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Abstract

We study how to predict bifurcation points in continuous dynamical systems, with a particular focus on complex behaviors
relevant to neuroscience. Standard early warning signals such as autocorrelation, variance, skewness, and kurtosis work
well for simple bifurcations but often fail for transitions involving limit cycles, period-doubling, or chaos. Building on our
earlier work with discrete maps, we adapt the period-based decomposition method to continuous flows. Our approach first
samples the dynamics with a Poincaré section, then estimates the dominant period and decomposes the signal into sub-
series. Early warning indicators are computed for each sub-series and averaged to produce modified signals. Applying this
method to the Hindmarsh-Rose neuron model, we show that the modified indicators reveal clear and consistent trends
before period-doubling and chaotic transitions, greatly improving on standard approaches. We also find that focusing on the
slowest system variable is essential for obtaining reliable signals. Our results indicate that this framework provides a
powerful tool for anticipating complex critical transitions in continuous dynamical systems and may help predict chal-
lenging dynamics in real-world settings.
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of neuron models have been investigated [17-19], includ-
ing network models [20-22] and specialized types like
coupled memristive neural networks [23-25]. A survey of
the nonlinear dynamics viewpoint in neuroscience was
presented in [26-28]. Investigating networks of such
models has been a hot topic [29-31]. Cluster synchro-
nization is an interesting phenomenon that has attracted
much attention [32, 33]. The flow-based models, such as
the Hindmarsh-Rose (HR) model [34], are capable of
reproducing a rich repertoire of behaviors, including
stable resting states, periodic spiking and bursting, and
intricate chaotic firing patterns [14, 35, 36]. Various
dynamics of neural models have been studied in [37-39].
Transitions between these different dynamical regimes can
be viewed as tipping points, and predicting them is
essential for gaining insights into phenomena like epileptic
seizures, changes in cognitive states, or the onset of neu-
rological disorders.

A widely used approach for anticipating tipping points
relies on early warning signals (EWS) [40]. These are
statistical metrics derived from time series data that are
designed to detect the phenomenon of critical slowing
down—the tendency for a system’s recovery from pertur-
bations to become increasingly slow as it approaches a
bifurcation point [41]. Common EWS include the auto-
correlation function at lag-1 (ACC), variance, skewness,
and kurtosis [41]. These indicators have proven effective in
predicting simple bifurcations, such as the transition from a
stable fixed point to another stable state. However, their
applicability is significantly limited when dealing with
more complex dynamical transitions, particularly those
involving limit cycles, period-doubling cascades, or crises
leading to chaos [42]. In such scenarios, standard EWS
often fail to exhibit the expected trends, rendering them
ineffective for reliable prediction. In our previous work, we
addressed this limitation for discrete dynamical systems
(maps) by proposing a modification to standard EWS [42].
This involved estimating the underlying period of the
system’s oscillation from the time series and then decom-
posing the original time series into sub-time series based on
this period. Standard EWS were then calculated for each
sub-series and averaged. This period-based decomposition
significantly improved the prediction performance for
complex transitions like period-doubling routes to chaos in
maps.

Here, we extend this successful methodology to con-
tinuous dynamical systems (flows), specifically focusing on
chaotic neuron models with period-doubling route to chaos
bifurcations. Directly applying the discrete map method to
high-resolution continuous data is computationally pro-
hibitive and analytically problematic. We overcome this by
first sampling the continuous flow using a Poincaré section,
effectively transforming the continuous dynamics into a
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discrete map. We then adapt the period-based decomposi-
tion approach to this Poincaré sampled data. The proposed
method is tested on the Hindmarsh-Rose neuron model,
demonstrating its effectiveness in predicting tipping points
associated with complex bifurcations in continuous flows,
thereby bridging the gap between EWS methodologies for
discrete and continuous systems.

The remainder of this paper is structured as follows. In
Sect. 2, we detail the methodology, beginning with an
introduction to the HR neuron model and the challenges
associated with applying standard early warning signals
directly to continuous flow data. We then describe the
proposed method, which adapts our previous period-based
decomposition approach for discrete maps by incorporating
Poincaré sampling to handle the continuous nature of the
flows. Section 3 presents the results of applying the mod-
ified early warning signals (Autocorrelation, Variance,
Kurtosis, and Skewness) to the HR model, demonstrating
their improved performance in predicting various bifurca-
tion points compared to standard indicators. Section 4
provides a detailed discussion, focusing on the impact of
variable selection for Poincaré sampling and the underlying
reasons for the improved performance of the proposed
method. Finally, Sect. 5 offers concluding remarks, sum-
marizing the key findings and implications of this work for
predicting critical transitions in continuous dynamical
systems.

2 Methodology: forecasting bifurcation
points in models of chaotic flow-based
neurons

Since neural activity dynamics are naturally continuous in
time, they are frequently represented by ordinary differ-
ential equation (ODE) systems that produce continuous
flows [37]. These flow-based neuron models are capable of
reproducing a rich repertoire of complex behaviors
observed in real neural systems, including stable resting
states, periodic spiking and bursting, and intricate chaotic
firing patterns [43]. Such complex dynamics are particu-
larly relevant in understanding pathological states and the
transitions between different regimes of neural activity
[44], which can be viewed as tipping points in the system’s
behavior. Gaining understanding of the mechanisms behind
occurrences such as epileptic seizures, changes in cognitive
states, or the onset of neurological illnesses requires the
ability to predict these critical transitions in continuous
neural models.

Autocorrelation, variance, skewness, and kurtosis are
examples of standard early warning signals (EWS) that
have been shown to be useful in predicting important
transitions linked to basic bifurcations (e.g., approaching a
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stable fixed point) in both maps and flows [41, 42]. In our
previous work [42], we addressed the limitations of stan-
dard EWS for predicting bifurcation points in discrete
maps undergoing period-doubling cascades. We proposed a
modification where the time series is first analyzed to
estimate the underlying period, and then decomposed into
sub-time series. Standard EWS were then calculated for
each sub-series and averaged. The approach significantly
improved prediction performance for complex transitions
in maps. However, when this method is applied directly to
time series produced by continuous systems moving
through more complicated bifurcation situations, like the
period-doubling route to chaos or crises, these indicators
frequently fall short (which is discussed in this section).
The dynamics in flow systems are continuous and fre-
quently oscillatory, which makes it difficult to consistently
identify the statistical indicators of significant slowing
down connected to these intricate transitions.

Here, we particularly adapt this effective methodology
for use with continuous dynamical systems (flows), con-
centrating on neuron models that display complex bifur-
cations and chaotic dynamics. Adapting the two-step
approach to deal with the continuous-time nature of the
data is still the main premise. In the following, the chal-
lenges of the previous method [42] are discussed. Then, the
improved method that can deal with those challenges is
proposed.

2.1 The studied model

In this study, we utilize the well-known HR neuron model
to investigate various bifurcation points in continuous-time
neuronal dynamics. The HR model is a system of three
coupled ordinary differential equations that effectively
captures the complex firing patterns observed in biological
neurons. The model is defined as:

X=y+bx>—x>—z+1,
y=1-52 -y, (1)
2= —rz+rs(x — Xyes),

where the variables x,y, and z represent the membrane
potential, a recovery variable (or spiking variable), and a
bursting variable, respectively. The parameter / represents
the external forcing current (equivalent to membrane input
current in biological neurons), while b controls the transi-
tion between bursting and spiking behaviors and influences
spike frequency. The parameter r governs the efficiency
rate of slow ion channels, controlling spike frequency
during spiking activity and affecting the number of spikes
per burst during bursting behavior. Additionally, s controls
the matching between variables, and x,. sets the system’s
resting potential.

For our analysis, we fix the parameters at b = 3,1 =
3.25,5s =4, and x,.,; = —1.6. The parameter r is selected
as the primary bifurcation parameter (see Fig. 1) and is
systematically varied within the interval [0, 0.05] to explore
a range of dynamical behaviors, including transitions from
simple spiking to complex bursting patterns and chaotic
dynamics. The diagrams are plotted with run time of 6000
and the resolution of changing parameter is 0.00001. This
parameter range encompasses several critical transitions,
making it suitable for evaluating the performance of our
proposed early warning indicators in predicting bifurcation
points in continuous dynamical systems. The HR model’s
rich bifurcation structure, including period-doubling routes
to chaos, makes it an ideal testbed for extending our pre-
viously developed methodology from discrete maps to
continuous flows.

2.2 Challenges of the EWS in continuous-time
dynamical systems

There are some challenges in applying the method of our
previous work to the chaotic flows. To investigate these
challenges, first we apply the standard EWS (autocorrela-
tion, variance, skewness, and kurtosis) to the continuous-
time neuronal dynamics of the HR model. Then we further
discuss the challenges of applying the improved version of
EWS to the chaotic flows.

2.2.1 Limitations of standard early warning signals in flow
analysis

When numerically solving chaotic flows, achieving accu-
rate results necessitates the use of small time step sizes. In
this study, we employ MATLAB’s ODE45 solver with a
stringent error tolerance of 1072 to ensure precise inte-
gration of the continuous dynamical system. This high
accuracy requirement, while essential for capturing the true
dynamics, introduces significant computational challenges
for EWS analysis.

To illustrate these challenges, we focus on the auto-
correlation function with lag-1 (ACC) as a representative
standard EWS when applied to continuous-time neural
systems. The primary computational difficulty arises from
the nature of flow data: even for relatively short simulation
run times, the resulting time series becomes extremely long
due to the small integration time steps. For instance, with
our chosen parameters and solver settings, a modest run
time of 200 time units (in Fig. 2) generates an extensive
dataset that poses substantial computational demands for
EWS calculation. Figure 2 presents the analysis results for
the HR system (1), where the autocorrelation with lag-1 is
computed for each parameter value of r. The
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«Fig. 1 Bifurcation diagram of continuous time neuron model (1) by
varying parameter r and forward continuation method; the first set of
initial conditions are (0.5,1,0). Bifurcation diagrams are plotted by
maximum values of a x variable; b y variable; ¢ z variable; the
diagrams reveal a rich sequence of dynamical transitions—including
period-1 spiking, period-doubling cascades, periodic windows, and
chaotic regimes—providing a comprehensive map of tipping points
used to evaluate early warning signals in this study

figure displays two key components: the computed ACC
values from the z variable signal (shown in red) overlaid on
the bifurcation diagram of maximum z values (shown in
blue). This visualization highlights the fundamental limi-
tations of standard EWS when applied to continuous flows.

The results reveal critical shortcomings of the standard
ACC approach in the flow context. Most notably, the ACC
fails to exhibit any meaningful trend as the system
approaches bifurcation points or moves away from them.
Unlike the clear patterns observed in discrete maps or
simple continuous systems undergoing basic bifurcations,
the ACC values for the flow system with more complex
dynamics than equilibrium points remain approximately
constant at unity across the entire parameter range. This
persistent value of approximately 1 indicates that the
standard autocorrelation method lacks sensitivity to the
underlying dynamical changes occurring in the continuous
system, rendering it ineffective for predicting bifurcation
points in chaotic flow-based neuron models.

Similar limitations are observed for other standard EWS
(variance, skewness, and kurtosis) when applied directly to
flow data, motivating the need for the modified approach
we propose in the following sections. These computational
and conceptual challenges underscore the fundamental
differences between analyzing discrete maps and continu-
ous flows in the context of early warning signals for
complex dynamical transitions.

2.2.2 Overcoming the limitation using the Poincaré map

Here to solve the issue, we should use a sampling method
to remove the extra and unnecessary information from the
time series. An excellent method to sample a dynamical
system’s time series is using the Poincaré section. Here we
use the maximum values of the z variable as the Poincaré
section and computed the ACC to see if there is any proper
trend or not. Figure 3 shows the bifurcation plot using the
maximum values of z variable and the computed ACC
using the Poincaré signal. An important point can be seen
in this figure that in the end of the interval of r parameter,
the ACC have a proper trend when the dynamics are priod-
1. It can be seen that by moving away from the bifurcation
point in r = 0.037 the ACC decreases from 1. However,
we cannot see any change when the system shows priod-2
dynamics in the interval [0.018,0.037].

To address the challenges associated with applying early
warning signals directly to high-resolution continuous flow
data, we employ a sampling strategy that extracts essential
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Fig. 2 Limitations of standard autocorrelation at lag-1 (ACC) when
applied directly to the continuous time series of the HR model
(variable z); the figure shows the computed ACC values (red) plotted
against the bifurcation diagram of maximum z values (blue) forr € [0,

0.05]. The ACC values (red) remain nearly constant at 1 across the
entire parameter range, indicating that standard early warning signals
fail to capture critical slowing down in continuous chaotic flows due
to oversampling and lack of oscillation-aware decomposition
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Fig. 3 Performance of standard autocorrelation at lag-1 (ACC)
applied to the Poincaré sampled signal (local maxima of z variable)
from the HR model. The computed ACC values (red) are plotted
alongside the bifurcation diagram of maximum z values (blue). While
a decreasing trend in ACC is visible near r = 0.05 for period-1

dynamical information while eliminating redundant data
points. The Poincaré section method provides an elegant
approach for sampling continuous dynamical systems by
capturing the system’s state at regular intervals corre-
sponding to specific geometric or temporal criteria [45].

In this study, we implement the Poincaré map by sam-
pling the system state at the local maxima of the z variable
trajectory. This approach effectively transforms the con-
tinuous flow into a discrete map that preserves the essential
dynamical characteristics while significantly reducing the
data volume. By focusing on the maximum values of z, we
capture the recurrent behavior of the system’s bursting
dynamics, which is particularly relevant for the Hind-
marsh-Rose neuron model.

Figure 3 presents the analysis results obtained using this
Poincaré sampling approach. The figure displays the
bifurcation diagram constructed from the maximum z val-
ues (shown in blue) alongside the autocorrelation coeffi-
cient with lag-1 computed from the Poincaré sampled
signal (shown in red). This visualization reveals important
insights into the effectiveness of the sampling method.

A critical observation from Fig. 3 is the improved
behavior of the ACC when computed on the Poincaré
sampled data compared to the raw continuous signal.
Specifically, at the end of the parameter interval where the
system exhibits period-1 dynamics (approaching r = 0.05),
the ACC demonstrates a proper trend as the system moves
away from the bifurcation point. In this regime, the ACC
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dynamics—consistent with critical slowing down—the indicator fails
to show meaningful trends during period-2 or chaotic intervals,
demonstrating that Poincaré sampling alone is insufficient for
detecting complex bifurcations

decreases from its maximum value of 1, indicating the
expected behavior of critical slowing down indicators.

However, limitations persist even with the Poincaré
sampling approach. During parameter intervals where the
system exhibits period-2 dynamics, the ACC computed
from the Poincaré map fails to show any meaningful trend
that would indicate approaching bifurcation points. This
observation highlights that while Poincaré sampling
addresses the computational burden, it does not inherently
resolve the fundamental limitation of standard early
warning signals in detecting complex transitions such as
period-doubling cascades.

These results underscore the need for further method-
ological modifications beyond simple sampling techniques.
The Poincaré map approach, while useful for reducing data
complexity, still requires the enhanced methodology we
propose to effectively predict bifurcation points associated
with complex bifurcation scenarios in continuous dynam-
ical systems. This finding motivates our development of
modified early warning indicators specifically adapted for
flow systems, building upon the successful framework
previously established for discrete maps.

2.3 The proposed method
Building upon the successful framework for predicting

tipping points in discrete maps via period-based decom-
position of time series [42], we adapt and extend this
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methodology specifically for application to continuous
dynamical systems (flows). The core principle remains:
decompose the time series based on the estimated under-
lying periodicity to enhance the sensitivity of standard
EWS to complex bifurcations.

However, applying this directly to raw, high-resolution
flow data, as discussed in Sect. 2.1.1, is computationally
prohibitive and analytically problematic. As demonstrated
in Sect. 2.1.2, utilizing a Poincaré section (specifically,
sampling the system state at the local maxima of the z
variable in our example) effectively addresses the data
volume issue and provides a discrete representation of the
flow’s dynamics. Nevertheless, the results in Sect. 2.1.2
also showed that applying standard EWS directly to this
Poincaré sampled signal still fails to reliably predict
complex transitions like period-doubling cascades.

Therefore, a modified approach is proposed that com-
bines the benefits of Poincaré sampling with the enhanced
sensitivity of our previously developed period-based
decomposition method. The proposed method consists of
the following steps, applied to the Poincaré sampled time
series obtained from the continuous flow signal:

1. Computation of the Poincaré signal from the selected
signal: The continuous time series obtained from the
flow system (e.g., the variable z(¢) from the HR model)
is processed to generate a discrete Poincaré sec-
tion. This is achieved by sampling the continuous
signal at specific, dynamically relevant points. In this
study, we select the local maxima of the chosen
variable (z) as the Poincaré section. This transforma-
tion effectively converts the continuous flow data into a
discrete signal, significantly reducing data volume
while preserving the essential dynamical information
related to the system’s recurrent behavior, making
subsequent analysis computationally feasible and
focusing on the underlying oscillatory structure.

2. Dynamic Type Estimation for Poincaré Series: The
first step involves estimating the underlying dynamic
type (i.e., the period of the oscillation) directly from
the Poincaré sampled time series. We analyze the
Poincaré time series to estimate its dominant period,
denoted as 7. For a flow sampled via Poincaré section,
T represents the number of oscillation cycles (or the
period of the attractor in the Poincaré map) between
successive sampling points. If the continuous flow
exhibits chaotic dynamics, the estimated 7 will typi-
cally reaches a predefined maximum threshold (77).

3. Decomposition of the Poincaré Time Series: Once the
period T is estimated from the Poincaré sampled data,
the second step involves decomposing this discrete
Poincaré time series into 7 distinct sub-time series.

Then, the original Poincaré time series zp is divided
into T sub-time series:

w1 = {ZP(1)7ZP(1 + T)va(l +2T)a }
wa = {2p(2),2p(2 + T),2p(2 + 2T), ...}

wr = {ZP(T),ZP(T + T),ZP(T + ZT), }

1. Calculation of Modified Early Warning Signals: Stan-
dard EWS (autocorrelation at lag-1, variance, skew-
ness, kurtosis) are then calculated individually for each
of the T sub-timseries (wp,...,wr) derived from the
Poincaré map.

2. Averaging: Finally, the modified early warning indi-

cator is obtained by averaging the values of the chosen
EWS computed from the 7 sub-time series. For
example, the modified autocorrelation is calculated
as: 1XT EWS(w;) where EWS(w;) represents the
standard EWS (e.g., autocorrelation at lag-1) calcu-
lated for the i-th sub-time series w;.

An important step in applying the modified early
warning indicators to the Poincaré sampled data involves
estimating the underlying dynamic type, specifically the
dominant period of the oscillation, directly from the dis-
crete time series obtained via the Poincaré section. To
estimate T, we analyze the autocorrelation function of the
Poincaré time series the same way as Ref. [42]. The pri-
mary goal is to identify the lag T at which the autocorre-
lation function reaches its maximum (excluding the peak at
lag 0). This lag T represents the estimated period 7. Similar
to the approach used for maps, thresholds are employed to
handle transients and noisy signals, ensuring robust period
estimation. Specifically, if the autocorrelation at a given lag
exceeds a predefined high threshold (e.g., > 0.99999999)
or the variance of the Poincaré series falls below a low
threshold (e.g., < 0.001), the autocorrelation is set to one.
Conversely, if the estimated period T exceeds a predefined
maximum threshold, the dynamics are classified as highly
complex or chaotic, and T is set to this maximum value
Tax = 100 for subsequent decomposition. This step
effectively determines the appropriate number of sub-time
series into which the Poincaré data will be divided in the
next step.

By applying this modified methodology to the Poincaré
sampled data of continuous flows, we aim to overcome the
limitations of both standard EWS applied directly to raw
flow data and standard EWS applied to Poincaré data. This
approach leverages the discrete nature of the Poincaré map
while incorporating the period-based decomposition con-
cept to enhance sensitivity to complex bifurcations, such as
those occurring in period-doubling routes to chaos in
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continuous neuronal models. The subsequent results sec-
tion will demonstrate the effectiveness of this adaptation.

3 Results: enhanced early warning signals
for bifurcation points in the HR neuron
flow

This section demonstrates the application of the proposed
modified EWSs, derived from the Poincaré sampled time
series, to anticipate critical transitions in the HR neuron
model. The bifurcation parameter r is swept from 0 to 0.05,
encompassing various dynamical regimes including peri-
odic spiking, bursting, period-doubling cascades, and
chaotic behavior. The performance of the modified indi-
cators (Autocorrelation at lag-1, Variance, Kurtosis,
Skewness) is evaluated against the limitations observed
when standard EWS are applied directly to the Poincaré
section (as shown in Sect. 2.2.2).

3.1 Performance of modified autocorrelation
(ACQ)

Figure 4 presents the outcome of applying the modified
ACC to the Poincaré time series (local maxima of z) from
the HR model. The bifurcation diagram of maximum z

values is shown in blue, while the modified ACC values are
plotted in red.

In contrast to the flat or erratic behavior of standard
ACC on the Poincaré signal (Fig. 3), the modified ACC
exhibits distinct trends correlated with the system’s
approach to critical transitions. Notably, prior to period-
doubling bifurcations, a discernible increase in the absolute
value of the modified ACC value is observed, as the system
slows down. This increasing trend is visible not only before
simple periodic transitions but also ahead of transitions into
more complex dynamics, including the onset of chaotic
regimes via period-doubling cascades. The modified ACC
effectively captures the signature of critical slowing down
associated with these intricate bifurcations when analyzed
through the period-decomposed components of the Poin-
caré map.

For example, consider the period-doubling bifurcation
near r ~ (0.037. The modified autocorrelation (ACC)
begins to rise significantly at parameter values well before
the bifurcation point (e.g., from r ~ 0.03 onward), pro-
viding a clear anticipatory signal. Conversely, as r
increases beyond the bifurcation and the system moves
deeper into a new dynamical regime, the ACC decreases,
reflecting reduced critical slowing down. This behavior
enables a qualitative estimation of “lead time” in param-
eter space: the earlier the indicator deviates from baseline,
the farther in advance the transition can be anticipated.

/)

- -

I |

| | | |

0.005

0.01 0.015 0.02

Fig. 4 Performance of the modified autocorrelation at lag-1 (ACC)
applied to the Poincaré sampled signal from the HR model; the
modified ACC values (red), calculated using the proposed period-
based decomposition method, are plotted against the bifurcation
diagram of maximum z values (blue). The modified ACC (red)
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exhibits clear increasing trends prior to multiple bifurcation points—
including period-doubling bifurcations and transitions into or out of
chaos—showing that period-aware decomposition restores sensitivity
to critical slowing down in continuous chaotic systems
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Similar anticipatory trends are captured for other tran-
sition types in the HR model—including intermittency and
boundary crises. While our current analysis is conducted in
parameter space (rather than real time), the monotonic and
consistent trends of the modified indicator before each
class of bifurcation effectively encode predictive lead
information.

3.2 Performance of modified variance

Figure 5 illustrates the application of the modified variance
calculation to the decomposed Poincaré time series. Again,
the bifurcation diagram (maximum z values, blue) is jux-
taposed with the modified variance (red). The modified
variance shows a marked increase in the vicinity of tipping
points. As the HR system approaches bifurcations—whe-
ther transitioning between different periodic states, enter-
ing a period-doubling sequence, or approaching chaotic
dynamics—the modified variance rises, however there are
some perturbations in the increasing and decreasing trend
of the variance. This behavior aligns with the expectation
that fluctuations should amplify as the system’s resilience
weakens near a critical transition. The rise in modified
variance is particularly evident before the cascade of per-
iod-doubling bifurcations leading to chaos, demonstrating
its sensitivity to the buildup of dynamical instability in the

max

28 L L

flow system when the analysis is properly adapted to the
oscillatory nature of the data.

3.3 Performance of modified kurtosis

The results for the modified kurtosis are displayed in
Fig. 6. The bifurcation diagram (blue) is shown alongside
the modified kurtosis values (red). The modified kurtosis
exhibits informative changes near bifurcation points.
Often, a noticeable decrease in kurtosis is observed as the
system approaches bifurcations. This trend suggests a shift
towards a more Gaussian-like distribution of the states
within the decomposed components, reflecting the chang-
ing nature of fluctuations near criticality. This behavior is
consistent across different types of transitions observed in
the HR model, including entry into chaotic regions and
transitions between periodic windows. The modified kur-
tosis thus provides a complementary signal to variance,
capturing changes in the shape of the state distribution
associated with impending transitions in the continuous
flow.

3.4 Performance of modified skewness
Figure 7 shows the outcome for the modified skewness

applied to the HR model’s Poincaré data. The bifurcation
diagram (maximum z values, blue) is plotted with the
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Fig. 5 Performance of the modified variance applied to the Poincaré
sampled signal from the HR model; the modified variance values
(red), calculated using the proposed method, are plotted against the
bifurcation diagram of maximum z values (blue). The modified
variance (red) increases as the system approaches bifurcation points,
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particularly before period-doubling cascades leading to chaos,
confirming that variance—when properly adapted—can serve as a
reliable early warning signal for complex transitions in continuous
flows
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Fig. 6 Performance of the modified kurtosis applied to the Poincaré
sampled signal from the HR model; the logarithm of modified
kurtosis values (red), calculated using the proposed method, are
plotted against the bifurcation diagram of maximum z values (blue).

logarithm of absolute value of modified skewness (red).
The modified skewness represents an exception in our

The modified kurtosis (red) shows systematic decreases near bifur-
cation points; this provides complementary evidence of critical
slowing down and enhances the robustness of multi-indicator early
warning frameworks

time series are not averaged; instead, their minimum value
is reported as the final index. The modified skewness

method, where the computed values for each of the T sub-  demonstrates characteristic variations near critical
381 14
S 1,
3.6 T =
I
/A T )
34 7
N ‘ E
32 7
-4
3 1.6
28 | 1 | | | 1 | | | ‘8
0.005 0.01 0.015 0.02 0.025 0.03 0.035 0.04 0.045 0.0
r

Fig. 7 Performance of the modified skewness applied to the Poincaré
sampled signal from the HR model; the logarithm of the absolute
value of modified skewness (red), calculated using the proposed
method, is plotted against the bifurcation diagram of maximum z
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values (blue). The modified skewness (red) generally decreases in
magnitude near bifurcations—a distinctive signature that further
validates the sensitivity of the proposed method to impending critical
transitions
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transitions. In many cases, the absolute value of the mod-
ified skewness increases as bifurcation points are approa-
ched. This indicates a shrinking asymmetry in the system’s
response or state distribution on the timescale captured by
the Poincaré decomposition. This decreasing trend is
observable for various transitions, including period-dou-
bling events and the boundaries of chaotic or periodic
window regions.

Collectively, Figs. 4 through 7 illustrate that the pro-
posed modification of early warning signals, when applied
to the Poincaré section of the HR flow and subsequently
decomposed according to the estimated period, yields
indicators capable of anticipating a wide range of bifur-
cation points. These modified EWS overcome the signifi-
cant limitations of standard indicators applied directly to
the Poincaré sampled data (Sect. 2.2.2), where trends were
largely absent or uninformative.

The key finding is that by focusing the EWS calculation
on the period-specific components of the oscillatory flow
dynamics (via Poincaré sampling and subsequent decom-
position), the indicators regain their sensitivity to critical
slowing down, even for complex transitions like period-
doubling cascades and crises. This adaptation successfully
bridges the gap between the effective method developed
for discrete maps and the challenges posed by continuous
dynamical systems, providing a robust framework for
anticipating bifurcation points in chaotic flow-based neu-
ron models.

4 Discussion

The application of the proposed early warning methodol-
ogy to continuous dynamical systems necessitates careful
consideration of which system variables are most suit-
able for analysis. To investigate the robustness and
potential limitations of our approach, we focus on the
modified autocorrelation coefficient (ACC) and examine
how the choice of observed variable affects the prediction
performance. While our initial results (Sect. 3) utilized the
z variable, it is crucial to understand the implications of
selecting alternative state variables (x or y) from the
Hindmarsh-Rose neuron model. Figure 8 presents a com-
parative analysis of the modified ACC computed for all
three state variables (x, y, and z) of the HR model, shown in
parts (a), (b), and (c) respectively. This comparison reveals
several important insights regarding variable selection for
early warning signal analysis in flow systems. First, a
fundamental observation is that the perceived periodicity of
the system dynamics can vary depending on the chosen
observation variable. For instance, at r = 0.05, the neuron
exhibits period-1 behavior when observed through the x
and z variables, yet appears to display period-2 dynamics

when monitored via the y variable. This phenomenon
underscores the importance of understanding the relation-
ship between the underlying flow structure and the mea-
surement perspective, as different variables may encode the
system’s periodicity with varying degrees of clarity. Sec-
ond, a clear distinction emerges in the quality of the
computed modified ACC signals. The indicators derived
from the x and y variables exhibit significantly more noise
and oscillatory behavior compared to those obtained from
the z variable. This increased variability in the x and y-
based indicators can potentially obscure the predictive
signals and reduce the reliability of the early warning
system. In contrast, the modified ACC computed from the z
variable demonstrates a smoother profile, which facilitates
more robust interpretation of the approaching critical
transitions. Despite these differences in signal quality, the
fundamental predictive characteristic — the rising trend of
modified ACC before bifurcation points — remains con-
sistent across all three variables. This consistency suggests
that the core mechanism of the proposed method is robust,
though the clarity of its expression depends significantly on
the choice of observed variable.

To elucidate the source of these differences, we exam-
ined the intermediate steps of our proposed methodology.
Figure 9 presents the estimated periods computed from the
time series of x,y, and z variables. Notably, the period
estimation algorithm performs correctly across all three
variables, accurately identifying the transitions between
different dynamical regimes at the same critical parameter
values of r. This finding indicates that the increased noise
observed in the modified ACC for x and y variables is not
attributable to failures in the period estimation step, but
rather originates from subsequent stages of the analysis.

To further investigate the origin of these differences, we
analyzed the underlying dynamics of the HR model. The
analysis reveals a key characteristic of the HR model: the z
variable evolves on a significantly slower timescale com-
pared to the x and y variables. Additionally, the z variable
has a much smaller amplitude variation. The slower
dynamics allow for more precise measurement of the sys-
tem’s recovery timescales near bifurcation points. The
reduced amplitude variations in z also contribute to the
cleaner, less noisy appearance of the modified ACC com-
puted from this variable. These properties make the z
variable particularly well-suited for detecting critical
slowing down (CSD).

Therefore, for optimal performance of the proposed
early warning method, it is advisable to select the slowest
variable of the system for analysis, as it provides the most
sensitive measure of dynamical slowing. However, it is
important to acknowledge that even with the optimal
variable selection, some irregular spikes occasionally
appear in the computed ACC values. These anomalies
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<«Fig. 8 Comparison of the modified autocorrelation at lag-1 (ACC)
computed using different state variables of the HR model; The
modified ACC is calculated for the a) x variable; b) y variable; c) z
variable. While all variables exhibit rising ACC trends before
bifurcations—confirming the robustness of the core method—the
signal from the slow variable z is markedly smoother and less noisy
than those from the fast variables x and y, underscoring the
importance of selecting slow dynamical observables for reliable
early warning detection

likely represent numerical artifacts arising from the com-
putational implementation of the CSD indicators. While
these rare occurrences do not fundamentally compromise
the method’s predictive capability, they highlight the need
for careful implementation and potentially additional
smoothing or validation steps in practical applications.

In conclusion, the choice of observation variable sig-
nificantly impacts the quality and reliability of early
warning signals derived from the proposed methodology.
For the Hindmarsh-Rose model, the z variable emerges as
the optimal choice due to its slow dynamics and reduced
variability, leading to cleaner and more interpretable mod-
ified early warning indicators. This finding suggests that in
practical applications of the method to other continuous
dynamical systems, careful consideration should be given
to selecting the most appropriate observable variable, ide-
ally one that represents the system’s slow dynamics.

5 Conclusion

This study successfully addressed the critical challenge of
predicting bifurcation points in continuous dynamical
systems, specifically focusing on chaotic flow-based neu-
ron models like the Hindmarsh-Rose (HR) model. Building
upon previous work on discrete maps, the period-based
decomposition methodology was adapted and extended for
application to continuous flows. The primary obstacle—
applying the method directly to high-resolution flow data—

was overcome by first sampling the continuous signal using
a Poincaré section (specifically, the local maxima of the z
variable). This step transformed the continuous dynamics
into a discrete map, making analysis computationally
feasible.

However, applying standard early warning signals
(EWS) like autocorrelation, variance, kurtosis, and skew-
ness directly to this Poincaré sampled signal still proved
insufficient for reliably predicting complex transitions such
as period-doubling cascades. Therefore, a crucial modifi-
cation was introduced: estimating the dominant period of
oscillation directly from the Poincaré time series and then
decomposing this discrete signal into sub-time series based
on the estimated period. Standard EWS were then calcu-
lated for each sub-series, and their average was taken as the
modified indicator.

The results demonstrated that this proposed method
significantly enhanced the performance of EWS for con-
tinuous systems. When applied to the HR neuron model
across a range of bifurcation parameters (r € [0, 0.05]), the
modified indicators (Modified ACC, Variance, Kurtosis,
Skewness) exhibited clear and consistent trends as the
system approached various bifurcation points, including
transitions between periodic states and the onset of chaotic
dynamics via period-doubling routes. This was a marked
improvement over both standard EWS applied directly to
raw continuous data (which showed no trends) and stan-
dard EWS applied to Poincaré sampled data (which
showed limited trends only for simple periodic behavior).

Furthermore, the analysis highlighted the importance of
variable selection. Among the HR model’s variables
(x,y,z2), the slow variable z was found to be the most
suitable for generating reliable early warning signals, due
to its reduced noise and clearer representation of the sys-
tem’s underlying slow dynamics. While some numerical
artifacts were observed, the overall robustness of the
modified indicators validated the effectiveness of this
adaptation.

(a) ( (b)10”
° °
< <
g 0! “ | g
% Ul Z 10’ |
= L (=} |-
2 L | 2 ! y
10°" : ; pET— 1()“‘
0 001 002 003 004 005 0 001 002

r

Fig. 9 Estimated dominant period of oscillation computed from the
Poincaré time series derived from different state variables (x,y, z) of
the HR model; the estimated periods show similar transitions at the
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same critical parameter values of r, confirming that the differences in
modified EWS quality (Fig. 8) arise from subsequent analysis steps
rather than errors in period estimation itself
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In conclusion, this work bridged the gap between
effective EWS methodologies for discrete maps and the
complexities of continuous flows. The proposed modifica-
tion provided a robust framework for anticipating critical
transitions in chaotic flow-based systems, offering signifi-
cant potential for applications in understanding and pre-
dicting transitions in real-world continuous dynamical
systems, particularly in neuroscience.
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