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Corruption is widely recognized as a major challenge in human institutions. 
To prevent its spread, measures such as increasing transparency have at-
tracted growing attention. Here, we develop an evolutionary game-theoretic 
framework with a reputation mechanism to address centralized corruption 
and sustain cooperation. In our framework, players participate in a donation 
game monitored by umpires, who enforce centralized punishment on free 
riders to support cooperation. However, the possibility of bribery by defec-
tors creates incentives for umpires to abuse their authority, thereby under-
mining cooperation. To counter this, we construct public and private repu-
tation systems that allow players to condition their participation decisions 
on the reputations of assigned umpires. Theoretical analysis based on our 
dynamical model, together with simulations, shows that a public reputa-
tion system, in which honest umpires receive good reputations and corrupt 
ones receive bad reputations, effectively reduces corruption. Interestingly, 
under certain social norms, private reputation systems can outperform pub-
lic ones, while also offering an advantage in avoiding higher-order corrup-
tion problems inherent in centralized systems. Overall, our results highlight 
the potential of bottom-up transparency mechanisms in centralized institu-
tions and demonstrate that the effectiveness of reputation systems critically 
depends on the careful design of social norms. 

1. Introduction 
Fostering cooperation among self-interested individuals has long been a central 
and challenging problem across fields such as biology, economics, social science 
and computer science [1–5]. Over the years, a wide range of mechanisms have 
been proposed, significantly advancing our understanding of the evolution of 
cooperation [6–12]. Among these, costly punishment, in which individuals in-
cur a cost to penalize free riders, has been shown to be one of the most effective 
mechanisms for sustaining cooperation [13–16]. This can occur as peer punish-
ment, where individuals directly punish others, or as centralized punishment, 
where a designated authority, often supported by taxes, enforces penalties. 
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Although both methods are effective, theoretical and field studies indicate a preference for centralized punishment to maintain 
cooperation [17–20]. 

Centralized punishment is widely used in human societies [21–23]. It appears in various forms, such as umpires penalizing 
rule-breakers in sports, social media platforms banning users for policy violations, regulators sanctioning firms for misconduct 
and judges sentencing criminals. Despite the prevalence of centralized punishment, its effectiveness can be undermined by corrup-
tion [24–27]. This occurs because those responsible for enforcing penalties may not be immune to selfish motives. The temptation 
to accept bribes from wrongdoers, neglect monitoring duties or assume the institution’s integrity without scrutiny can lead to 
corruption and, ultimately, the breakdown of cooperation [28]. A widely accepted approach to mitigating corruption involves in-
creasing the transparency of public institutions through measures such as direct disclosure of institutional information [29–31] and 
external supervision [32,33]. However, some measures, such as direct access to strategy information, are unrealistic and infeasible 
in practice. Other measures, such as external supervision, often require more powerful institutions to enforce them, which may 
be prone to higher-order corruption: higher-level supervisory bodies might accept bribes from lower-level institutions, rendering 
these measures ineffective. 

To mitigate centralized corruption, we propose a novel reputation mechanism to enhance the transparency of centralized pun-
ishment enforcers, inspired by the extensive use of reputation mechanisms in social interactions and their important role in pro-
moting reciprocity and cooperation [34–37]. We investigate how this reputation mechanism shapes population dynamics within 
the framework of evolutionary game theory. Specifically, we consider a population game consisting of a player population and 
an umpire population. For each interaction, two players are randomly selected to play a donation game, while an umpire is ran-
domly assigned to supervise the interaction and enforce centralized punishment by penalizing defectors. Centralized corruption 
arises as defectors have an incentive to bribe umpires with an amount lower than the cost of cooperation to avoid punishment, 
while umpires may accept bribes for additional payoff. Therefore, umpires can be either honest or corrupt. Honest umpires reject 
bribes and punish defectors, whereas corrupt umpires accept bribes, neglect to punish defectors and may even impose anti-social 
punishment on cooperators. To limit the spread of corruption and the resulting collapse of cooperation in the donation game, our 
reputation mechanism allows players, prior to participating in the donation game, to decide whether to acquire information about 
the reputation of the assigned umpire. Players who access this information can further decide whether to proceed with the game 
or to exit based on it. Importantly, the reputation available to players in a given interaction is the result of reputation assessment 
based on information from previous interactions. This mechanism thus provides players with a more realistic information channel 
for evaluating the assigned umpire. 

The introduction of the reputation mechanism raises two key questions: who evaluates umpire reputations and provides this 
information to players, and what norms govern such evaluations? To tackle these questions, we construct both public and private 
reputation systems and design different social norms that prescribe the assignment of good and bad reputations. For the public 
reputation system, a reputation institution evaluates umpire reputations based on their strategies, and all players unanimously 
agree with these assessments. By contrast, for the private reputation system, each player independently evaluates umpires based 
on personal observations and experiences, and stores this information for private use, with evaluations depending on both the 
player’s strategy and the umpire’s strategy. 

We conduct a combined theoretical- and simulation-based analysis to investigate the role of reputation mechanisms in limiting 
centralized corruption. For the public reputation system, we derive a dynamical model in the form of a system of differential 
equations to capture the coevolution of strategies and reputations. Numerical solutions of the model, together with agent-based 
simulations, reveal that under a norm assigning good reputations to honest umpires and bad reputations to corrupt ones, sustained 
cyclic behaviour is observed, thereby preventing the population from falling into a fully corrupt state with collapsed cooperation. 
Moreover, compared with the baseline mechanism (i.e. a costly strategy acquisition mechanism), the public reputation system 
achieves higher levels of cooperation and lower levels of corruption. We further show that, under certain social norms, private 
reputation systems can outperform public ones. These findings highlight the importance of bottom-up approaches to enhancing 
transparency in centralized institutions and underscore the critical role of social norm design in ensuring the effectiveness of 
reputation mechanisms. 

2. An evolutionary game-theoretic model with reputation mechanisms 
In this section, we introduce a corruption game by extending the traditional donation game to include centralized punish-
ment and the potential corruption of an umpire population. We establish both public and private reputation systems to en-
hance transparency, allowing players to make informed decisions about their participation based on available umpire reputation 
information. 

2.1. Donation game with centralized punishment and corruption 
We consider a standard donation game in which each player chooses to cooperate or defect [38–42]. A cooperator incurs a cost c to 
provide a benefit b to the co-player, whereas a defector incurs no cost. We use the following payoff matrix to present the resultant 
payoffs a focal player can get when adopting the strategies in the rows to interact with another player adopting the strategies in 
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the columns: 

cooperate defect 
cooperate b − c −c 
defect b 0 

Regardless of the co-player’s choice, defection always yields a higher payoff, leading to mutual defection as the Nash equilibrium, 
which highlights the need for external mechanisms to sustain cooperation. 

To sustain cooperation, we introduce centralized punishment: an umpire supervises the interaction and imposes a fine of A > c 
on any player who defects. This fine does not contribute to the umpire’s income. Each player participating in the game under the 
umpire’s supervision pays a fee f , giving the umpire a total income of 2f . Here, we assume that the fee f contributes to the umpire’s 
income, whereas the fine A does not. This assumption is a typical setting in previous studies on centralized corruption [29,30,43]. 
Moreover, it is also consistent with many real-world settings involving third-party supervision, where individuals responsible for 
supervision or adjudication receive compensation for their services, while fines are typically paid to the institutions they represent 
rather than to the individuals themselves. The resulting payoff matrix for the donation game with centralized punishment is given 
by 

cooperate defect 
cooperate b − c − f −c − f 
defect b − A− f −A − f 

Now, cooperation becomes the dominant strategy for the focal player, provided that the umpire enforces punishment faithfully. 
However, the effectiveness of centralized punishment depends critically on the umpire’s honesty. In practice, the umpire may 

be corrupt. Corruption arises because a defector has an incentive to offer a bribe B < c to the umpire to avoid severe punishment, 
while a corrupt umpire may accept this bribe to obtain additional payoff and allow the defector to evade penalties. In addition, we 
consider that corrupt umpires may exhibit another form of anti-social behaviour: they may unjustly impose an additional punish-
ment P on cooperators, even though this yields no additional benefit to the umpire. Consequently, under centralized corruption, 
the payoff matrix is given as follows: 

cooperate defect 
cooperate b − c − f − P −c − f − P 
defect b − B − f −B − f 

As a result, centralized punishment becomes ineffective under corruption, and defection once again emerges as the dominant 
strategy. 

2.2. Game set-up of player and umpire populations 
We consider a population game consisting of a player population and an umpire population. Whenever two players are randomly 
selected from the player population to engage in a donation game, an umpire is simultaneously drawn at random from the umpire 
population to supervise the interaction. The selected umpire can be either honest (H) or corrupt (C). Based on the above analysis, a 
player’s optimal strategy depends on the strategy of umpire randomly assigned to the game. From an evolutionary perspective, 
if umpires update their strategies through social learning by imitating more successful peers, corruption may gradually spread, 
as corrupt umpires can obtain additional income from bribes. Consequently, in the absence of additional mechanisms, corrup-
tion undermines centralized punishment; when players update their strategies by imitating more successful ones, cooperation 
collapses, and the population becomes trapped in a persistent social dilemma. 

To address this critical issue, namely, the erosion of centralized punishment caused by corruption, this paper introduces a 
reputation-based mechanism to enhance the transparency of the umpire population. 

2.3. A cost-free reputation acquisition mechanism 
To mitigate corruption, we introduce a reputation mechanism that allows players to decide, before participating in the donation 
game, whether to acquire information about the umpire’s reputation. Players who obtain this information can condition their 
participation decisions accordingly, that is, they can decide whether to proceed with or exit the game. We assume that acquiring 
reputation information is cost-free. 

Specifically, under this reputation mechanism, players must make two decisions before engaging in the donation game: in 
addition to choosing whether to cooperate or defect, they must also decide whether to acquire information about the umpire’s 
reputation. We denote players who do not acquire such information as optimistic, and those who do as prudent. Optimistic players 
trust their luck and always participate in the game. By contrast, prudent players first obtain the umpire’s reputation and then de-
cide whether to participate based on this information. Accordingly, based on players’ strategies in the donation game (cooperation 
or defection) and their attitudes towards acquiring reputation information (optimistic or prudent), we redefine the player strategy 
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set in this population game to include four available strategies: optimistically cooperate (OC), prudently cooperate (PC), optimistically 
defect (OD) and prudently defect (PD). 

Figure 1. Schematic of the population game with a cost-free reputation mechanism. The population is assumed to be well-mixed and consists of a player population and 
an umpire population. In each interaction, two randomly selected players are paired to play a donation game under the supervision of a randomly selected umpire. The 
figure illustrates an example of interaction between a prudent cooperator and an optimistic defector. The prudent cooperator acquires the assigned umpire’s reputation 
and decides whether to participate based on this information, whereas the optimistic defector always participates without acquiring reputation information. Depending 
on the strategy of the assigned umpire, two cases arise. (1) If the assigned umpire is honest, then if the acquired reputation information indicates that the umpire is good, 
both players proceed with the donation game and the defector is punished; otherwise, the prudent cooperator withdraws and the game does not take place. (2) If the 
assigned umpire is corrupt, then if the acquired reputation information indicates that the umpire is good, the game proceeds; however, the corrupt umpire accepts bribes 
from the defector and refrains from punishment, while the cooperator suffers anti-social punishment. The prudent cooperator withdraws when the acquired information 
indicates that the umpire has a bad reputation. 

Players adopting these four strategies are therefore referred to as optimistic cooperators (OCs), prudent cooperators (PCs), 
optimistic defectors (ODs), and prudent defectors (PDs), respectively. Although both PCs and PDs choose to acquire reputation 
information, they adopt different reputation-based participation rules. Under our binary reputation assessment, in which an um-
pire is labelled either good (G) or bad (B), PCs withdraw from the game when the acquired reputation information indicates that 
the assigned umpire is bad, whereas PDs withdraw when the umpire is good. This reputation-based exit behaviour affects the 
payoffs of both players and umpires: for each randomly matched pair of players, if either player withdraws, the game does not 
take place and neither the players nor the umpire receives any payoff. If both players choose to participate, they each pay a fee 
f to the umpire and receive the corresponding payoff from the donation game. For the umpire population, given the presence of 
reputation information, we define umpire types by combining their strategy and reputation. This yields four possible types: good 
and honest (GH), good and corrupt (GC), bad and honest (BH) and bad and corrupt (BC). Figure 1 illustrates the game environment, 
in which a player’s payoff depends not only on its own strategy and that of its co-player, but also on the strategy and reputation 
of the assigned umpire. Similarly, an umpire’s payoff depends on its own strategy, its reputation and the strategies of the two 
players. 

2.4. Construction of public and private reputation systems 
With the introduction of the reputation mechanism, two important questions arise. First, who evaluates the umpire’s repu-
tation and provides this information to players? Second, how is the umpire’s reputation assessed, and based on what cri-
teria? We address the first question by considering two distinct settings: public and private reputation systems. To address 
the second question, we design a set of social norms under each type of system to define the goodness or badness of 
umpires. 

2.4.1. Public reputation system 

We model a public reputation system by introducing a reputation institution that evaluates umpires’ reputations. Specifically, in 
each interaction, if either player chooses to exit based on the acquired reputation of the umpire, the reputation institution does not 
update the umpire’s reputation because the donation game is not actually played. If neither player exits, the reputation institution 
updates the umpire’s reputation according to a prescribed social norm. As is common in models of public reputation [44–47], 
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we assume that reputation information is publicly available and that all players share the same assessment of the published 
evaluations. 

Figure 2. Social norms for two distinct reputation systems. In the public reputation system, the reputation assigned to an umpire by the public institution depends solely 
on the umpire’s strategy. Accordingly, each norm can be represented by a 2-bit string, where the first bit denotes the reputation assigned to an honest umpire and the 
second bit to a corrupt umpire. Here, 0 indicates a good reputation and 1 indicates a bad reputation. In the private reputation system, when an interaction occurs and 
neither of the two involved players exits, both participants and all other players independently evaluate the assigned umpire’s reputation. This evaluation depends on 
the evaluator’s own strategy type (i.e. whether the player is cooperative or defective) and the umpire’s strategy. Thus, each norm is encoded by a 4-bit string: the first two 
bits indicate the reputations assigned by cooperators to honest and corrupt umpires, respectively, and the last two bits indicate the reputations assigned by defectors to 
honest and corrupt umpires, respectively. Again, 0 denotes a good reputation, and 1 denotes a bad reputation. 

As for the norms, we consider simple norms for public reputation assessment that assign reputations based solely on the 
umpire’s strategy. Consequently, we consider four distinct social norms, as shown in figure 2. For instance, norm 01 prescribes 
assigning a good reputation to honest umpires and a bad reputation to corrupt ones. As this norm assigns reputations according 
to the moral quality of behaviour, it is analogous to the ‘image scoring’ in the traditional donation game [48], where cooperators 
are assigned good reputations and defectors bad reputations. Moreover, it is conceptually consistent with the widely adopted 
reputation assessment norm, under which cooperation increases reputation scores whereas defection decreases them [49–52]. 

2.4.2. Private reputation system 

In many real-world situations, in addition to relying on evaluations from public institutions, individuals often form subjective 
moral judgments about institutions or other individuals based on personal observations and experiences [53–56]. Therefore, we 
also construct a private reputation system in which players independently evaluate and privately maintain the reputation of each 
umpire. 

In this private reputation system, when an umpire is assigned to oversee an interaction between two players, each player 
decides whether to exit the game based on their own assessment of the umpire’s reputation. If either player exits, the umpire’s 
reputation remains unchanged in the eyes of all players. If the interaction proceeds, both participating players and all other players 
update their assessments of the umpire’s reputation according to a common social norm. 

For private reputation assessment, we consider norms that depend on both the evaluator’s strategy type and the umpire’s 
strategy. Here, the strategy type refers to whether a player is cooperative (including OCs and PCs) or defective (including 
ODs and PDs). Consequently, there are 16 possible norms, as shown in figure 2. For example, the norm 0110 specifies that co-
operators assign a good reputation to honest umpires and a bad reputation to corrupt ones, while defectors assign the opposite 
reputations. 

Notably, the private reputation system differs fundamentally from the public one. Under private assessment, players may 
hold divergent views of the same umpire. Specifically, in the public system, an umpire’s reputation is identical across all players, 
whereas in the private system, it may vary across individuals. For instance, an honest umpire may be regarded as good by some 
players but bad by others. Nevertheless, under either reputation system, once reputations are established and no player withdraws, 
an umpire’s current strategic behaviour affects their future reputation. This, in turn, influences players’ participation decisions in 
subsequent interactions, ultimately shaping the umpire’s future payoffs and strategic choices. 

3. Theoretical analysis of corruption and cooperation dynamics 
To analyse the evolutionary dynamics of the proposed population game, we assume that both players and umpires update their 
strategies through imitation and mutation. Occasionally, with a small probability, a player (or umpire) randomly adopts a new 
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strategy, with all other available strategies having the same probability of being picked. Otherwise, the player (or umpire) imi-
tates another player’s (or umpire’s) strategy with a certain likelihood. Note that under the reputation mechanism, reputation and 
strategy are updated on the same evolutionary timescale: strategy updating determines the new strategy for subsequent inter-
actions, while reputation updating assigns a new reputation for subsequent interactions based on information from the current 
interaction. 

In this section, we first introduce the mechanism proposed by Lee et al. [30]. Building on this framework, we construct a baseline 
mechanism, referred to as the costly strategy acquisition mechanism, for comparison with our cost-free reputation mechanism. 
We then derive dynamical models to characterize the imitation–mutation dynamics in a well-mixed player–umpire population 
under two distinct mechanisms: the baseline mechanism and our reputation mechanism under a public reputation system. 

3.1. Evolutionary dynamics under the costly strategy acquisition mechanism 
Different from our reputation-based mechanism, Lee et al. [30] propose a strategy information acquisition mechanism that allows 
prudent players to incur an information cost h to directly access the strategy of the assigned umpire. Under this mechanism, PCs 
exit the game when they learn that the umpire is corrupt, while PDs exit when the umpire is honest. In this paper, we incor-
porate anti-social punishment on cooperators imposed by corrupt umpires into this framework, thereby constructing a baseline 
mechanism that enables comparison with our proposed cost-free reputation mechanism. 

For the population game under the baseline mechanism, we denote the set of player strategies as p = {OC, PC, OD, PD} and 
the set of umpire strategies as u = {H, C}. The payoff of a player depends on its own strategy, that of its co-player and the strategy 
of the assigned umpire. Similarly, the payoff of an umpire depends on the strategies of the paired players as well as its own strategy. 
Therefore, for each umpire strategy, we construct the payoff matrices for players, as well as the corresponding payoff matrices 
for umpires. Specifically, let 𝐐H and 𝐐C denote the payoff matrices for players interacting under honest and corrupt umpires, 
respectively: 

𝐐H = 

⎛ 
⎜ 
⎜ 
⎜ 
⎜

⎝ 

b − c − f b − c − f −c − f 0 
b − c − f − h b − c − f − h −c − f − h −h 
b − f − A b − f − A −f − A 0 

−h −h −h −h 

⎞ 
⎟ 
⎟ 
⎟ 
⎟

⎠ 

and 𝐐C = 

⎛ 
⎜ 
⎜ 
⎜ 
⎜

⎝ 

b − c − f − P 0 −c − f − P −c − f − P 
−h −h −h −h 

b − f − B 0 −f − B −f − B 
b − f − B − h −h −f − B − h −f − B − h 

⎞ 
⎟ 
⎟ 
⎟ 
⎟

⎠ 

. 

The entry 𝐐H
ij 

 (or 𝐐C
ij ) represents the payoff of the row player when interacting under an honest (or corrupt) umpire, where the row 

player adopts the i-th strategy and the column player adopts the j-th strategy, with the ordering given by p = {OC, PC, OD, PD}. 
Similarly, let 𝐏H and 𝐏C denote the payoff matrices for honest and corrupt umpires, respectively: 

𝐏H = 

⎛ 
⎜ 
⎜ 
⎜ 
⎜

⎝ 

2f 2f 2f 0 
2f 2f 2f 0 
2f 2f 2f 0 
0 0 0 0 

⎞ 
⎟ 
⎟ 
⎟ 
⎟

⎠ 

and 𝐏C = 

⎛ 
⎜ 
⎜ 
⎜ 
⎜

⎝ 

2f 0 2f + B 2f + B 
0 0 0 0 

2f + B 0 2f + 2B 2f + 2B 
2f + B 0 2f + 2B 2f + 2B 

⎞ 
⎟ 
⎟ 
⎟ 
⎟

⎠ 

. 

The entry 𝐏H 
ij (or 𝐏

C
ij ) denotes the payoff of an honest (or corrupt) umpire when the row player adopts the i-th strategy and the 

column player adopts the j-th strategy, with the ordering given by p. 
We denote the frequencies of OCs, PCs, ODs and PDs in the player population by fOC, fPC, fOD and fPD, respectively. Similarly, 

we use fH and fC to denote the frequencies of honest and corrupt umpires in the umpire population. Following Lee et al. [30], in 
the limit of an infinitely large well-mixed player–umpire population, the time evolution of strategy frequencies is governed by 
the following replicator–mutator equations: 

ḟi = fi(R
p 
i − R p) − 𝜇fi + 𝜇(1 − fi)∕3, i ∈  p 

and ḟH = fH(Ru 
H − R u) − 𝜈fH + 𝜈(1 − fH), 

(3.1) 

where Rp
i denotes the expected payoff of a player using strategy i, and Rp = 

∑ 
i∈p 

fiR
p
i is the average payoff of the player population. 

Specifically, 

Rp 
i = 

 

j∈ p 

f j 
 
fH 𝐐H 

ij + fC 𝐐C 
ij 

 
. 

Similarly, Ru
H and Ru

C denote the expected payoffs of honest and corrupt umpires, respectively, given by 

Ru 
H = 

 

i∈ p 

 

j∈ p 

fi fj 𝐏H 
ij andR

u 
C = 

 

i∈ p 

 

j∈ p 

fi fj 𝐏C 
ij , 

and Ru = 
∑ 

k∈u 
fkR

u 
k denotes the average payoff of the umpire population. In addition, 𝜇 and 𝜈 denote the mutation rates of players 

and umpires, respectively. 
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3.2. Coevolutionary dynamics of reputation and strategy under the public reputation system 
Under the proposed public reputation system, in addition to updating their strategies, umpires also have their reputations 
updated by a public institution according to a social norm, provided that neither of the interacting players exits the game. 
As a result, while the dynamics of the player population can still be described by the evolution of player strategies, the 
dynamics of the umpire population are governed by a coevolutionary process involving both reputation and strategy. This 
coevolutionary process can be characterized by the evolution of umpire types, which we model through a new dynamical 
model. 

Before formulating the dynamical model, we first analyse how the payoff matrices for players and umpires change under the 
public reputation system. Under public reputation assessment, all players share a common view of each umpire’s reputation. 
Therefore, the perceived type of each umpire is identical across all players, allowing us to construct payoff matrices conditioned 
on umpire types. 

Let  = {GH, GC, BH, BC} denote the set of umpire types. We denote by 𝐐GH , 𝐐GC , 𝐐BH and 𝐐BC the payoff matrices for players 
under the corresponding umpire types. By construction, 𝐐GH coincides with 𝐐H in the baseline mechanism when h = 0, and 𝐐BC 

coincides with 𝐐C when h = 0. The payoff matrices under umpire types GC and BH are given by 

𝐐GC = 

⎛ 
⎜ 
⎜ 
⎜

⎜

⎝ 

b − c − f − P b − c − f − P −c − f − P 0 
b − c − f − P b − c − f − P −c − f − P 0 
b − f − B b − f − B −f − B 0 

0 0 0 0 

⎞ 
⎟ 
⎟ 
⎟

⎟

⎠ 

and 𝐐BH = 

⎛ 
⎜ 
⎜ 
⎜

⎜

⎝ 

b − c − f 0 −c − f −c − f 
0 0 0 0 

b − f − A 0 −f − A −f − A 
b − f − A 0 −f − A −f − A 

⎞ 
⎟ 
⎟ 
⎟

⎟

⎠ 

. 

Similarly, we construct the payoff matrices for umpires under each type. Let 𝐏GH , 𝐏GC , 𝐏BH and 𝐏BC denote the payoff matrices 
for umpires of the corresponding types. Here, 𝐏GH and 𝐏BC coincide with 𝐏H and 𝐏C in the baseline mechanism, respectively. The 
matrices for types GC and BH are given by 

𝐏GC = 

⎛ 
⎜ 
⎜ 
⎜ 
⎜

⎝ 

2f 2f 2f + B 0 
2f 2f 2f + B 0 

2f + B 2f + B 2f + 2B 0 
0 0 0 0 

⎞ 
⎟ 
⎟ 
⎟ 
⎟

⎠ 

and 𝐏BH = 

⎛ 
⎜ 
⎜ 
⎜ 
⎜

⎝ 

2f 0 2f 2f 
0 0 0 0 
2f 0 2f 2f 
2f 0 2f 2f 

⎞ 
⎟ 
⎟ 
⎟ 
⎟

⎠ 

. 

These results highlight a key feature of the reputation mechanism: while reputation information allows players to make exit 
decisions aligned with their interests in interactions under GH and BC umpires, the emergence of GC and BH umpires reveals 
potential mismatches between obtained reputation and actual strategies. 

3.2.1. Evolutionary dynamics model of player strategies 

We now derive the dynamical model governing the evolution of player strategies. Changes in the proportions of strategies arise 
from the combined effects of imitation and mutation. Following the framework of replicator–mutator dynamics [57], we first 
characterize the rates of decrease and increase owing to imitation, and then incorporate mutation. 

Under the imitation mechanism, a player updates its strategy by randomly selecting another player as a role model and then 
adopting that player’s strategy with a certain probability. Consequently, for an arbitrary strategy i ∈ p, its frequency decreases 
when players currently adopting strategy i imitate players using different strategies. This leads to 

df − 
i 

dt 
= fi 

 

j∈ p 

 

k∈ 

f j fk 

 
 

i∈ p ⧵{i} 

 

j∈ p 

 

k∈ 

fi f j fk Wi→i (𝐐k 
ij, 𝐐

k 
ij ) 

 

, (3.2) 

where  = {GH, GC, BH, BC} denotes the set of umpire types. 𝐐k
ij represents the payoff of a player using strategy i against a co-

player using strategy j under an umpire of type k. Wi→i (𝐐k
ij, 𝐐

k
ij ) denotes the probability that a player using strategy i, who obtains 

payoff 𝐐k
ij, imitates a role model using strategy i , who obtains payoff 𝐐k

ij . This probability is determined by the strategy updating 
rule. We consider the widely used Fermi updating rule [58,59], given by 

Wi→i (𝐐k 
ij, 𝐐

k 
ij ) = 

 
1 + exp 

 
s(𝐐k 

ij − 𝐐k 
ij ) 

−1 
, 

where s denotes the selection strength. 
Similarly, the increase in the frequency of strategy i arises from players using other strategies imitating strategy i: 

df + 
i 

dt 
= 

 

i∈ p ⧵{i} 

 

j∈ p 

 

k∈ 

fi f j fk 

 

fi 
 

j∈ p 

 

k∈ 

f j fk Wi→i(𝐐k 
ij , 𝐐

k 
ij) 

 

. (3.3) 
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Finally, incorporating mutation, the overall dynamics of strategy frequencies are given by 

dfi 
dt 

= 
df + 

i 

dt 
− 

df − 
i 

dt 
− 𝜇fi + 𝜇(1 − fi)∕3, i ∈  p. (3.4) 

3.2.2. Coevolutionary dynamics of umpire strategy and reputation 

We derive a dynamical model that captures the evolution of umpire types by analysing how strategy updating and reputation 
updating jointly induce transitions between different types. Although the transition patterns differ across umpire types, the un-
derlying analytical approach is similar. Therefore, we focus on the evolution of the proportion of GH umpires to illustrate the 
derivation of the dynamical model for the umpire population. 

We first consider the case in which umpire strategies are updated solely through the imitation mechanism, and examine how 
strategy updating and reputation updating jointly reduce the proportion of GH umpires. Specifically, a decrease in GH umpires 
may arise in two ways. First, the reputation of a GH umpire may be updated from G to B. In this case, regardless of whether 
its strategy changes, the umpire transitions to type BH or BC. Second, the reputation may remain unchanged, but the umpire 
switches its strategy from H to C by imitating a GC or BC role model. Combining these effects, the rate at which the proportion 
of GH umpires decreases is given by 

df − 
GH 

dt 
= fGH 

 

i,j∈ p 

fi fj 
 
p(G, i, j)p(BH) + 

 
p(G, i, j)p(GH) + (1 − p(G, i, j)) 


 

i ,j∈ p 

fi f j 
 
fGC WGH→GC(𝐏GH 

ij , 𝐏GC 
ij ) + fBC WGH→BC(𝐏GH 

ij , 𝐏BC 
ij ) 



 
. 

(3.5) 
Here, the social norm is characterized by the probabilities p(GH), p(BH), p(GC) and p(BC), where p(YX) denotes the probability 
that an umpire using strategy X ∈ {H, C} is assigned reputation Y ∈ {G, B}. Since reputation is updated only when no player exits, 
we define p(G, i, j) as the probability that neither player exits given that the interacting players adopt strategies (i, j), and the umpire 
is currently assessed as good. Analogously, p(B, i, j) denotes the probability that neither player exits when the umpire is assessed 
as bad, and the interacting players adopt strategies (i, j). In addition, WGH→GC(𝐏GH 

ij , 𝐏GC
i j ) denotes the probability that a GH umpire 

imitates a GC role model based on payoff comparison. Specifically, a GH umpire observing a pair of players with strategies (i, j) 
obtains payoff 𝐏GH 

ij , and compares it with the payoff 𝐏GC 
ij obtained by a GC role model observing (i , j). The imitation probability 

is given by the Fermi updating rule. The definition of WGH→BC(𝐏GH 
ij , 𝐏BC 

ij ) is analogous. 
Next, we examine how the proportion of GH umpires increases under the combined effects of strategy imitation and reputation 

updating. The increase in GH umpires arises from transitions from the other three types. First, GC umpires may become GH if their 
reputation remains good and they switch their strategy to H by imitating GH or BH umpires. Second, BH umpires may become 
GH if their reputation is updated to good and they retain strategy H. Third, BC umpires may become GH if their reputation is 
updated to good and they switch their strategy to H by imitating GH or BH umpires. Accordingly, the increase rate of GH umpires 
is given by 

df + 
GH 

dt 
=fGC 



i∈ p 

 

j∈ p 

fi fj 

 

p(G, i, j)p(GC) + 
 
1 − p(G, i, j) 

 
 



i∈ p 

 

j∈ p 

fi f j 
 

fGH WGC→GH(𝐏GC 
ij , 𝐏

GH 
ij ) + fBH WGC→BH(𝐏GC 

ij , 𝐏
BH 
ij ) 

 

+ fBH 



i∈ p 

 

j∈ p 

fi fj 

 

p(B, i, j)p(GH) 


i∈ p 

 

j ∈ p 

fi f j 
 

fGH + fBH + fGC 

 
1 − WBH→GC(𝐏BH 

ij , 𝐏
GC 
ij ) 

 
+ fBC 

 
1 − WBH→BC(𝐏BH 

ij , 𝐏
BC 
ij ) 

 
 

+ fBC 



i∈ p 

 

j∈ p 

fi fj 

 

p(B, i, j)p(GC) 


i∈ p 

 

j∈ p 

fi f j 
 
fGH WBC→GH(𝐏BC 

ij , 𝐏
GH 
ij ) + fBH WBC→BH(𝐏BC 

ij , 𝐏
BH 
ij ) 

 
 

. 

(3.6) 

Consequently, the rate of change in the proportion of GH umpires under the imitation mechanism and reputation dynamics is 
given by the difference between the increase rate (equation (3.6)) and the decrease rate (equation (3.5)). 

To derive the imitation–mutation dynamics for the umpire population, we now consider the case in which umpires up-
date their strategies through mutation, and examine how strategy updating and reputation updating jointly affect the propor-
tion of GH umpires. Specifically, under the mutation mechanism, a GH umpire may switch its strategy from H to C. Conse-
quently, regardless of whether its reputation changes, mutation always leads to a decrease in the proportion of GH umpires. 
Conversely, the increase in the proportion of GH umpires arises from the conversion of GC and BC umpires. In particular, GC 
umpires contribute to the increase when their reputations remain unchanged and their strategies mutate from C to H. Simi-
larly, BC umpires contribute to the increase when their strategies mutate from C to H and their reputations are updated from 
B to G. 

With mutation rate 𝜈, the imitation–mutation dynamics for GH umpires is given by 

dfGH 

dt 
= 

df + 
GH 

dt 
− 

df − 
GH 

dt 
− 𝜈fGH + 𝜈fGC 

 

i,j 

fi fj 

 

p(G, i, j)p(GC) + 
 
1 − p(G, i, j) 

 
 

+ 𝜈fBC 

 

i,j 

fi fj p(B, i, j)p(GC). (3.7) 
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The dynamics for the other umpire types (GC, BH and BC) can be derived analogously and are provided in the supplementary 
material. 

4. Experimental results 
In this section, we investigate the effectiveness of the proposed cost-free reputation mechanism in limiting centralized corruption. 
We further examine how different social norms, under both public and private reputation systems, influence the suppression of 
corruption and the promotion of cooperative behaviour. 

4.1. Experiment settings 
We conduct experiments by combining theoretical analysis with agent-based simulations. For both the baseline mechanism and 
the reputation mechanism under the public reputation system, we provide theoretical results by numerically solving the corre-
sponding dynamical models, and present simulation results to validate the effectiveness of our analytical results. For the private 
reputation system, owing to the analytical intractability, we rely on simulations to gain insights into the coevolutionary dynam-
ics of reputation and strategies. Unless otherwise specified, we set the game parameters as follows: b = 1, c = 0.5, f = 0.2, A = 2, 
B = 0.2 and P = 0.1. 

We perform simulations using the Monte Carlo method. Specifically, we assume that the player and umpire populations are 
of equal size (Np = Nu = N). Each simulation run consists of multiple Monte Carlo steps (MCSs), where each MCS comprises 
N elementary steps. On average, each player and each umpire has one opportunity to update their strategy per MCS. In each 
elementary step, a focal player X and a co-player are randomly selected to play the game. Simultaneously, a focal umpire Y is 
randomly chosen to oversee the interaction. The focal player X and the focal umpire Y then receive their respective payoffs, denoted 
by PX and PY. After receiving payoffs, both the focal player and the focal umpire update their strategies via mutation or imitation. 
Specifically, with probability 𝜇, the focal player mutates to a randomly selected alternative strategy, where all other strategies are 
chosen with equal probability. Otherwise, with probability 1 − 𝜇, the focal player selects a role model X from the player population. 
The role model interacts with a randomly chosen co-player under the supervision of a randomly assigned umpire, obtaining a 
payoff PX . Player X then adopts the strategy of X with probability 1∕ 

 
1 + exp 

 
s(PX − PX ) 

 
. Similarly, the focal umpire updates 

its strategy as follows: with probability 𝜈, it switches to a randomly selected alternative strategy; otherwise, with probability 1 − 𝜈, 
it selects a role model Y from the umpire population. The role model Y obtains its payoff by supervising the interaction between 
two randomly selected players. Umpire Y then adopts the strategy of Y with probability 1∕ 

 
1 + exp 

 
s(PY − PY ) 

 
. In addition, if 

a reputation system is in place and neither the focal player X nor its co-player exits the game, the focal umpire Y’s reputation is 
updated according to the specified social norm, in parallel with the strategy-updating process. The above procedure constitutes a 
single elementary step. 

4.2. Cyclic behaviour under reputation mechanisms 
To demonstrate the impact of our reputation mechanism on mitigating corruption, we analyse the temporal evolution of popula-
tion behaviour under both the baseline mechanism and the proposed reputation mechanism. 

We first present the time evolution of player and umpire strategies under the baseline mechanism in figure 3. Both the theoretical 
predictions and agent-based simulation results exhibit sustained oscillatory dynamics, where decreases (or increases) in corruption 
correspond to increases (or decreases) in cooperation. Specifically, these oscillations arise as follows. An increase in honest umpires 
benefits OCs, allowing them to dominate. However, mutations gradually reintroduce corruption, which undermines OCs and 
enables PDs to gain the upper hand, leading to the growth of corruption. As defection and corruption peak, PCs become dominant, 
which in turn promotes the resurgence of honest umpires and cooperative behaviour. 

Compared to the case without any transparency-enhancing mechanism—where all players remain optimistic and bribery be-
comes the dominant strategy for umpires, resulting in pervasive corruption and the collapse of cooperation—the oscillatory dy-
namics induced by the baseline mechanism prevent the population from being trapped in a fully corrupt state. Nevertheless, this 
mechanism relies on direct access to umpire strategies and is therefore overly idealized. 

We next examine our proposed reputation mechanism, which provides a more practical approach to enhancing transparency. 
When reputation information replaces direct strategy information, its effectiveness depends on whether it enables players to 
make participation decisions aligned with their self-interest. This, in turn, depends on the design of the social norm. Recall that 
PCs participate only when the umpire is perceived as good, whereas PDs participate only when the umpire is perceived as bad. 
Therefore, we adopt norm 01 for the public reputation system, which assigns a good reputation to honest umpires and a bad 
reputation to corrupt ones. Among the four possible public evaluation rules, this norm most effectively ensures that reputation 
reflects the underlying strategy of the umpire and thereby supports informed decision-making by players. 

The evolutionary dynamics under this norm are illustrated in figure 4. As shown, our theoretical model, which captures the 
coevolution of reputation and strategy, closely matches the simulation results. Moreover, sustained oscillatory behaviour is ob-
served: as the proportion of GH umpires increases, OCs benefit and become more prevalent. However, once cooperation reaches 
a sufficiently high level, interactions between defectors and BC umpires promote their growth, leading to losses for OCs. As BC 
umpires increase, PCs withdraw from the game to avoid losses, reducing the profitability of corruption and driving BC umpires 
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Figure 3. Population dynamics under the baseline mechanism. (a) Evolutionary dynamics predicted by the replicator–mutator equations. (b) Results obtained from 
agent-based simulations. Unless otherwise specified, we set the mutation rates to 𝜇 = 𝜈 = 0.05 and the strategy information cost to h = 0.1. The initial conditions 
for the numerical solution are fOC = 0.25, fPC = 0.25, fOD = 0.25, fPD = 0.25, fH = 0.5 and fC = 0.5. For agent-based simulations, we set N = 3000 and s = 5, 
with all individuals randomly assigned strategies at initialization. 

Figure 4. Long-term oscillatory population dynamics under the public reputation system with social norm 01, which assigns good reputations to honest umpires and bad 
reputations to corrupt umpires. (a) Population dynamics predicted by the theoretical model. (b) Population dynamics observed in agent-based simulations. For agent-
based simulations, all umpires are initialized with a good reputation. 

to adopt honest strategies. As PCs decrease, more OCs re-enter interactions with BH umpires, improving their reputations. The 
subsequent increase in GH umpires further promotes the resurgence of OCs. Therefore, similar to the baseline mechanism, our 
reputation system prevents pervasive corruption and the collapse of cooperation, while relying on a more realistic form of infor-
mation. 
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Figure 5. Public reputation system outperforms the baseline mechanism in reducing corruption and promoting cooperation. Average cooperation rate, corruption rate 
and exit rate under the baseline mechanism and the public reputation system are compared. (a) Average results for a large population (N = 3000) with strong selection 
intensity (s = 5). (b) Average results for a small population (N = 500) with weak selection intensity (s = 0.5). The results in panels (a) and (b) are averaged over 20 
independent runs, with each run averaged over the last 5000 MCSs out of a total of 50 000 MCSs. The exit rate in a given MCS is defined as the proportion of interactions 
(out of all N interactions) in which at least one player chooses to exit. (c) Temporal evolution under the baseline mechanism for N = 500 and s = 0.5. (d) Temporal 
evolution under the public reputation system for N = 500 and s = 0.5. 

4.3. Comparison of the public reputation system and the baseline mechanism 
To provide a more detailed comparison between the baseline mechanism and our public reputation system, we conduct a quan-
titative analysis based on the average outcomes of multiple independent simulation runs. Specifically, focusing on the public 
reputation system under norm 01, which assigns good reputations to honest umpires and bad reputations to corrupt ones, we 
compare it with the baseline mechanism in terms of cooperation level, corruption rate and exit rate. 

As shown in figure 5a, under a large population size (N = 3000) and strong selection intensity (s = 5), where cyclic dynamics are 
observed (figures 3 and 4), the averaged results indicate that the cost-free public reputation system with norm 01 yields a higher 
proportion of cooperative players and a lower level of corruption compared to the baseline mechanism. In addition, we observe a 
higher exit rate under the reputation system. This suggests that the way in which reputation information is used, namely to decide 
whether to participate in interactions, plays a crucial role in the effectiveness of the mechanism. 

To examine the robustness of these findings, we further consider a different parameter setting with a smaller population (N = 
500) and weaker selection intensity (s = 0.5), as shown in figure 5b. The results show that the public reputation system continues 
to outperform the baseline mechanism, leading to higher cooperation levels and lower corruption rates. Furthermore, figure 5c,d 
presents the evolutionary dynamics obtained from agent-based simulations under N = 500 and s = 0.5. 

Additional comparative experiments under different parameter settings, including N = 3000, s = 1 and N = 3000, s = 10, are 
provided in the supplementary material. Overall, these findings demonstrate that the public reputation system under norm 01 
enables prudent players to effectively use reputation information, thereby reducing corruption and promoting cooperation. 

4.4. Private reputation assessment norms that better promote prosocial behaviour than public assessment 
Under a simple social norm that assigns good reputations to honest umpires and bad reputations to corrupt ones, the public 
reputation system is shown to outperform the baseline mechanism. However, the positive effects of our proposed reputation 
mechanism extend beyond this setting. In particular, the introduction of the private reputation system gives rise to a range of 
interesting and non-trivial behavioural outcomes. 

As shown in figure 6, we present the evolutionary outcomes under all 16 possible social norms for the private reputation system. 
Notably, four of these norms, namely 0000, 0101, 1010 and 1111, are effectively equivalent to the public reputation assessment 
norms 00, 01, 10 and 11, respectively. This is because, under these private norms, cooperators and defectors do not differ in how 
they evaluate umpires. As a result, all players assess umpire reputations based solely on the umpire’s strategy using a common 
criterion, which eliminates disagreement across players. This feature allows figure 6 to provide a direct comparison between the 
private and public reputation systems. 

Compared to these four public assessment norms, some private assessment norms, such as 0001, 1001 and 1011, perform worse 
in curbing corruption and promoting cooperation. This is because, under these norms, cooperative players fail to assign bad repu-
tations to corrupt umpires, whereas defectors are able to do so. As a result, this asymmetry prevents cooperators from effectively 
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avoiding corrupt umpires, leaving them vulnerable to exploitation. At the same time, defectors can benefit from interacting with 
corrupt umpires, thereby reinforcing corrupt behaviour. 

Figure 6. Evolutionary outcomes under different social norms for the private reputation system. (a) Average proportions of players adopting different strategies under 
various social norms. (b) Average proportions of umpires of different types under different social norms. In the private reputation system, each player forms its own 
evaluation of all umpires; therefore, the reported average proportions of umpire types are obtained by averaging across all players’assessments. These results are obtained 
from 20 independent runs, each averaged over the last 5000 MCSs of 50 000 MCSs, with N = 500 and s = 0.5. 

By contrast, certain private norms outperform public ones in reducing corruption and fostering cooperation. A representative 
example is norm 0110. Under this norm, cooperators correctly assign good reputations to honest umpires and bad reputations to 
corrupt ones, while defectors show poor assessment, assigning bad reputations to honest umpires and good reputations to corrupt 
ones. The way defectors evaluate umpires reflects that they assess umpires not based on objective moral standards, but according 
to whether the umpire’s behaviour aligns with their own interests. Consequently, defectors are more likely to be exposed to pun-
ishment from honest umpires, whereas cooperators benefit from favourable interactions. This leads to a reduction in corruption 
and promotes the evolution of cooperation. 

These results further suggest that the design of social norms should be considered together with the adopted participation 
rule. Under the reputation-based participation rule in our model, norm 0101, which aligns reputation with the moral quality of 
umpire behaviour, enables both cooperators and defectors to make participation decisions that best serve their own interests. By 
contrast, norm 0110 leverages the asymmetry between cooperators and defectors in their participation decisions: it preserves re-
liable reputation assessment among cooperators while preventing defectors from consistently exploiting reputation information 
to avoid unfavourable interactions. Therefore, the advantage of some private assessment norms does not simply arise from incor-
porating additional information (i.e. the player’s own strategy) into reputation assessment, but also from their ability to leverage 
the adopted participation rule. 

5. Conclusion 
We propose a novel evolutionary game-theoretic framework to investigate how reputation mechanisms can limit centralized cor-
ruption. By allowing players to access umpire reputation information and decide whether to participate in interactions accordingly, 
the proposed mechanism induces non-trivial coevolutionary dynamics between strategy and reputation. We establish both public 
and private reputation systems to investigate how reputation information shapes strategy evolution. 

For public reputation systems, we develop a formal model inspired by the replicator–mutator dynamics to characterize the 
population dynamics. Combining results from the dynamical model with agent-based simulations, we demonstrate that under a 
public reputation system with a norm where honest umpires are assigned good reputations and corrupt ones are assigned bad 
reputations, the population achieves lower levels of corruption and higher cooperation rates compared with the costly strategy 
acquisition mechanism. Moreover, for private reputation systems, we show that even stronger performance can emerge under 
certain social norms, such as when cooperators assign reputations according to the moral quality of umpire behaviour while 
defectors evaluate umpires based on self-interest. These findings highlight the importance of carefully designing social norms 
within reputation systems. 

It is worth noting that, while the existing literature on indirect reciprocity provides important insights and some of our norms 
share conceptual similarities with norms studied in traditional donation games, our norms still differ substantially from most 
norms designed for player reputation assessment, such as the well-known ‘leading eight’ norms [60]. This distinction stems from 
the fact that our model incorporates centralized punishment and focuses on the reputation assessment of third-party umpires. 
Therefore, our norms represent a class of reputation assessment norms tailored to third-party supervision. 

Overall, our results demonstrate that reputation mechanisms provide a robust and practical pathway to enhancing trans-
parency, thereby sustaining cooperation and limiting corruption. Building on our framework, promising directions for future 
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research include exploring the evolution of social norms under both public and private reputation systems from a bottom-up 
perspective, extending the framework to consider quantitative or finer-grained reputation representations, and investigating the 
role of player reputation systems in mitigating centralized corruption. 
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