Journal of Statistical Physics (2026) 193:68
https://doi.org/10.1007/510955-026-03633-y

®

Check for
updates

Spectral Prediction of Synchronization Clusters
in Commuting Multilayer Networks

Sheida Ansarinasab’ - Farnaz Ghassemi' - Fatemeh Parastesh?3 .
Karthikeyan Rajagopal®* - Sajad Jafari'> - Matjaz Perc®7:8?

Received: 20 December 2025 / Accepted: 22 May 2026
© The Author(s), under exclusive licence to Springer Science+Business Media, LLC, part of Springer Nature 2026

Abstract

Cluster synchronization, where subsets of nodes evolve coherently while others remain
desynchronized, underlies a wide range of coordinated phenomena in complex systems.
In networks with multiple types of interactions—so-called hypernetworks—each coupling
layer can promote distinct synchronization patterns, making it challenging to predict how
coherent groups form and remain stable. Existing symmetry-based methods often require
explicit group-theoretic identification, which becomes infeasible for large or structurally
heterogeneous systems. Here, we introduce a spectral framework that predicts the hierar-
chical formation and stability of synchronization clusters in hypernetworks composed of
commuting interaction layers. By exploiting the shared eigenspace of layer-specific Lapla-
cian matrices, the framework analytically determines the sequence of cluster formation and
decouples their stability via a generalized Master Stability Function. Numerical experiments
with Chen and Lorenz oscillators confirm the theoretical predictions, revealing a one-to-one
correspondence between spectral organization and the hierarchical emergence of synchro-
nization clusters. This approach provides a unified, computationally efficient method for
analyzing and controlling clustered coordination in systems governed by multiple, struc-
turally compatible interaction mechanisms.

Keywords Hypernetworks - Cluster synchronization - Commuting Laplacians - Spectral
analysis - Master Stability Function

1 Introduction

The study of complex networks, rooted in graph theory, has provided a powerful framework
for understanding how structural connectivity influences collective dynamics in natural and
engineered systems [1-3]. Network theory has enabled researchers to capture interdepen-
dence across scales—from neuronal assemblies [4—6] and economic systems [7, 8] to power
grids [9, 10] and social interactions [11, 12]—by representing interacting components as
nodes and their relations as edges. Within this context, synchronization has emerged as one
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of the most fundamental and extensively studied collective behaviors [13—15]. It describes
how dynamical units adjust their rhythms through mutual interaction, leading to coherent tem-
poral evolution [13]. Beyond its conceptual importance, synchronization underlies essential
real-world functions such as information processing in the brain [16, 17], coordination in
sensor networks [18, 19], and stability in electrical grids [20, 21].

While early studies primarily focused on complete synchronization [13—15], where all
nodes evolve identically, subsequent research has revealed that many natural systems exhibit
far more intricate coordination patterns [22—24]. Depending on structural properties and cou-
pling mechanisms, networks can display partial synchronization [23, 25], chimera states [22,
26], or hierarchical coordination patterns [24, 27]. Among these, cluster synchronization is
one of the most significant and pervasive forms of collective behavior, in which nodes par-
tition into distinct groups that maintain internal coherence while remaining desynchronized
with other groups [28, 29]. This phenomenon captures a realistic middle ground between
complete synchronization and total incoherence, reflecting the modular organization com-
monly observed in biological and technological networks [24, 30]. Understanding how such
clusters emerge and remain stable is essential for uncovering the organizational principles
that govern complex networked systems [27].

Numerous studies have investigated synchronization clusters and their stability under
various conditions in networks composed of a single interaction layer [27, 29, 31]. For exam-
ple, Bayani et al. showed that the progression toward complete synchronization in complex
networks occurs through a sequence of cluster formations that can be predicted from the
eigenvalues and eigenvectors of the graph Laplacian matrix [27]. Their spectral approach
accurately identified the nodes forming each cluster and the coupling strengths at which
they emerge, even in slightly heterogeneous networks. The study [31] introduced a spectral-
block-based framework for controlling cluster synchronization in complex networks. By
organizing Laplacian eigenvalues into localized spectral blocks, the authors demonstrated
how to induce or eliminate clusters and control their synchronization sequence as coupling
strength varies. Timofeyev and Patania (2025) further established a spectral framework link-
ing almost equitable partitions (AEPs) to cluster synchronization [29]. By showing how
Laplacian eigenvectors associated with AEPs govern synchronization cluster formation, they
reduced network dynamics via quotient graph projections and extended the framework to
quasi-equitable partitions for systems with structural imperfections, enabling the analysis of
cluster synchronization in noisy or heterogeneous networks.

As research on networked systems has advanced, it has become clear that interactions in
many real-world systems cannot be captured by a single-layer representation [32—34]. Entities
often engage through multiple, functionally distinct couplings—for example, chemical and
electrical synapses in neuronal systems [33], or social interactions encompassing friendships,
collaborations, and online connections [34]. This recognition has motivated the development
of the hypernetwork framework [35], in which each interaction layer represents a distinct
coupling mechanism. Hypernetworks provide a more faithful depiction of systems charac-
terized by diverse interaction types among entities [35]. While complete synchronization in
hypernetworks has been studied extensively [32, 36, 37], cluster synchronization presents a
greater analytical challenge due to the coexistence of multiple coupling mechanisms and het-
erogeneous topologies. Beyond identifying synchronization clusters, it is equally important
to assess their dynamical stability. Analytical tools such as the Master Stability Function,
MSEF [38] offer a systematic means to evaluate local stability under the complex interplay of
multiple interaction layers, providing both predictive insight and theoretical rigor.
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In recent years, the analysis of cluster synchronization in multilayer and hypernetwork
systems has drawn growing attention [28, 30, 39—41]. In 2019, Ma et al. examined syn-
chronization clusters in multilayer networks through numerical simulations, exploring how
interlayer coupling structures and correlations influence cluster formation and robustness
[40]. Della Rossa et al. analyzed synchronization clusters by identifying symmetries both
within and across layers using computational group theory [41], distinguishing independent
layer symmetries (within a single layer) from dependent ones (spanning multiple layers).
Their approach decomposed the dynamics into independent blocks and assessed stability via
the MSF. Wang and Liu developed a geometrically motivated Lyapunov approach for cluster
synchronization in multi-weighted and directed networks using pinning control, combining
normalized left eigenvectors of multiple asymmetric coupling matrices to derive sufficient
synchronization conditions [28]. The study [30] in 2024 investigated cluster synchroniza-
tion in multilayer networks of delay-coupled semiconductor lasers, introducing disjoint layer
symmetry to decouple stability across layers and expand the range of stable synchronization.
More recently, synchronization clusters in phase-lagged multilayer networks of oscillators
modeled by the Sakaguchi—Kuramoto dynamics were analyzed [39]. The authors showed
that fully degree-correlated configurations—where oscillator frequencies align with network
connectivity in both layers—significantly enhance the stability of cluster synchronization.

Despite notable advances in understanding complete synchronization in hypernetworks
[32, 35-37], predicting the emergence and stability of synchronization clusters across multi-
ple interaction layers remains a major challenge. Existing approaches based on computational
group theory [30, 41] require explicit identification of all hypergraph symmetries in each
layer, leading to prohibitive computational costs. To address this limitation, the present study
introduces a spectral-based analytical framework that relies exclusively on the eigenvalues
and eigenvectors of layer-specific Laplacian matrices. The novelty of the present work lies
not in a direct extension of existing single-layer spectral methods, but in establishing a new
framework for multilayer and hypernetwork systems under the commutativity condition.
While previous spectral approaches have shown that Laplacian eigenvalues and eigenvectors
can predict synchronization clusters in single-interaction networks [27, 29, 31], extending
these ideas to multilayer systems is nontrivial due to the coexistence of multiple, generally
incompatible spectral structures. Here, we show that when layer-specific Laplacian matrices
commute, their shared eigenspace provides a unifying spectral backbone that simultane-
ously encodes the clustering architecture of all interaction layers. This enables, for the first
time, the analytical prediction of the entire hierarchical sequence of synchronization cluster
formation across multiple layers using a single orthogonal basis. Moreover, the framework
yields a fully decoupled MSF for all clusters without resorting to explicit symmetry detec-
tion, group-theoretic analysis, or layer-by-layer quotient graph constructions. As such, the
proposed approach establishes a distinct and scalable spectral paradigm for analyzing cluster
synchronization in structurally compatible multilayer networks.

2 Methodological Framework

In this section, we present a comprehensive overview of the mathematical formulations
describing the hypernetworks examined in this study, along with an analytical approach for
predicting the sequence of synchronization cluster formation and assessing their stability
using a decoupled MSF framework.
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2.1 Hypernetworks Mathematical Description

In a hypernetwork composed of N identical oscillators and M distinct interaction layers, the
temporal dynamics of the i th oscillator can be expressed based on the following relations.

M N
Xi=F(X)+) o0y A%;G*(Xi. X)), i=12... N M

a=1 j=1
In Eq. 1, X; = (xi1, xi2, .. -, xin)" denotes the n-dimensional state vector of the i th

oscillator. The vector functions F' : R" — R" and G* : R" x R" — R" describe, respec-
tively, the intrinsic dynamics of isolated oscillators and the coupling mechanism among them
through the interaction layer o associated with the coupling strength o,. The N x N adja-
cency matrix A% represents the connectivity pattern of the graph related to the interaction
layer «. In the present study, the hypernetworks under consideration comprise undirected
and weighted graphs. Consequently, each adjacency matrix A% is symmetric, and the entry
A%;; = A%; specifies the weight of the edge connecting nodes i and j through the layer
« in the hypernetwork. Corresponding to each adjacency matrix A%, the Laplacian matrix
L% is defined as LY = D% — A%, where Zj-v:] L%;=0fori =1,2,..., N. The diagonal

degree matrix D* contains the node degrees through the interaction layer «, with diagonal
entries D%;; = Z?;l A%;;fori =1,2,..., N.Hence, the hypernetwork described by Eq. 1

can equivalently be reformulated in terms of the Laplacian matrices L* and the differential
coupling functions G*(X;, X ;) = G*(X;) — G*(X;) as expressed in Eq. 2.
M N
Xi:F(Xl')—ZO'aZLa,‘jGa(Xj), i:1,2,...,N. (2)
j=1

a=1

Such a representation establishes the foundation for analyzing synchronization patterns
and cluster formation in hypernetworks within a unified spectral framework.

2.2 Hypernetworks Structural Features

The present study aims to predict the sequence of synchronization clusters and analyze their
stability in the hypernetworks described by Egs. 1 and 2, based on the common eigenspace of
the Laplacian matrices of different interaction layers. Accordingly, the graphs corresponding
to the various interaction layers exhibit a clustered structure, with their respective Laplacian
matrices being simultaneously pairwise diagonalizable. The following subsections provide
a detailed description of the structural features of these graphs and the methodology used to
construct them.

2.2.1 Clustering Architecture

The graphs corresponding to the various interaction layers that constitute the hypernetworks
examined in this study exhibit a clustered organization characterized by a strong equitable
type. In general, for each graph of the hypernetwork described by the adjacency matrix A%,
a partition of the node set V = {1, 2, 3, ..., N} into K disjoint clusters C1*, C»%, ..., Cx®
is said to be external equitable if, for every pair of clusters (C %, qu‘) p # g, each node
i € Cp” has the same total edge weight from the nodes in C,* [27]. Mathematically, this
condition can be expressed as Eq. 3.
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Y A% =y, ViECS p#q. a=12,....M, 3)
jeCy®

where y® ., denotes the inter-cluster connection weight from cluster C, to cluster C, through
the interaction layer «.

A strong equitable partition is a special form of an external equitable partition in which all
nodes within a cluster are indistinguishable from the perspective of nodes outside that cluster
[27]. In other words, each node outside a given cluster is connected to all nodes within that
cluster with the same edge weight or is not connected to any of them. So, for every cluster
C,?*, the following condition holds.

A% =A%, ViireCy, VjeV\C), a=12,...,M. )

Equation 4 implies that all nodes within the same cluster have identical external degree,
meaning they receive the same total input from the rest of the graph. Notably, in a strong
equitable partition, the internal connections among nodes within each cluster are irrelevant;
therefore, the clusters are not necessarily symmetric orbits. Symmetry, in this context, refers
to a structural equivalence in which nodes can be interchanged without affecting the graph’s
overall connectivity pattern [27].

2.2.2 Simultaneously Diagonalizable Laplacians

The Laplacian matrix L* of the interaction layer « in the hypernetwork described by Eq. 2,
encapsulates the connectivity and nodal degree information of the adjacency matrix A®
according to the definition provided in the preceding subsections. Since this work aims to
analyze the stability of all synchronization clusters based on the decoupled MSF, the Lapla-
cian matrices of different interaction layers in the hypernetwork are assumed to be pairwise
commuting, allowing them to be simultaneously diagonalizable. It is worth noting that, in
the present study, all Laplacians are symmetric because the graphs related to the interac-
tion layers are undirected, which is crucial for the following properties. Mathematically, a
set of symmetric Laplacians {Ll, L2 ... LM } is pairwise commuting (thus simultaneously

diagonalizable) if, for any pair (L', LY), there exists a common invertible matrix P such that,
PlLiP=A", P'LIP=A, i,j=1,2,....M i+# ], 5)

where A’ and A/ are diagonal matrices containing the eigenvalues of L’ and L/, respectively.

Two distinct methods, including (/) common eigenbasis and (/) functional mapping
are employed in the present study to construct symmetric commuting Laplacians [42, 43].
In approach I [42], first, a Laplacian L’ is diagonalized as P; 'L P; = A’. The Laplacian
of another layer, L/, is then constructed in the same eigenbasis by choosing a new diag-
onal matrix A/ = diag(uy, n2, U3, ..., un), where 1 = 0 to satisfy the zero-row-sum
property, and the remaining positive eigenvalues {u, 13, ..., uy} are sorted in the same
order as those of A’. The new Laplacian is then formed as L/ = P;AJ P;~!. This ensures

that L’ and L/ share the same eigenvectors and are therefore simultaneously diagonalizable.
In approach 1 [43], L’ can be defined as a nonlinear function of L', i.e., L/ = H(L'),

where the function H is designed to preserve diagonalizability in the eigenbasis of L. In
both methods, additional constraints, including symmetry, zero row sums, and non-positive
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off-diagonal elements, are imposed to guarantee that the resulting matrices retain the defining
characteristics of valid Laplacians and are suitable for network dynamical analysis.

Moreover, since all constructed Laplacians are symmetric and pairwise commuting, they
are orthogonally simultaneously diagonalizable. Therefore, there exists at least one orthogo-
nal matrix Q (i.e., a matrix satisfying 0 07 = Q7 Q = Iy) that simultaneously diagonalizes
all Laplacians of different interaction layers as follows.

OTLYQ =A% Va=1,2,..., M. (6)

In Eq. 6, A% is the diagonal matrix of eigenvalues related to the interaction layer «.
This property preserves the Laplacian clustering structures and provides a mathematically
rigorous foundation for defining common eigenmodes across all interaction layers in the
hypernetwork.

It is worth noting that the commutativity condition imposed on the interaction layers of
the hypernetwork ensures that, although the corresponding Laplacian matrices are distinct,
they share an identical clustering structure. In other words, the best partitioning of the hyper-
network nodes that yields the minimum number of different strong equitable clusters is the
same across all individual interaction layers [44].

2.3 Synchronization Clusters Prediction

In 2024, Bayani et al. [27] conducted a study to predict the entire sequence of synchroniza-
tion cluster formation leading to complete synchronization in single-interaction networks.
In their work, the authors demonstrated that it is possible to predict both the sequence of
emerging synchronization clusters and the corresponding coupling strengths solely based on
the eigenvectors and eigenvalues of the network’s Laplacian matrix. In the present study, we
extend the approach proposed in [27] to predict the entire sequence of synchronization cluster
formation in hypernetworks described by Eq. 2. As explained in the previous subsections, the
Laplacian matrices associated with the different interaction layers of these hypernetworks
are pairwise commutative and can be simultaneously diagonalized by an orthogonal matrix
Q. Consequently, the clustering properties of all interaction layers are embedded in matrix
0, which represents the common eigenbasis of different Laplacians in the hypernetworks.
Each column ¢; of the orthogonal matrix Q = [q1, g2, ..., gn] corresponds to the i th
shared eigenvector of all layer-specific Laplacians L%, satisfying the following relation.

L% = ni%, a=1,2,...,M. (7

Thus, based on Eq. 7, for each g; an M-tuple of eigenvalues u; = (u; L M,-Z, el ,u,-M) is
obtained, which characterizes the spectral response of the i th eigenmode across all interaction
layers of the hypernetwork. As the coupling strengths (oy, 02, ..., o)) between oscilla-
tors gradually increase from zero, the hypernetwork successively exhibits the emergence
and merging of the synchronization clusters, leading to the complete synchronization of the
hypernetwork. Assuming that the synchronization manifolds corresponding to different clus-
ters do not deviate significantly from the complete synchronization manifold, the orthogonal
matrix Q can be used to predict the entire sequence of synchronization cluster formation
in the hypernetwork. It is noteworthy that, as stated in [27], the proposed algorithm is valid
only for coupling functions that vanish on the synchronization manifold of the hypernetwork.
Under this condition, the synchronization manifold of the hypernetwork follows the same
dynamics as that of uncoupled oscillators.
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In the first step of implementing the generalized algorithm proposed in the present study,

the orthogonal matrix Q = [q1, g2, - . ., gn] is considered as follows.
q11 q21 o gNI
q12 q22 <.+ 4N2
Q =
qiIN 92N ... 4NN

For each M-tuple of eigenvalues u; = (,ul-], /L,'z, M corresponding to the i th
common eigenvector g; (see Eq. 7), a symmetric matrix E; with zero diagonal elements is
constructed as outlined below.

(i1 —qi)? (g2 — gi)* ... (gin — qi)*
(g1 — q2)* (g2 — q)* ... (giN — q2)?
Ell«i = .. ..
(g — gN)* (g2 — giN)? .. (giN — giN)?
Without loss of generality, let the matrices E,;, (i = N, N —1,...,1) correspond to

the M-tuple of eigenvalues ordered from the largest to the smallest. Then, the sequence of
synchronization clusters formation in the hypernetwork, consisting of N stages, is predicted
from the ordered set of matrices {.S; };z}v as follows.

Sy = Epy .
SN—1 =S8N+ Euy_;>

S =83+ Ey,,
S1 =8+ Ey,-

Each element of the matrix S, related to the stage N — n + 1 of the clustering sequence
is calculated based on Eq. 8.

N
S =Y _ (qix — qin)’ ®)

here, g;; and g;; denote the k th and / th elements of the i th column of matrix Q, respectively.
The matrix Q is orthogonal, so its rows also form an orthonormal basis for the space R" .
Accordingly, each element (S,);; is precisely the sum of squared differences of the last
N — n + 1 components of the vectors related to the k th and / th row of matrix Q. Because
these rows are orthonormal, the maximum possible value of any element in the symmetric
matrix S, is two, corresponding to the squared Euclidean distance between two orthonormal
vectors.

Ateach stage N —n-+1 of the clustering sequence, the indices of the elements in the matrix
S, that form a block of entries equal to two correspond to the nodes of the hypernetwork that
constitute a cluster. Also, multiple distinct blocks of entries with values equal to two may
appear in the matrix S,, each represents a separate cluster that coexists with others within
the hypernetwork. As the clustering sequence progresses from its initial to its final stages,
various synchronization clusters within the hypernetwork gradually merge, forming larger
clusters. Ultimately, at the stage N — 1 of the clustering sequence corresponding to the matrix
S>, all oscillators in the hypernetwork form a single synchronization cluster, indicating the
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emergence of complete synchronization. Let cluster C at stage N — n + 1 of the clustering
sequence, according to the matrix S,,, consist of m nodes with indices 1,2, . . . , m without loss
of generality. This cluster corresponds to a block B¢ of dimension N x (m — 1), composed
of (m — 1) columns (eigenvectors) of the orthogonal matrix Q. In all these eigenvectors,
only the components corresponding to the indices of the cluster nodes are nonzero, while
all other components are zero. Conversely, each of the remaining eigenvectors outside this
block exhibits identical values across the entries corresponding to the indices of the cluster
nodes. According to Eq. 8, for any two nodes k and [/ belonging to the same cluster C
(k,1 =1,2,...,mk # 1), only the columns of Q contained within the block B¢ contribute
to the value of the element (S, );;. In essence, the eigenvectors forming the block B¢ represent
directions orthogonal to the synchronization manifold of cluster C and play a critical role in
determining the stability of this synchronization cluster. Finally, based on Eq. 7, the set of
(m — 1)M-tuples p.; = (Mcil, ,uciz, e ,uciM ) associated with each eigenvector ¢; in the
block B¢ can be computed. These eigenvalue tuples characterize the spectral components
that govern the stability of the synchronization manifold corresponding to cluster C.

2.4 Stability Analysis of Synchronization Clusters

In this subsection, we analyze the stability of synchronization clusters in the hypernetwork
by extending the MSF approach [38]. This approach provides a powerful analytical tool to
determine the local stability of synchronized states by decoupling the network dynamics from
the coupling structure. It is worth noting that the stability analysis of complete synchronization
for single-interaction networks using the MSF framework is provided in “Appendix”.

Without loss of generality, we focus on a specific cluster C of the hypernetwork, consisting
of m nodes with indices i = 1, 2, ..., m. The dynamics of the i th node in the cluster C,
considering its connections with other nodes both within and out of the cluster, can be
described by Eq. 9.

M
Xi=FX) =Y ou| D LG (X)) + Y _L*;G*(X;) |, i=12,....m. (9
a=1 jec j¢C
Since the diagonal elements of the Laplacian matrices L* do not contribute to the term
> iec L*jG*(X ), Eq. 9 can be rewritten in the simplified form of Eq. 10.

M
Xi=F(Xi) =Y oa| > L%G*(X;) = > A%;G*(X;)|. i=12....m. (10)
a=1 jeC JjgC

In Eq. 10, the coupling term g ) ;4 A%;;G* (X ;) represents the total input received by

the ith node of cluster C in interaction layer « from the rest of the network corresponding to
that layer. Because the clusters in all interaction layers of the hypernetwork are assumed to
be strong equitable clusters, this coupling term is identical for all nodes within the cluster C
and is independent of i. Under the condition of synchronization for cluster C, all nodes in C
evolve toward the synchronization manifold defined as X1 = X» = ... = X,;;, = Xs. The
dynamics of all nodes within the cluster C in the synchronized state are governed by Eq. 11.
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M
Xoe = F(Xse) = Y 0w | G*(Xse) Y L% — > A%;G*(X;)|. i=12,....m.
a=1 jeC j¢C

(an

In Eq. 11, the term d.* = ) jec L%;; equals the total weight of edges between the node
i in the cluster C of interaction layer o and all other nodes outside the cluster in that layer,
which is identical for all nodes belonging to the same cluster. Consequently, the equation
describing the synchronized state dynamic for cluster C can be expressed as Eq. 12.

M
Xoe = F(Xye) = Y 0u| "G (Xse) = D A%;GY(X;) |, i=12,....m. (12)
a=l1 JjEC

According to Eq. 12, it can be observed that the synchronization manifold of cluster C,
unlike the complete synchronization manifold of the entire hypernetwork, does not solely
depend on the intrinsic dynamics of the isolated oscillators (X se = F(Xs¢)). In fact, the
synchronization manifold of each cluster in the hypernetwork is influenced by the entire
hypernetwork dynamics, the coupling functions G* of different interaction layers, and the
set of coupling strengths (o1, 02, ..., o). Moreover, the coupling strength sets that lead to
the formation of synchronization clusters in the clustering sequence, and also the d* are not
identical for different clusters of the hypernetwork. Therefore, the synchronization manifolds
corresponding to different clusters are also distinct.

Nevertheless, there are two main reasons to assume that the synchronization manifold
of each cluster approximately follows the intrinsic dynamics of the isolated oscillators in
the hypernetwork, i.e. Xge = F(X,c). First, for analyzing the sequential formation of syn-
chronization clusters in the hypernetwork, the coupling strengths (o1, 02, . . ., o)) gradually
increase from zero, and their values generally remain within a moderate range, far from large
magnitudes. Second, as indicated by Eq. 12, in the stability analysis of synchronization clus-
ter C, no explicit constraints are imposed on the dynamics of nodes outside the cluster across
the different interaction layers. Consequently, the second term of Eq. 12 consists of inde-
pendent components whose combined contribution remains relatively small. Therefore, it
can be approximated that this term has a negligible value for all synchronization clusters in
the hypernetwork, implying that the synchronization manifold of each cluster approximately
follows the isolated oscillator dynamics.

To analyze the local stability of the synchronization manifold of cluster C, slight deviations
of the form § X; = X; — X are considered for each node i belonging to cluster C. Linearizing
Eq. 10 around the X, yields the deviation dynamics for node i of cluster C, as expressed in
Eq. 13.

M
8X; = DF(X)8Xi — Y 0 »_ LYjDG*(Xs0)8X;, i=1,2,....,m. (13)
a=1  jeC

In Eq. 13, the n x n matrices DF and DG represent the Jacobian matrices of vec-
tor functions F and G“ evaluated at the synchronization manifold X, of cluster C. By
stacking the deviation vectors of all cluster nodes as §X = [§X L CLI cSXmT]T and
employing the Kronecker product ®, the collective deviation dynamics of cluster C from its

synchronization manifold can be compactly written as Eq. 14.
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M
8X = (In ® DF (Xse) = ) 0a(Le® +d:*In) ® DG*(X;)8X. (14)

a=1

InEq. 14, I,,, denotes the m x m identity matrix. The L.* with dimension m x m represents
the Laplacian matrix associated with the block of m nodes in the hypernetwork forming cluster
C in layer «, and satisfies Z?’zl Lij*=0,i=12,...,m.

Since the symmetric Laplacians L* of different interaction layers « are pairwise commu-
tative, the corresponding symmetric intra-cluster Laplacians L.* for cluster C are likewise
pairwise commutative. Hence, there exists an orthogonal matrix Q. € R™*™ that simulta-
neously diagonalizes the Laplacians {LC"‘}é‘f= 1- The orthogonal matrix Q. can be chosen to
reflect the natural decomposition into the synchronization manifold direction and its orthog-
onal complement for cluster C as Q¢ = [O/;yx1Omxm—1)l. The m-dimensional vector
0r= 7171 [1,1,..., 117 lies along the synchronization manifold of cluster C. As described in

Sect. 2.3, let the columns of the matrix B¢ with dimension N x (m — 1) represent the common
eigenvectors of the orthogonal matrix Q associated with the synchronization cluster C. The
matrix O is then obtained by extracting, from all the columns of B¢, the m nonzero elements
corresponding to the indices of the nodes that form cluster C. By premultiplying Eq. 14 by
0.7 ®1I,and defining the new variable as n = (0.T @ 1,)§X, m decoupled equation, each
with dimension n x 1 is obtained, as expressed in Eq. 15.

M
0 = (DF(Xsa—Zoa(xa»“+dc“)DG“(Xsc>)m, i=12...m (5
a=1
In Eq. 15, the term pq,% = Aq® + d.“ represents the sum of the i th eigen-

value of the Laplacian matrix L.* associated with cluster C (A;;%) and the external
degree of the cluster nodes (d.“) in the interaction layer o. The MSF is defined as the
largest Lyapunov exponent (LLE) of Eq. 15, expressed as an M-dimensional function of
the parameters ¢, = (o1 1eit, aguciz, e oppe™) for i = 1,2,...,m. The M -tuple
Rei = (dcl, dcz, R dCM ) corresponds to the common eigenvector O/, « 1, which lies along
the synchronization manifold of cluster C and therefore does not influence its synchroniza-
tion stability. The remaining M-tuples pu.; fori = 2,3, ..., m correspond to the common
eigenvectors orthogonal to the synchronization manifold of the cluster and play a crucial
role in determining its stability in the hypernetwork. It is worth noting that these M-tuples
(g fori = 2,3,...,m) obtained from the decoupled MSF equations for cluster C are
identical to those determined through the method introduced in Sect. 2.3. The synchronous
state of cluster C is considered locally stable if the maximum of the LLEs associated with
Eq. 15fori =2, ..., mis negative, implying that the deviation amplitudes from the cluster’s
synchronization manifold asymptotically decay to zero over time.

3 Results

This section provides a detailed explanation of the simulation results, focusing on the analysis
of synchronization clusters and their stability in networks composed of multiple interaction
layers with commuting Laplacian matrices. In the present study, to numerically evaluate the
synchronization within cluster C consisting of m nodes of the hypernetwork with indices i =
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1,2, ..., m, the cluster synchronization error (C E) criterion defined in Eq. 16 is employed
[27].

1 m o
CE=<mZ||Xi(t)—Xc(t)ll> . (16)
t

i=1

In Eq. 16, X; (¢) denotes the n-dimensional state variable vector of the i th oscillator in the
cluster C at timet. The X (¢) represents the average of the state variable vectors of all oscilla-

tors in clusterC, obtained according to the relationX . (7) = % Z;":l X;(t). The symbols ||.||

and (.), denote the Euclidean norm and time averaging, respectively. The C E criterion quan-
tifies the degree of coherence among the oscillators within the cluster. Therefore, a smaller
value of C E indicates a higher level of synchronization among the oscillators in the cluster,
and vice versa. In all simulations of the present study, the C E is computed after discarding
an initial transient of + = 800 time units to ensure convergence to the asymptotic dynamical
regime, and it is then averaged over the time window? € [800, 1000]. A cluster is classified
as synchronized if its CE falls below a fixed numerical threshold of10~3, which robustly
distinguishes between synchronized and desynchronized states across all coupling parameter
values considered.

To provide a more precise visualization of the simulation results obtained from the theo-
retical framework presented in Sect. 2, this study examines hypernetworks comprising two
distinct interaction layers. To construct commuting Laplacian matrices within these hyper-
networks, a weighted, undirected, and fully connected base graph with adjacency matrix
B including ten nodes, corresponding to one of the two interaction layers, is considered, as
illustrated in Fig. 1. As shown in this figure, the nodes of graph B are divided into three strong
equitable clusters, including cluster 1 with nodes (1, 2, 3), cluster 2 with nodes (4, 5, 6), and
cluster 3 with nodes (7, 8,9, 10). As demonstrated by the adjacency matrix B of the graph
shown in Fig. 1b, each node outside a strong equitable cluster is connected to all nodes in the
cluster with identical edge weights, while the connections among the nodes within the cluster
differ. Consequently, the clusters are not the symmetry orbits of the graph. It is noteworthy
that the Laplacian matrix of graph B possesses nine distinct nonzero eigenvalues. Subse-
quently, the graphs for the other interaction layer in different hypernetworks are constructed
using the procedures described in Sect. 2.2.2.

The following subsections present a detailed analysis of the results concerning the synchro-
nization clusters in hypernetworks composed of Chen and Lorenz oscillators. All simulations
in the present study are performed using the fourth-order Runge—Kutta method [45], with
a total runtime of 7 = 1000 and time steps of dt = 0.003 and dr = 0.005 for hyper-
networks composed of Chen and Lorenz oscillators, respectively. Also, all simulations are
repeated under 100 different random initial conditions in the interval of [—10, 10] to ensure
the reliability of the results.

3.1 Synchronization Clusters Analysis in the Hypernetwork Composed of Chen
Systems

This subsection presents the results from analyzing synchronization clusters and their stabil-
ity in the hypernetwork composed of Chen systems. To this end, the graph shown in Fig. 1 is
considered to describe the connectivity among the nodes of the hypernetwork in the first inter-
action layer (A' = B). The graph of the second interaction layer with the adjacency matrix A2
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Fig. 1 The diagrams of a the weighted and undirected base graph considered for one of the two interaction
layers of the hypernetworks examined in this study, and b the corresponding adjacency matrix B. This graph
consists of ten nodes, represented by solid colored circles. The edge weights connecting the graph nodes and
the corresponding elements in the adjacency matrix are shown using the color bar, with each edge weight
assigned the same color as its corresponding element in the adjacency matrix. As illustrated in panels a and b,
the nodes of this graph are divided into three strong equitable clusters. The first cluster comprises nodes 1-3,
represented in green; the second cluster includes nodes 4-6, depicted in red; and the third cluster comprises
nodes 7-10, represented in blue. As shown, each node outside a cluster is connected to all nodes within the
cluster, with identical edge weights

is then constructed using the common eigenbases method described in Sect. 2.2.2. The intrin-
sic dynamics of the uncoupled oscillators in the hypernetwork follow the three-dimensional
Chen system defined by the function F(X) = (a(y —x),(c —a — z)x +cy, xy — ,BZ)T,

where X = (x, y, z)T. In the Chen system, the parameters a = 35, ¢ = 28, and 8 = 8/3 are
selected to ensure chaotic behavior [46].

In general, the coupling functions associated with each interaction layer « in the hyper-
networks of the present study are considered to be linear-diffusive G*(X ;) = g% X ;, where

g” is an n X n coupling matrix with binary elements (0 or 1). An element g%;; = 1 indicates
that the difference between the j th state variables of two oscillators is fed back as a coupling
term into the i th state variable equation of the oscillator. In the hypernetwork examined in
this subsection, the couplings between oscillators in the first and second interaction layers
are defined by the following coupling matrices:

000 000
gt=1100 [.?=|010
000 000

After applying the proposed method introduced in Sect. 2.3 to the orthogonal matrix Q,
which simultaneously diagonalizes the Laplacian matrices corresponding to graphs A! and
AZ as described in Eq. 7, the obtained results are summarized in Table 1. The first and second
columns of Table 1 present the nodes constituting the clusters and the corresponding stages
in the predicted clustering sequence at which the related synchronization clusters emerge,
respectively. According to this table, the third strong equitable cluster, composed of nodes
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Table 1 The predicted sequence of synchronization clusters formation in hypernetworks composed of Chen
and Lorenz systems

Cluster nodes Existence Related pairs of eigenvalues
Hypernetwork with Chen Hypernetwork with Lorenz oscillators
oscillators (e, 11c?) (nets me?)
(7,8,9, 10) Stages 3 (17,19), (15, 17), (13, 15) (12.77,17), (11.47, 15), (10.15, 13)
to 5
4,5,6) Stage 5 (11,13), (9, 11) (8.82,11), (7.48,9)
(4,5,6,7,8,9,10) Stages 6 (17,19), (15,17), (13, 15) (12.77,17), (11.47, 15), (10.15, 13)
o8 (11,13), (9, 11),(7,9) (8.82,11), (7.48,9), (6.11,7)
(1,2,3) Stage 8 5,7,3,5) (4.71,5), (3.24,3)

The first and second columns indicate the indices of oscillators forming each predicted synchronization cluster
and the corresponding stages in the clustering sequence where that cluster appears. The third and fourth columns
present the pairs of eigenvalues associated with the eigenvectors orthogonal to the synchronization manifold
of each cluster in the hypernetwork

7-10, is the first synchronization cluster to appear at the third stage of the clustering sequence.
This synchronization cluster persists through the fourth and fifth stages. In addition to this
cluster in the fifth stage, the second strong equitable cluster, comprising nodes 4—6, emerges
independently. Subsequently, these two clusters merge at the sixth stage to form a larger
synchronization cluster containing nodes 4 through 10. This large cluster remains intact
during the seventh and eighth stages of the clustering sequence. In the eighth stage, the first
strong equitable cluster, consisting of nodes 1-3, also arises. Finally, at the ninth stage of
the clustering sequence, this cluster merges with the larger cluster, resulting in complete
synchronization within the hypernetwork. Furthermore, Table 1 lists, for each predicted
synchronization cluster, the corresponding pairs of eigenvalues (u.!, i.?) associated with
the eigenvectors orthogonal to the synchronization manifold of the cluster, which play a key
role in assessing the cluster stability.

In the following, to provide a better illustration of the synchronization clusters formation
sequence within the hypernetwork of Chen systems, the coupling strength related to the first
interaction layer is fixed at o1 = 0.36, while the coupling strength corresponding to the other
interaction layer o is varied. Then, the state variable x of all oscillators at the final time
point of the simulations (+ = 1000) is plotted for those o7 values corresponding to the first
appearance of the synchronization clusters reported in Table 1, as depicted in Fig. 2.

Panel (a) of Fig. 2 illustrates that the synchronization cluster composed of oscillators 7-10
(the third strong equitable cluster) in the hypernetwork emerges for the first time at the small
coupling strength o, = 0.19. This cluster remains the only synchronization cluster within
the hypernetwork until o, reaches 0.29, as shown in panel (b), where an additional synchro-
nization cluster comprising oscillators 4-6 (the second strong equitable cluster) appears for
the first time. As depicted in panel (c), further increasing o; to 0.41 causes the previously
formed clusters to merge, resulting in a larger synchronization cluster that includes oscillators
4 through 10 of the hypernetwork. Finally, at oo = 0.81, the first strong equitable cluster con-
sisting of oscillators 1-3 emerges alongside the cluster of oscillators 4 to 10. Notably, as o2
increases further to 1.4, complete synchronization among all oscillators in the hypernetwork
is achieved.

In what follows, Fig. 3 illustrates the synchronization error of the predicted clusters in the
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Fig. 2 Diagrams of the state variable x for all oscillators within the hypernetwork composed of Chen systems
at the final time point of simulations (+ = 1000) for a (01, 02) = (0.36,0.19), b (01, 02) = (0.36,0.29),
¢ (o1,02) = (0.36,0.41), and d (o1, 02) = (0.36,0.81). The horizontal axis represents the indices of the
nodes (oscillators) in the hypernetwork. The green, red, and blue colors assigned to the nodes correspond to the
oscillators belonging to the first, second, and third strong equitable clusters of the hypernetwork, respectively.
These diagrams illustrate the sequential emergence of synchronization clusters within the hypernetwork for a
fixed coupling strength o and gradually increasing coupling strength o7

hypernetwork composed of Chen systems, as described in Table 1, under varying the coupling
strengths o1 and o7 between the oscillators. In these diagrams, each point represents the
average of the synchronization error between the oscillators of the corresponding cluster for
the respective coupling strength pair (o1, 02), according to the color bar. As observed, within
the same (o1, 02) parameter space, clusters predicted at the early stages of the clustering
sequence exhibit a wider coherence region than those predicted at later stages.

Figure 4 presents the results of the stability analysis of the predicted synchronization
clusters in the hypernetwork based on the MSF approach. Each point of these diagrams
represents the maximum of the LLEs corresponding to the respective synchronization cluster,
calculated using Eq. 15 and the eigenvalue pairs provided in Table 1, for the associated
coupling strength pair (o1, 02). A comparison between Figs. 3 and 4 reveal a strong agreement
between the numerical and analytical findings of the present study.

@ Springer



Spectral Prediction of Synchronization Clusters in Commuting ... Page 150f25 68

5 5

10 10
4 . 4 =
g £ g £
w w
3 5 3 §
- 6 T = 6 &
e N © N
5 2 5
2 4 £ 4 £
4 4
1 2 » 1 2 @

0 0 0 0

0 0.5 1 15 2 0 0.5 1 15 2
73 25
5

10 10
- 4 i
o o
8 £ 8 £
§ 3 §
6 T = 6 T
5 © 5
4 £ 2 s £
o [*]
& &

2 1 2

0 0 0

0 0.5 i 15 2 0 0.5 1 15 2

92

(c) (d)

Fig. 3 Diagrams of the average synchronization error for predicted clusters as the coupling strengths o1 and o7
vary in the hypernetwork composed of Chen systems. Panels correspond to synchronization clusters comprising
a oscillators 7-10, b oscillators 4-6, ¢ oscillators 4-10, and d oscillators 1-3 of the hypernetwork. In these
diagrams, the horizontal axis represents the coupling strength o5, and the vertical axis shows the coupling
strength o1 between the hypernetwork oscillators. The color of each point in these diagrams indicates, according
to the colorbar, the average synchronization error among the related cluster oscillators for the corresponding
(o1, 07) pair. These diagrams show that synchronization clusters predicted at later stages of the clustering
sequence require higher coupling strengths to emerge within the hypernetwork

3.2 Synchronization Clusters Analysis in the Hypernetwork Composed of Lorenz
Systems

This subsection analyses the synchronization clusters and their stability in a hypernetwork
composed of Lorenz systems. The dynamics of the hypernetwork nodes are described by the
function F(X) = (e(y —x),x(p —2) — y, Xy — ﬂz)T corresponding to the Lorenz system,

where X = (x, y, z)”. The parameters of the Lorenz system are chosen as ¢ = 10, p = 28,
and B = 2 to ensure chaotic behavior [46].

To construct commutative Laplacian matrices for the different interaction layers of the
hypernetwork, the Laplacian matrix L> = L7 is first defined based on the Laplacian matrix
LB of graph B shown in Fig. 1, consisting of N = 10 nodes, representing the second
interaction layer. Subsequently, following the functional mapping method, the Laplacian
matrix for the first interaction layer is constructed as L' = VLB +0.6L5. The coupling
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Fig. 4 Diagrams of the maximum LLE for predicted synchronization clusters as the coupling strengths o
and oy vary in the hypernetwork composed of Chen systems. Panels correspond to synchronization clusters
comprising a oscillators 7-10, b oscillators 4—6, ¢ oscillators 4—10, and d oscillators 1-3 of the hypernetwork.
In these diagrams, the horizontal axis represents the coupling strength o5, and the vertical axis shows the
coupling strength o) between the hypernetwork oscillators. Each point of these diagrams indicates, according
to the colorbar, the maximum value of the LLEs calculated based on Eq. 15 for the related cluster and the
corresponding (o7, o) pair. Comparing these diagrams with those of Fig. 3 shows a good agreement between
the numerical and analytical findings of the present study

between oscillators within the first and second interaction layers is implemented as linear-
diffusive coupling functions according to the following coupling matrices,

100 000
¢gt=]1000 [.&?=|100
000 000

Both Laplacian matrices, L' and L2, are simultaneously diagonalizable using an orthog-
onal matrix Q based on Eq. 7. The sequence of synchronization clusters formation in this
hypernetwork is predicted by applying the method proposed in Sect. 2.3 to this orthogonal
matrix Q, as reported in Table 1. Itis noteworthy that, since the Laplacian of one of the interac-
tion layers in both the Chen- and Lorenz-based hypernetworks commutes with the Laplacian
of graph B in Fig. 1, a similar clustering structure is observed in both hypernetworks despite
their distinct Laplacians. Consequently, the predicted sequence of synchronization cluster
formation in both hypernetworks, as stated in the first and second columns of Table 1, is
identical. However, the eigenvectors orthogonal to the synchronization manifolds of clusters
and their corresponding eigenvalue pairs (the third and fourth columns of Table 1) differ for
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the same clusters between the two hypernetworks. This results in distinct coupling strength
pairs (o1, 02) required for the emergence of equivalent synchronization clusters in the two
hypernetworks.

In the following, Fig. 5 shows the average synchronization error for various clusters in the
hypernetwork composed of Lorenz oscillators as the coupling strength pairs (o7, 02) vary
in the interval of [0, 2.5]. Comparison of the synchronized and desynchronized regions in
these diagrams indicates that clusters predicted at the later stages of the clustering sequence
require higher coupling strengths o and o7 to emerge in the hypernetwork compared to
clusters predicted at the earlier stages of the sequence. Accordingly, the synchronized region
in the same parameter space (o7, 02) is wider for clusters predicted at the beginning of the
clustering sequence than for those predicted at the end.

Following the stability analysis of the predicted synchronization clusters according to
Sect. 2.4, Fig. 6 presents the maximum of the LLEs calculated for these clusters in the
hypernetwork of Lorenz oscillators based on Eq. 15 by varying the coupling strength pairs
(01, 02). Comparison of the results in Figs. 5 and 6 demonstrates excellent agreement between
the numerical and analytical findings obtained in this study.
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Fig. 5 Diagrams of the average synchronization error for predicted clusters as the coupling strengths o1 and
o7 vary in the hypernetwork composed of Lorenz systems. Panels correspond to synchronization clusters
comprising a oscillators 7-10, b oscillators 4—6, ¢ oscillators 4—10, and d oscillators 1-3 of the hypernetwork.
In these diagrams, the horizontal axis represents the coupling strength o5, and the vertical axis shows the
coupling strength o1 between the hypernetwork oscillators. The color of each point in these diagrams indicates,
according to the colorbar, the average synchronization error among the related cluster oscillators for the

corresponding (o7, 07) pair. These diagrams show that synchronization clusters predicted at later stages of
the clustering sequence require higher coupling strengths to emerge within the hypernetwork
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Fig. 6 Diagrams of the maximum LLE for predicted synchronization clusters as the coupling strengths o
and o7 vary in the hypernetwork composed of Lorenz systems. Panels correspond to synchronization clusters
comprising a oscillators 7-10, b oscillators 4-6, ¢ oscillators 410, and d oscillators 1-3 of the hypernetwork.
In these diagrams, the horizontal axis represents the coupling strength o7, and the vertical axis shows the
coupling strength o1 between the hypernetwork oscillators. Each point of these diagrams indicates, according
to the color bar, the maximum value of the LLEs calculated based on Eq. 15 for the related cluster and the
corresponding (o1, o) pair. Comparing these diagrams with those of Fig. 5 shows a good agreement between
the numerical and analytical findings of the present study

4 Discussion and Conclusion

The present study introduced a spectral-based analytical framework for predicting synchro-
nization clusters and assessing their stability in networks comprising multiple commuting
interaction layers. While earlier works have focused primarily on complete synchroniza-
tion [32, 35-37] or on symmetry-based approaches that require explicit identification of
group-theoretic structures [30, 41], the framework proposed here provided a mathematically
rigorous yet computationally efficient alternative. By exploiting the commutativity of Lapla-
cian matrices across different interaction layers, the method established a unified eigenspace
that enabled both the prediction of the full sequence of synchronization cluster formation and
the stability analysis through a decoupled Master Stability Function (MSF). This formula-
tion bridges the gap between single-layer spectral methods and the complexity of multilayer
architectures, offering a coherent foundation for understanding how diverse interaction mech-
anisms collectively shape cluster synchronization patterns in hypernetworks.

The analytical and numerical findings demonstrated that, under commuting Laplacians,
the entire sequence of synchronization cluster formation can be predicted directly from
the shared eigenvectors and eigenvalues of the interaction layers. The predicted clusters
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exhibited a hierarchical emergence, with smaller, tightly synchronized groups forming at
lower coupling strengths and progressively merging into larger coherent structures as cou-
pling increased. This process culminated in complete synchronization, in full agreement
with theoretical predictions derived from the shared Laplacian eigenspace. The close cor-
respondence between analytically predicted and numerically observed cluster formations
in both Chen- and Lorenz-based hypernetworks confirmed the robustness and generality
of the proposed framework. The results further revealed that eigenvalue pairs associated
with eigenvectors orthogonal to a cluster’s synchronization manifold play a decisive role in
determining local stability. Clusters emerging early in the sequence corresponded to eigen-
modes with larger eigenvalues, requiring weaker coupling for stabilization and exhibiting
broader stability regions in the coupling-parameter space. Conversely, clusters forming later
in the hierarchy required stronger coupling strengths to stabilize, resulting in narrower sta-
ble regions. These relationships quantitatively linked spectral properties to the dynamical
stability landscape of multilayer networks.

A key conceptual insight from this work concerns the role of commutativity among inter-
action layers. When the Laplacian matrices of different layers are pairwise commuting, the
coexistence of multiple coupling mechanisms does not lead to destructive interference among
their eigenmodes. Instead, the system preserves a set of orthogonal collective modes that can
be analyzed independently. This property greatly simplifies the stability problem, yielding
an exact analytical decomposition of multilayer synchronization dynamics. From a broader
perspective, this finding suggests that structural compatibility between interaction layer-
s—manifested as spectral commutativity—serves as an organizational principle promoting
coherent, clustered behavior in complex systems. Although the commutativity of Laplacian
matrices is a strong structural assumption, it holds in some relevant classes of multilayer and
hypernetwork systems. Exact commutativity arises when interaction layers share an identical
clustering architecture, layers generated from a common eigenbasis, or layers related through
functional mappings of a reference Laplacian. Such structures are encountered in some engi-
neered systems (e.g., multilayer power grids with aligned control layers), brain and biological
networks exhibiting conserved modular organization across interaction modes, and multiplex
networks designed with correlated or hierarchically constrained connectivity patterns. Com-
muting Laplacians can also emerge as accurate approximations in empirical systems where
interlayer correlations are strong, even if exact commutativity is not strictly satisfied. When
the commutativity condition is weakly violated, the Laplacians no longer admit an exactly
shared eigenbasis, leading to weak coupling between transverse modes that are decoupled
under exact commutativity. In this case, the proposed framework remains informative to
leading order, as the dominant clustering structure and associated synchronization sequence
are primarily governed by the nearly common eigenspaces.

The proposed framework also extends the reach of spectral approaches by demonstrating
that mathematical tools developed for single-layer systems can be generalized to hypernet-
works without explicit symmetry detection. From a computational perspective, the proposed
framework offers a significant advantage over symmetry-based group-theoretic approaches.
The dominant computational cost of the present method is associated with the simultaneous
diagonalization of the M commuting Laplacian matrices, which for undirected networks can
be achieved using standard eigendecomposition algorithms with polynomial complexity in
the network size N. Importantly, this procedure is performed once and yields a common
eigenbasis, which is subsequently used to predict the entire clustering sequence and to per-
form stability analysis across all layers. The additional cost scales linearly with the number
of layers M, since each layer contributes only an eigenvalue spectrum in the shared basis.
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In contrast, group-theoretic methods for cluster synchronization require explicit identifica-
tion of network automorphisms and symmetry groups for each interaction layer, followed
by the construction of quotient networks and block-diagonalization of the dynamics. The
computational complexity of symmetry detection grows rapidly with network size and can
become combinatorially expensive for large-scale or multilayer systems. Therefore, by avoid-
ing explicit symmetry enumeration and relying solely on the spectral properties of commuting
Laplacians, the proposed framework provides a scalable, computationally efficient alternative
for analyzing synchronization clusters in hypernetworks with multiple interaction layers.

Comparative analyses using Chen and Lorenz oscillators further underscored the univer-
sality of the framework. Despite differences in intrinsic oscillator dynamics and coupling
functions, both hypernetworks exhibited identical sequences of cluster formation dictated
solely by the shared Laplacian eigenspace. This finding confirms that the spectral structure
of the hypernetwork—not the specific oscillator model or coupling function—governs the
qualitative pattern of cluster emergence. Nonetheless, the precise coupling strengths required
for stabilization varied between systems, reflecting the influence of oscillator dynamics and
coupling functions on quantitative stability boundaries. This duality highlights that while
topology and spectral organization determine the qualitative structure of synchronization
clusters, the quantitative stability characteristics depend on local dynamical details.

Although the numerical results presented in this study focused on relatively small hyper-
networks with a limited number of interaction layers, the proposed framework is not restricted
to these specific settings. The prediction of synchronization clusters and their stability relies
fundamentally on the existence of strong equitable partitions and the commutativity of the
Laplacian matrices, rather than on the absolute network size or particular cluster sizes. As
a result, the same spectral procedure can be applied directly to larger networks, where the
number of nodes N and the sizes of the clusters may vary significantly. In such cases, the
common eigenbasis of the commuting Laplacians continues to encode the hierarchical clus-
tering structure, while the decoupled MSF formulation remains valid for assessing cluster
stability. Moreover, the framework can be extended to hypernetworks with an arbitrary num-
ber of interaction layers, since each additional layer adds an extra spectral component to the
eigenvalue tuples governing stability without altering the underlying clustering architecture.
Different cluster sizes change the dimensionality of the transverse subspaces associated with
each cluster, but do not modify the conceptual steps of the analysis. Therefore, the examples
provided in the present study should be viewed as representative illustrations of a general
spectral mechanism for predicting and analyzing synchronization clusters in commuting
multilayer networks, rather than as special or limiting cases.

Also, the proposed framework was developed under the assumptions of identical oscilla-
tor dynamics and exact structural conditions, including strong equitable partitions. However,
these conditions may be only approximately satisfied due to parameter mismatch, external
noise, or small structural perturbations. In such cases, exact cluster synchronization is gener-
ally replaced by approximate cluster synchronization, where nodes within the same predicted
cluster remain close but not identical in state space. Small mismatches in oscillator parame-
ters or weak noise sources typically lead to bounded fluctuations around the synchronization
manifold and may slightly shift the stability boundaries predicted by the MSF, without fun-
damentally altering the hierarchical sequence of cluster formation determined by the spectral
structure. Similarly, slight deviations from strong equitable partitions introduce heterogene-
ity in the external inputs received by nodes within the same cluster, which can weaken cluster
invariance but does not immediately destroy the clustering pattern when perturbations are
small. In this case, the shared eigenspaces of the nearly commuting Laplacians continue
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to capture the dominant collective modes, and the predicted clustering sequence remains a
useful approximation.

From a methodological standpoint, the exact dynamical and structural assumptions
adopted in the present study, together with slight deviations from them, provide conceptual
clarity and analytical tractability. At the same time, they naturally suggest several impor-
tant directions for future research. In particular, many real-world systems exhibit interaction
layers that are only partially commuting or weakly correlated. Strong violations of commuta-
tivity may induce mode mixing and compromise the fully decoupled MSF analysis developed
here. Extending the framework to such settings, for instance, through perturbative treatments
around a commuting reference structure or approximate joint diagonalization techniques,
could elucidate how near-commuting multilayer architectures influence multiscale coordi-
nation and cluster stability. Another important extension concerns the assumption of static
network topologies. In many biological, technological, and social systems, coupling struc-
tures evolve in response to internal dynamics or external stimuli. Incorporating time-varying
or adaptive multilayer interactions would further enhance the applicability of the framework
and enable the study of dynamically evolving clustering patterns, cluster transitions, and
hierarchical desynchronization in realistic systems.

Beyond these open theoretical directions, the proposed spectral framework offers several
promising practical implications. It provides a scalable analytical tool for predicting and
analyzing cluster synchronization in systems with multiple coupling mechanisms, and intro-
duces a unifying spectral perspective that may guide the design of multilayer networks with
prescribed cluster-based functionality. In particular, by engineering commuting Laplacians
with targeted eigenvalue distributions, one could control the order, robustness, and stability
of cluster formation, enabling selective promotion, suppression, or reconfiguration of syn-
chronization patterns. Finally, the explicit link between observed clustering dynamics and
the shared eigenspaces of multilayer Laplacians suggests potential applications in network
inference. Transitions between synchronization clusters may serve as indirect signatures of
underlying multilayer connectivity, offering a route to reconstruct or constrain structural
information from dynamical data alone. Together, these perspectives position the present
framework as a foundation for exploring control, inference, and information segregation in
multilayer systems, while also motivating future extensions beyond the idealized assumptions
considered here.

In summary, this study proposed and validated a spectral-based analytical framework
capable of predicting and characterizing synchronization clusters in networks with multi-
ple commuting interaction layers. Theoretical predictions derived from the shared Laplacian
eigenspace showed excellent agreement with numerical simulations across distinct oscillator
dynamics and coupling functions, confirming the robustness of the approach. By integrating
spectral graph theory with the MSF formalism, the framework provided a conceptually ele-
gant and computationally efficient route to understanding the hierarchical organization and
stability of cluster synchronization in hypernetworks. Future extensions to non-commuting
or adaptive hypernetworks, as well as applications to neural, communication, or power-grid
systems, may further reveal how spectral compatibility governs coordination in complex
multilayer systems.
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Appendix: Stability Analysis of Complete Synchronization
in Single-Interaction Networks

The MSF framework offers a powerful analytical tool for evaluating the local stability of
complete synchronization in networks comprising identical oscillators [38]. Consider a net-
work of N oscillators coupled through a diffusive coupling function G : R" — R", each
governed by the n-dimensional state vector X; () € R". The temporal evolution of the i th
oscillator can be written based on the Laplacian matrix L of the network as follows.

N
X;=F(X;)—0 Y Li;jG(X;) i=12,....N, (17)
j=1

where F : R" — R”" describes the intrinsic node dynamics, o is the coupling strength
between oscillators, and L is the Laplacian matrix with dimension N x N describing the
network topology. Under the diffusive coupling function, the completely synchronized state
is defined by X1 = X, = -+ = Xy = Xj, where X(¢) evolves according to the isolated
oscillator dynamics X, = F(X,). Toexamine the local stability of this synchronous manifold,
small perturbations § X; = X; — X; are introduced. Linearizing the network equations around
the synchronized trajectory yields the following equation.

N
8X; = DF(X)8X; —0 Y LijDG(X;)8X; i=12,....N. (18)
j=1

In Eq. 18, DF(X;) and DG(X) denote the Jacobian matrices of F and G, respec-
tively, evaluated at X;. By stacking all perturbation vectors into a composite state vector
8X =[6X17,8X,7, ..., SXNT]T, the linearized system can be compactly expressed in
Kronecker form as follows.

8X =y ® DF(Xy) —oL ® DG(X,))8X. (19)

Since the Laplacian L is real and symmetric, it can be diagonalized as L = PAPT,
where P is the matrix of orthonormal eigenvectors and A = diag(u1, (2, - .., [LN) contains
the Laplacian eigenvalues ordered as 0 = p; < p2 < --- < upy. Applying the modal
transformation n = (PT ® I,,)(S X, the system decouples into N independent subsystems of

dimension n as stated in Eq. 20.
i = (DF(Xs) — o DG(X)mi i =1,2,...,N. (20)

The first mode (i; = 0) corresponds to perturbations parallel to the synchronization
manifold and therefore does not affect its stability. The remaining N — 1 modes, each governed
by n = (DF(X;) — ¢ DG(Xy))n, with ¢ = o u;, describe perturbations transverse to the
synchronization manifold. The LLE of this system defines the MSF. If LLE is negative for all
¢ =oui(i =2,...,N),alltransverse perturbations decay exponentially, and the completely
synchronized state is locally stable. This formalism elegantly separates the influence of nodal
dynamics from the influence of network structure encoded in the Laplacian spectrum. As a
result, the MSF framework enables a universal characterization of synchronization stability
that is applicable across various network topologies, coupling configurations, and oscillator
dynamics.
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