala-
mander eyes, with contrast and flash frequency acting as bifurcation parameters. Their results identi-
fied variance as the most promising indicator, yielding the highest true-positive rate with the fewest false
positives; they further reported that lag-1 autocorrelation achieved comparable true-positive perform-
ance but suffered from elevated false-positive rates, thereby reducing its overall reliability. In a related
context, Lenton et al [8] compared two widely used CSD-based early warning approaches, including lag-
1 autocorrelation and detrended fluctuation analysis (DFA), by re-analyzing six established test beds:
three palaeoclimate time series approaching abrupt deglacial transitions and three model-based exper-
iments in which the Atlantic thermohaline circulation is gradually forced into collapse. Importantly,
they showed that early-warning performance can be sensitive to common analysis choices, including
aggregation, detrending, window length, and filtering, which may strengthen or weaken the apparent
slowing-down signature across different records. They emphasized that autocorrelation-based and DFA-
based diagnostics have complementary strengths and limitations, and recommended combining mul-
tiple indicators (including variance when relevant) to increase robustness and reduce dependence on any
single analysis setting. In a different application domain, Diks et al [9] evaluated three commonly used
early-warning indicators, including lag-1 autocorrelation, lag-1 mutual information (MI) as a nonlinear
dependence measure, and standard deviation (variance proxy), on financial time series preceding sev-
eral major crises. Overall, they found that early-warning performance was inconsistent across events:
some datasets exhibited upward trends consistent with CSD, but many did not, and results depended
on the series and preprocessing. They also highlighted that apparent warnings can be spurious, partic-
ularly for MI-based measures that do not account for changes in the marginal distribution, underscor-
ing the need for careful statistical controls when applying CSD indicators to real-world financial data.
Similar examples have been reported across diverse application domains, including depression [10–13]
and broader mental health symptoms [14], sandstone failure [15], collapse in mutualistic communities
[16], abrupt environmental change [17–19], seizure susceptibility [20, 21], and physical systems [22].

In another category, several studies have focused on evaluating early-warning methods on dynam-
ical benchmarks, where the underlying transition mechanism is controlled, and the performance of CSD
indicators can be assessed more systematically [3]. A well-known ecological benchmark is the nonpara-
metric drift–diffusion–jump (NDDJ) model [23–25], a one-dimensional continuous-time system given
by:

dx=

(
rx
(
1− x

K

)
− cx2

x2 + h2

)
dt+ g(xt,θt)dW+ dJt, (1)

where x is the state variable and (r,K, c,h) are model parameters, g(xt,θt)dW is t represents continuous
stochastic forcing (Wiener noise), and dJt is the jump (shock) noise. The NDDJ model is attractive as
a benchmark because it combines (i) a mechanistic deterministic backbone with a harvest/saturation-
type nonlinearity cx2

x2+h2 , and (ii) two distinct stochastic components: continuous diffusion g(xt,θt)dW
and discrete shocks dJt. As a result, it can reproduce both gradual loss of resilience (captured by CSD-
based trends) and abrupt, exogenous-like excursions (jumps) that can confound early-warning indicat-
ors. Figure 1(a) shows the bifurcation diagram of Model (1) in the absence of both continuous noise
and shock (i.e. the deterministic skeleton), for (r,K,h) = (1,10,1) and for c ∈ [1,3]. As c varies, the equi-
libria form two stable branches separated by an intermediate unstable branch, yielding a pronounced
hysteresis loop. The bistable region is bounded by two fold (saddle-node) bifurcations (marked by the
dashed vertical lines), at which one of the stable equilibria disappears, and the state undergoes an abrupt
transition (‘jump’) to the remaining branch. Consequently, forward and backward parameter sweeps fol-
low different paths, reflecting path dependence and regime shifts. This fold-induced tipping structure
makes the model particularly suitable for validating CSD measures, since indicators such as variance and
lag-1 autocorrelation are expected to strengthen as the dominant eigenvalue approaches zero near the
folds, while the abrupt jump provides a clear, ground-truth transition for assessing true and false warn-
ings. Another widely used ecological benchmark for investigating CSD measures is the discrete Ricker-
type model, a one-dimensional discrete-time system of the form

xn+1 = xn exp(r− bxn +σEεt)− F

(
x2n

x2n + h2

)
, (2)

where xn is the state variable representing population biomass at step n, r is the intrinsic growth rate,
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Figure 1. Noise-free forward (dark red) and backward (dark blue) bifurcation diagrams (deterministic skeletons) of the two
benchmark systems. (a) NDDJ model in System (1): state variable xinf versus the control parameter c for (r,K,h) = (1,10,1). (b)
Ricker-type model in System (2): state variable xinf versus the control parameter r for (K,h,F) = (10,0.75,1). In both panels, the
dashed vertical lines delimit the bistable (hysteresis) region; within this interval, alternative stable states coexist, and parameter
sweeps result in abrupt jumps between branches. The green parts indicate the parameter range where the forward and backward
sweeps coincide (i.e. no hysteresis).

and b= r
K denotes density dependence with K as the carrying capacity. The term σEεt models envir-

onmental stochasticity through multiplicative noise acting on growth, while the saturating loss term

F( x2n
x2n+h2 ) represents harvesting/predation pressure with half-saturation parameter h. Figure 1(b) shows

the bifurcation diagram of Model (2) in the deterministic setting (σE = 0) for (K,h,F) = (10,0.75,1),
using r ∈ [0,2.8] as the control parameter. For low r the system approaches a stable low-biomass equi-
librium. As r increases, the diagram reveals a narrow hysteresis (bistability) window (bounded by the
two dashed vertical lines) in which two alternative stable long-term states coexist; in this region, the
observed outcome depends on initial conditions and sweep direction. Crossing either boundary of this
window leads to an abrupt jump between the low- and high-biomass branches, indicating fold-type tip-
ping and clear path dependence. For larger r, the high-biomass fixed point ultimately loses stability, and
the diagram transitions from a single steady state to oscillatory dynamics through a period-doubling
(flip) route, followed by a cascade to complex/chaotic fluctuations, as evidenced by the widening band
of asymptotic values at higher r.

Different examples can be found in the literature where benchmark dynamical systems have been
used to assess the capability of CSD measures [26–29]. However, benchmark systems with richer non-
linear behavior are generally better suited for resembling real-world phenomena, where multiple mech-
anisms can shape the observed warning patterns [30]. In many applications, the underlying variability is
intrinsically chaotic and intermittent [31–33], and this mechanism can generate rare but high-impact
extreme events [34–36]. As illustrated above, hysteresis is an essential characteristic of many natural
and engineered systems, as it implies multistability, path dependence, and abrupt regime shifts during
parameter sweeps; at the same time, hysteretic systems often exhibit additional dynamical complex-
ity beyond simple equilibrium tracking [28]. In this paper, we aim to design a dynamical system that
features a hysteresis band within which distinct dynamical regimes can occur and coexist, enabling a
more stringent and realistic evaluation of early-warning indicators across different transition scenarios.
Notably, classic benchmark maps (e.g. NDDJ- and Ricker-type models) typically exhibit comparatively
regular hysteresis dynamics, whereas our goal is to provide a benchmark in which the hysteresis band
itself contains chaotic and intermittent regimes. This added dynamical richness can challenge indicators
that perform well on standard models, thereby motivating the need for the proposed benchmark. The
remainder of the paper is organized as follows. Section 2 presents the proposed system and the main
design details, and reports its key dynamical characteristics. Section 3 evaluates four widely used CSD-
based indicators—lag-1 autocorrelation, variance, skewness, and kurtosis—on the proposed benchmark
and compares their performance. Section 4 concludes the paper.
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Figure 2. Dynamics of the ADD map in System (3) for (A,B,w1,w2) = (8.5,5.821,1.487,0.2223). (a) State space (return map)
xn+1 versus xn (dashed lines indicate xn = 0 and xn+1 = 0). (b) Representative time series showing sign-dependent evolution:
x0 = 0.1 (dark blue) remains in the positive branch, while x0 =−0.1 (dark red) remains in the negative branch, illustrating
coexisting dynamics with separated basins.

2. System design

In 2015, Baghdadi et al [37] proposed a simple behavioral (top–down) dynamical model for the
sustaining-attention problem in attention deficit disorder (ADD), based on the idea that the unwanted
alternation in attention levels resembles chaotic intermittency.

Concretely, they introduce a two-path excitatory–inhibitory neural-network-inspired map with
hyperbolic-tangent activation functions whose output evolves in discrete time as a weighted difference
of an excitatory and an inhibitory contribution:

xn+1 = B tanh(w1xn)−A tanh(w2xn) , (3)

where A, B, w1, and w2 represent effective synaptic gains that they interpret as being modulated by neur-
otransmitters. From a broader perspective, the tanh(.) activation serves as a generic smooth saturating
nonlinearity that enforces bounded responses and captures threshold-like regulation. Similar saturating
feedback forms are widely used beyond neuroscience, for example, to model limited growth, resource
saturation, or bounded forcing in ecological and climate-related models [38–40].

Assuming A= 8.5, B= 5.821, w1 = 1.487, and w2 = 0.2223, figure 2(a) shows the state-space
(return-map) representation of the ADD model in System (3) by plotting xn+1 as a function of xn. The
nonlinear map has an S-shaped profile arising from the competition between the excitatory and inhib-
itory tanh(.) terms, and it is strongly bounded since tanh(.) saturates for large |xn|. A key observation
is that the range of the map lies within the domain (i.e., the range is a subset of the domain), implying
that trajectories are confined to an invariant interval and remain bounded under iteration. Moreover, the
map preserves the sign of the state in the sense that positive initial conditions generate positive dynam-
ics, whereas negative initial conditions evolve within the negative branch, so trajectories do not cross the
origin. This sign-invariant partitioning creates two dynamically disconnected basins, one on x> 0 and
one on x< 0, which indicates multistability (coexisting long-term behaviors determined by the initial
condition). In addition, the stretching-and-folding structure of the return map, which is visible through
its pronounced nonlinear curvature, supports sensitive dependence on initial conditions, and the result-
ing bounded trajectories exhibit irregular, aperiodic fluctuations consistent with chaotic dynamics. For
example, in figure 2(b), the dark blue signal is generated from a positive initial condition (x0 = 0.1) and
remains entirely in the x> 0 region, whereas the dark red trajectory starts from a negative initial condi-
tion (x0 =−0.1) and stays confined to x< 0. This clear separation confirms the existence of two disjoint
basins of attraction with coexisting long-term dynamics selected solely by the sign of the initial state,
providing direct numerical evidence of multistability in the ADD map.

For better illustration, figure 3 presents the forward (dark blue) and backward (dark red) bifurca-
tion diagrams of the ADD map when each parameter, i.e., A, B, w1, and w2 is treated as the bifurca-
tion parameter, while the remaining parameters are fixed at (A,B,w1,w2) = (8.5,5.821,1.487,0.2223).
In panel (a), as A varies in [5,30], the system starts with two symmetric stable fixed points (one posit-
ive and one negative). As A increases, each branch undergoes a transition to more complex dynamics
through a period-doubling route, evidenced by successive branch splitting and the emergence of broad
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Figure 3. Forward (dark blue; x0 = 0.1) and backward (dark red; x0 =−0.1) bifurcation diagrams of the ADD map in System
(3), showing the asymptotic response xinf versus (a) A ∈ [5,30], (b) B ∈ [3,10], (c) w1 ∈ [0.5,10], and (d) w2 ∈ [0.09,0.75], while
keeping the remaining parameters fixed at (A,B,w1,w2) = (8.5,5.821,1.487,0.2223). Overlapping regions indicate attractor
merging (effective monostability), whereas separated branches indicate coexisting sign-separated attractors; periodic windows
and chaotic bands are visible across the scanned parameter ranges.

point clouds corresponding to chaotic motion. At larger A, the chaotic bands intermittently collapse
into narrower branches, revealing periodic windows, and may return to lower-period dynamics through
inverse period-doubling. The intervals where the forward and backward diagrams appear to merge cor-
respond to parameter ranges where both initializations converge to the same attractor (effective mono-
stability), so the asymptotic response becomes independent of the initial sign. On the other hand, in
panel (b), no attractor-merging phenomenon is observed. Instead, as B varies in [3,10], the dynam-
ics remain persistently sign-separated, with the positive (dark blue) and negative (dark red) attractor
sets staying disjoint over the entire scanned interval. The bifurcation structure indicates repeated trans-
itions between low-period oscillations and chaotic bands on each branch, together with intermittent
periodic windows embedded within broader chaotic regimes. Importantly, although the qualitative
route to complexity is similar on the two branches, the corresponding attractors do not collapse onto
a common set, implying that multistability is preserved for all considered values of B, and the long-term
response remains strongly dependent on the initial condition sign. Panel (c) shows that when w1 varies
in [0.5,10], attractor merging occurs in two distinct parameter intervals. In these ranges, trajectories ini-
tiated on the positive and negative sides converge to the same asymptotic set, so the forward (dark blue)
and backward (dark red) diagrams largely overlap, indicating an effectively monostable response des-
pite the sign-invariant nature observed elsewhere. Outside these intervals, the dynamics revert to coexist-
ing sign-separated attractors, in which the two branches remain disjoint and exhibit the usual progres-
sion from low-period behavior to broader chaotic bands, with intermittent periodic windows embedded
within the chaotic regimes. Panel (d), where w2 varies in [0.09,0.75] exhibits a behavioral pattern sim-
ilar to panel (a) (with A as the bifurcation parameter). Specifically, the dynamics alternate between sign-
separated attractors and parameter intervals in which the attractors merge, yielding substantial overlap
between the dark blue and dark red bifurcation sets and therefore an effectively monostable response.
The main difference is that, within the merging band of panel (d), the embedded periodic windows are
noticeably narrower (i.e., the overlap region is dominated more by chaotic dynamics and contains only
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Figure 4. Lyapunov exponent (LE) of the ADD map in System (3) for the same parameter sweeps as figure 3: (a) A ∈
[5,30], (b) B ∈ [3,10], (c) w1 ∈ [0.5,10], and (d) w2 ∈ [0.09,0.75], with the remaining parameters fixed at (A,B,w1,w2) =
(8.5,5.821,1.487,0.2223). Forward (dark blue; x0 = 0.1) and backward (dark red; x0 =−0.1) sweeps overlap due to the sign-
symmetric dynamics. The dashed horizontal line marks LE= 0, separating non-chaotic (LE< 0) from chaotic (LE> 0) regimes.

small intervals of low-periodic behavior) compared with panel (a). It should be noted that for the for-
ward bifurcation sweeps, the initial condition is set to x0 = 0.1, whereas for the backward sweeps, it is
set to x0 =−0.1.

Figure 4 presents the Lyapunov exponent (LE) of the ADD model for the forward (x0 = 0.1) and
backward (x0 =−0.1) sweeps, with each panel corresponding to the same parameter scan shown in
figure 3. Owing to the sign-symmetry of the map, the forward and backward trajectories evolve on
symmetric invariant sets; consequently, their Lyapunov spectra are essentially identical, and the two LE
curves overlap across the scanned ranges in each panel. The dashed horizontal line at LE= 0 separates
non-chaotic and chaotic regimes: intervals with LE> 0 indicate chaotic dynamics, whereas LE< 0 cor-
responds to stable periodic or fixed-point behavior. The sharp negative dips are consistent with para-
meter windows where trajectories contract strongly (e.g. periodic windows), while the broad plateaus
near or above zero match the complex bands observed in the corresponding bifurcation diagrams.

According to the dynamical properties discussed above, the ADD model is a low-dimensional, map-
based system that nevertheless exhibits rich nonlinear behavior, including multistability and chaotic
regimes. These features make it a suitable candidate for benchmarking EWS and evaluating the perform-
ance of CSD indicators under complex yet controllable dynamics. A closer inspection of figure 2(a) also
suggests a simple mechanism for generating asymmetric multistability: adding a constant bias (DC) term
shifts the map vertically and breaks sign symmetry, thereby altering the relative stability and basin struc-
ture of the coexisting attractors. Specifically, we extend the model as

xn+1 = B tanh(w1xn)−A tanh(w2xn)+Cα, (4)

where α is a DC offset (bias) parameter, and C is a scaling coefficient used to control the effective shift
magnitude. This symmetry-breaking term moves the return map upward or downward, enabling one
branch to dominate or altering the coexistence pattern, and thereby providing a tunable setting for test-
ing EWS performance under asymmetric basins and unequal attractor strengths.
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Figure 5. Curves of xn+1 versus xn of the MADDmodel in System (4) for C= 5 and (a) α= 0.1, (b) α=−0.1, (c) α= 1, and
(d) α=−1 (other parameters are as in figure 2). Positive α shifts the map upward, while negative α shifts it downward; for small
|α|, the curve still crosses xn+1 = 0, preserving sign-dependent (potentially multistable) dynamics, whereas larger |α| suppresses
this crossing and promotes an effectively monostable response.

Setting C= 5, figure 5 illustrates how the DC term breaks the sign symmetry of the original ADD
map by vertically shifting the return curve in the modified ADD (MADD) model. Specifically, pan-
els (a)–(d) show xn+1 versus xn for α= 0.1, α=−0.1, α= 1, and α=−1, respectively. For positive α
(panels (a) and (c)), the DC term shifts the map upward, whereas for negative α alphaα (panels (b)
and (d)) it shifts the map downward. When |α| is small (e.g. α=±0.1 in panels (a) and (b)), the dis-
placement is modest, and the curve still crosses the vertical axis (i.e. it attains xn+1 > 0 and xn+1 > 0
near xn = 0). Consequently, the map continues to permit sign-dependent evolution: trajectories can
remain predominantly on one side of the state space depending on the initial condition, so the sys-
tem can retain multistability while exhibiting chaotic fluctuations on each side. In contrast, when |α|
is large (e.g. α=±1 in panels (c) and (d)), the vertical shift becomes strong enough that the map is
displaced almost entirely above or below the horizontal line xn+1 = 0. In this regime, the sign partition-
ing is effectively lost because the iterates are biased toward a single side of the state space. As a result,
the dynamics become effectively monostable, typically converging to a stable fixed point or a low-period
orbit, consistent with the visually smoother, less intricate dynamical structure in panels (c) and (d) com-
pared with (a) and (b).

Accordingly, by tuning α the MADD model can be driven through qualitatively different dynamical
regimes. Figure 6 shows the forward (dark blue) and backward (dark red) bifurcation diagrams (panel
(a)) and the corresponding LEs (panel (b)) as functions of α ∈ [−1.5,1.5]. For large bias (|α|> 0.5),
the DC term dominates the symmetry of the original map, and the system becomes effectively mono-
stable: trajectories are confined to a single branch and the long-term response settles to a stable fixed
point or a period-2 orbit (consistent with LE< 0 in panel (b)). In particular, the bifurcation struc-
ture indicates a transition from a period-1 (fixed-point) regime to a period-2 regime as |α| increases,
which is also reflected by the change in the asymptotic bands. In contrast, for moderate bias (|α|< 0.5)
the system exhibits a pronounced hysteresis-like band (marked by the dashed vertical lines), where the
forward and backward sweeps follow different attracting sets. Within this interval, multiple attractors
coexist, and the final state depends on the sweep direction (and initial condition), leading to abrupt
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switching between the upper and lower branches at the band edges. Moreover, the bifurcation plot in
panel (a) reveals complex dynamics inside this band, including broadband chaotic regions interspersed
with periodic windows, which is corroborated by panel (b), where the LE becomes near-zero or pos-
itive over substantial subranges. Panel (c) further quantifies this complexity via the fractal dimension
(FD) computed from the generated time series. Since the MADD dynamics are one-dimensional and
yield only a single LE, an LE-based Kaplan–Yorke estimate would be degenerate and cannot provide a
non-integer attractor dimension. We therefore employ a time-series box-counting–type estimator (the
Liebovitch–Tóth fast algorithm [41]) to obtain an FD proxy from sampled trajectories. The FD profile
closely follows the dynamical regimes identified in panels (a, b): |α|≳ 0.5, the FD collapses to values
near zero, consistent with convergence to a fixed point or a low-period orbit (simple, non-fractal geo-
metry). In contrast, within the hysteresis interval |α|≲ 0.5, the FD rises markedly and fluctuates over
a broad range (reaching values close to order unity), indicating a geometrically complex invariant set
associated with chaotic motion, while intermittent drops correspond to periodic windows embedded in
the chaotic band. Importantly, the forward (blue) and backward (red) FD curves do not coincide inside
the band, mirroring the coexisting attractors and direction-dependent switching observed in panel (a).
Overall, figure 6 confirms that α acts as an effective control parameter that creates a central coexistence
region with direction-dependent outcomes, flanked by outer parameter ranges characterized by simpler
monostable dynamics.

As a result, introducing a DC offset allows us to construct a benchmark system that combines a cent-
ral coexistence (hysteresis-like) band with rich nonlinear dynamics within it. This architecture more
closely resembles many real-world settings in which abrupt transitions occur under multistability and
irregular variability, and therefore provides a stringent platform for assessing the robustness, false-alarm
tendency, and consistency of CSD-based early-warning indicators. Moreover, because the proposed
benchmark is discrete-time, it is computationally lightweight, enabling long time-series generation and
large-scale parameter sweeps at low cost, which is particularly advantageous for systematic performance
testing under different window sizes, sampling schemes, and noise conditions.

3. CSD indicator evaluation

In this section, we evaluate the performance of four metric-based CSD indicators on the MADD model
while using α as the control parameter (see the bifurcation diagram in figure 6(a)). The considered
indicators are lag-1 autocorrelation (ρ), variance (σ2), skewness (γ1), and kurtosis (γ2), defined for a
time series {xi}Ni=1 (after discarding transients) as

ρ=

∑N
i=2 (xi −µ)(xi−1 −µ)∑N

i=1 (xi −µ)
2 , (5)

σ2 =
1

N

N∑
i=1

(xi −µ)
2
, (6)

γ1 =
1

N

∑N
i=1 (xi −µ)

4

σ4
, (7)

γ2 =
1

N

∑N
i=1 (xi −µ)

3

σ3
, (8)

where N is the sample size, µ is the mean, and σ is the standard deviation of xn. As EWS, we generally
expect the lag-1 autocorrelation to increase and approach unity as the system loses resilience, and the
variance to rise due to amplified fluctuations. In contrast, skewness and kurtosis may exhibit noticeable
changes—often a reduction in their estimated values in some regimes—reflecting alterations in the dis-
tributional shape of the fluctuations as the system approaches a transition.

As emphasized by Nazarimehr et al [3], applying the standard (direct) CSD formulas—such as lag-
1 autocorrelation, variance, skewness, and kurtosis—often yields a reliable trend only for period-one
(or fixed-point) dynamics; once the system undergoes period-doubling cascades, periodic windows,
or chaotic regimes, these indicators can lose their expected monotonic behavior near tipping points.
To overcome this limitation, they proposed modified (improved) metric-based indicators that expli-
citly account for the dynamic type of the observed time series. Their approach consists of two steps: (i)
estimate the dominant period m∗ by computing the autocorrelation over multiple lags and selecting the
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Figure 6. Dynamics of the MADDmodel as a function of the bias-control parameter α for α ∈ [−1.5,1.5] (with C= 5; other
parameters are as in figure 2). (a) Forward (dark blue) and backward (dark red) bifurcation diagrams showing the asymptotic
response xinf. (b) Corresponding LE curves; the dashed horizontal line marks LE= 0. (c) FD estimated from the generated time
series using a fast box-counting–type algorithm (Liebovitch–Tóth). The dashed vertical lines indicate the central coexistence
(hysteresis-like) interval |α|< 0.5, where forward and backward sweeps follow different attractors, while outside this interval the
dynamics are effectively monostable with LE< 0.

first nonzero lag at which the autocorrelation is maximized (with a finite lag cap mthreshold); when the
true period exceeds this cap or the response is chaotic, the estimated period saturates at mthreshold. (ii)
Decompose the signal into m∗ sub-time-series (period components) by sampling every m∗th point to
form vectors V1, . . . ,Vm∗ , compute the desired indicator on each vector, and then take their average as
the improved index.

Using this modification, they reported that the improved indicators remain effective for detecting
more complex transitions, including those occurring along a period-doubling route to chaos, where the
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Figure 7. Forward-sweep results for the MADDmodel with α as the control parameter: bifurcation diagram (dark blue) overlaid
with EWS computed from four CSD indicators (orange). Panels show (a) |ρ| (lag-1 autocorrelation), (b) log(σ2) (variance), (c)
log(|γ1|) (skewness), and (d) log(γ2) (kurtosis). Overall, variance exhibits the most coherent increase near the transition region,
whereas autocorrelation, skewness, and kurtosis display more intermittent and spike-like variations.

direct indicators typically fail. Thus, here, we compute the CSD indicators following the procedure in [3]
and report their results for both the forward and backward sweeps. Importantly, while the period-aware
approach has already been validated on standard benchmarks [3], our focus is to stress-test the same
indicators under a more demanding setting—namely, a hysteresis band that contains coexisting periodic
and chaotic regimes—where warning patterns can become strongly direction-dependent.

Figures 7 and 8 present the forward and backward bifurcation diagrams, respectively, along with the
corresponding EWS computed from the four CSD indicators. In each panel, the bifurcation structure is
shown in dark blue (forward sweep) and dark red (backward sweep), while the indicator-based EWS are
overlaid using orange curves for the forward sweep and cyan curves for the backward sweep. For more
precise visualization across several orders of magnitude and to avoid sign-related ambiguity, we plot the
transformed measures |ρ|, log

(
σ2
)
, log(|γ1|), and log(γ2), corresponding to lag-1 autocorrelation, vari-

ance, skewness, and kurtosis, respectively. These overlays allow a direct comparison between changes in
the dynamical regime (from the bifurcation diagram) and the expected CSD-driven trends in the statist-
ical indicators as α approaches the transition boundaries.

Figures 7 and 8 suggest that, among the four tested CSD indicators, variance provides the most reli-
able early-warning trend for the MADD benchmark. In both sweep directions, log

(
σ2
)
(panels (b))

shows the clearest and most coherent change in the vicinity of the transition/coexistence region, with
pronounced increases and peaks that align well with the parameter ranges where the dynamics become
more complex. The lag-1 autocorrelation |ρ| (panels (a)) often increases as expected, but it is noticeably
more irregular and spike-dominated, indicating a higher susceptibility to spurious warnings under the
intermittent/chaotic structure of the attractor. By contrast, the distribution-shape measures, log(|γ1|)
and log(γ2) (panels (c) and (d)), exhibit strong fluctuations and abrupt jumps that do not consistently
track the main transition boundaries, making skewness and kurtosis comparatively less robust indicators
in this setting.
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Figure 8. Backward-sweep results for the MADDmodel with α as the control parameter: bifurcation diagram (dark red) overlaid
with EWS computed from four CSD indicators (cyan). Panels show (a) |ρ| (lag-1 autocorrelation), (b) log(σ2) (variance), (c)
log(|γ1|) (skewness), and (d) log(γ2) (kurtosis). The backward sweep confirms the same qualitative message: variance provides
the most robust trend, while the higher-order moments are more sensitive to complex dynamics and may generate spurious
warnings.

4. Conclusion

In this paper, we introduced a purpose-built dynamical benchmark for systematically validating and
comparing CSD indicators under conditions closer to practical applications than those of classical clean
testbeds. The proposed benchmark is constructed by starting from the ADD map model and then intro-
ducing a DC offset that breaks the original sign symmetry. This single design modification yields a con-
trollable coexistence band (hysteresis), in which the system exhibits direction-dependent outcomes dur-
ing forward/backward sweeps, while supporting rich nonlinear dynamics (periodic windows interspersed
with chaotic regimes) within the coexistence region. This combination is valuable since it mimics an
essential feature of many real-world transitions: abrupt shifts or jumps under multistability and path
dependence, but not restricted to simple equilibrium-tracking dynamics. In addition, since the bench-
mark is discrete-time and low-dimensional, it supports computationally inexpensive long simulations
and dense parameter scans, facilitating robust statistics and sensitivity analyses across different window
lengths, sampling strategies, and experimental settings.

Using the DC term as the control parameter, we evaluated four widely used metric-based CSD indic-
ators, i.e. lag-1 autocorrelation, variance, skewness, and kurtosis, and reported results for both forward
and backward sweeps. Since complex dynamics (period-doubling, periodic windows, chaos) can inval-
idate the direct application of conventional CSD formulas, the indicators were computed following
the period-aware procedure adopted in the literature to extend metric-based EWS to non-period-one
regimes. In our benchmark, the indicator overlays in the forward/backward bifurcation diagrams show
a clear qualitative ranking: variance provides the most coherent and consistently interpretable warning
trend around the transition/coexistence region, whereas autocorrelation is more spike-prone (suggest-
ing higher susceptibility to false alarms). Skewness/kurtosis are less universal in this specific hysteretic–
chaotic setting due to strong sensitivity to intermittent and distribution-shape changes in complex
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Figure 9. Curves of xn+1 versus xn for the DC-biased reference systems: (a) Gaussian map model in System (9) with β = 0.4,
τ = 0, and C1 = 1.5; (b) cubic map model in System (10) with r= 1.5 and C2 = 1. The corresponding forward (dark blue)
and backward (dark red) bifurcation diagrams of the asymptotic state xinf versus the control parameter α: (c) Gaussian map for
α ∈ [−2,2], where forward and backward sweeps coincide, indicating the absence of hysteresis; (d) cubic map for α ∈ [−1,1],
exhibiting a narrow hysteresis interval (marked by dashed lines).

regimes. These observations align with the broader message that single-indicator decisions can be fra-
gile in nonlinear and intermittently chaotic settings, and that benchmark systems with controlled yet
complex structure are essential for understanding when and why EWS succeed or fail.

To show that the DC-bias mechanism by itself does not generically reproduce the MADD-type hys-
teresis complexity, we carried out a control comparison on two classical one-dimensional maps—a
Gaussian-type map and the standard cubic map [42]—augmented by the same additive DC term used
in the MADD construction:

xn+1 = Axn exp(−β (x− τ))+C1α, (9)

xn+1 =−x3n + rxn +C2α. (10)

Here, A= 5, β = 0.4, τ = 0, r= 1.5, C1 = 1.5, and C2 = 1. As illustrated in figures 9(a) and (b), the
Gaussian map remains effectively unimodal with rapidly decaying tails, whereas the cubic map retains
a two-turning-point (S-shaped) nonlinearity. This difference is reflected in the corresponding parameter
sweeps (figures 9(c) and (d)): the DC-biased Gaussian map shows no hysteresis under the same sweep-
ing protocol, with forward and backward continuations tracking the same attracting set across α. In con-
trast, the DC-biased cubic map can exhibit a narrow hysteresis interval. Still, the associated dynamics are
comparatively simple—forward and backward continuations mainly switch between smooth, period-1
branches with limited internal structure. These control results confirm that merely adding a DC term to
a generic one-dimensional map does not yield the pronounced, direction-dependent, and internally rich
hysteresis band observed in the MADD model; rather, that behavior arises from the specific topological
structure introduced by the ADD-to-MADD modification.

Beyond providing a new benchmark, the study highlights a practical methodological point: the dif-
ficulty of early warning detection is not determined only by whether a system has a tipping point, but
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also by what happens dynamically near that tipping structure (e.g. periodic windows, crises, intermit-
tency, and hysteresis). The proposed MADD benchmark intentionally places CSD indicators in this
more demanding regime, where reliable detection must contend with direction dependence and com-
plex attractor geometry, rather than only a smooth approach to a fold. Consequently, the benchmark
can serve as a controlled test platform for (i) comparing indicator robustness, (ii) quantifying false-alarm
propensity, and (iii) studying sensitivity to preprocessing and windowing choices.

While the present study focuses on proposing and characterizing a computationally efficient bench-
mark for stress-testing CSD indicators, several complementary analyses would further strengthen its
method-oriented scope. In particular, beyond the qualitative indicator overlays reported here, a system-
atic quantitative performance assessment (e.g. ROC/AUC-type evaluation of detection success versus
false-alarm rates) is a natural next step. In addition, the observed spike-like behavior of lag-1 auto-
correlation within the coexistence band may be associated with specific dynamical events (e.g. crisis-
like reorganizations or abrupt attractor changes), and a dedicated event-based diagnosis could clarify
these links. Relatedly, correlating EWS strength directly with dynamical instability measures (e.g. LE–
indicator correlation plots) would provide practical guidelines on parameter ranges where specific indic-
ators become unreliable. Finally, although variance appears most coherent in the present benchmark, in
chaotic regimes it may also reflect changes in attractor geometry rather than resilience loss in the clas-
sical CSD sense; disentangling these effects—together with extending the analysis to additional complex-
ity measures such as Kolmogorov–Sinai entropy—constitutes an important direction for comprehensive
future studies.
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