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Understanding how cooperation persists despite the advantage of selfish behavior
remains a central challenge in evolutionary dynamics. Classical models of public goods
dilemmas predict dominance of defectors, yet natural and social systems often sustain
cooperation. We study an eco-evolutionary public goods game on complex networks
where cooperators and defectors diffuse at different rates. When the isolated system is in
a defector-dominated coexistence regime, faster dispersal of defectors than cooperators
leads to a symmetry-breaking transition that produces localized clusters of cooperators.
In heterogeneous networks, nodes with higher connectivity become significantly more
likely to exhibit cooperative dominance. A degree-based mean-field reduction supports
this result by showing that network connectivity controls an effective coupling strength
proportional to node degree, thereby producing a bifurcation that separates defector-
dominated and cooperative states. We also address why not all hubs become cooperative
by means of a multistability analysis. These results reveal how asymmetric mobility and
heterogeneous connectivity jointly promote cooperation in structured populations.

evolutionary biology | complex networks | public goods game | cooperation

The persistence of cooperation in social and biological systems has long been a central
point of interest in evolutionary theory. This enduring inquiry traces back to foundational
questions about how cooperative traits can survive natural selection when selfish behavior
seems evolutionarily advantageous. In well-mixed populations, where each agent interacts
with every other one without spatial constraints, traditional game-theoretic models,
especially the public goods game, have predicted a grim outcome for cooperation
(1, 2). Within these models, defectors, by reaping benefits from shared resources without
contributing, consistently outcompete cooperators. This exploitation-driven advantage
leads to the eventual extinction of cooperative strategies (3, 4), by resulting in the
breakdown of collective action and the depletion of essential environmental resources
(5=7). Such theoretical outcomes underscore a central dilemma: If defection is
individually advantageous, why is cooperation so pervasive in nature?

Contrary to these theoretical expectations, empirical observations reveal that coop-
eration is not a rare anomaly but a recurring feature of many biological and social
systems, from microbial biofilms to human societies (8—11). These findings suggest
that the assumptions of well-mixed populations are often too restrictive to capture real-
world dynamics. Natural and social systems typically exhibit spatial structure, ecological
feedback, and heterogeneous interactions (12-14). Incorporating such factors into
evolutionary models has therefore become essential for understanding how cooperation
can emerge and persist.

Several mechanisms have been proposed to support cooperation in structured
populations. Spatial structure and limited dispersal allow cooperators to cluster together,
thereby protecting themselves from exploitation (15, 16). Reaction—diffusion models
have been particularly useful for studying such dynamics, as they describe how local
interactions combined with dispersal can generate spatial patterns and cooperative clusters
(17). However, these approaches typically assume continuous spatial domains, whereas
many biological and social systems operate in discrete environments.

Microbial colonies often grow on patchy substrates, and human interactions frequently
occur through discrete social or technological networks (18, 19).

These observations call for modeling frameworks capable of capturing discrete and
heterogeneous interaction structures.

Complex networks provide a natural representation of such systems. Prominent
examples include scale-free networks with highly connected hubs (20), small-world
networks characterized by short path lengths (21), and modular networks with clustered
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connectivity (22). In these systems, interactions are governed
not by physical distance but by network topology (23). The
Laplacian coupling formalism offers a convenient mathematical
framework for modeling movement or diffusion across such
networks, capturing how the state of each node relaxes toward
that of its neighbors. This formulation has been widely used
to study diffusion-driven instabilities and pattern formation in
networked dynamical systems (24, 25).

Alternative mechanisms for promoting cooperation have also
been explored. In particular, models of the iterated Prisoner’s
Dilemma with partner choice or refusal have shown that
allowing individuals to select or avoid interaction partners can
stabilize cooperation by enabling cooperators to assort and avoid
exploitation (26, 27). In such frameworks, cooperation arises
through strategic interaction choices. In contrast, the mechanism
considered here does not rely on partner selection. Instead,
we focus on how mobility and spatial coupling alone, without
active partner choice, can reshape eco-evolutionary dynamics in
structured populations.

Despite substantial progress in modeling cooperation on
networks, several aspects of eco-evolutionary dynamics remain
insufficiently explored. In particular, the combined effects of
local group interactions, ecological feedback, and asymmetric
mobility between strategies have rarely been integrated into a
unified framework. In many real-world systems, cooperators and
defectors differ in their mobility or dispersal rates. For instance,
defectors may spread more rapidly across environments while
cooperators remain localized within productive regions (28-30).
Such differences can generate spatial instabilities that reorganize
population structure and potentially promote cooperation. From
a dynamical perspective, these processes can be interpreted
as diffusion-driven instabilities reminiscent of Turing pattern
formation (31).

Motivated by these observations, we develop an eco-
evolutionary public goods game model on complex networks
that incorporates asymmetric mobility between cooperators and
defectors through Laplacian-based diffusion (32-34). The model
combines localized group interactions, ecological failure of
public goods, and network-structured dispersal. Using analytical
tools including dispersion relations and amplitude analysis
(24, 35, 36), we identify conditions under which homogeneous
coexistence becomes unstable and heterogeneous spatial patterns
emerge. In this regime, cooperation becomes locally dominant
even though the overall system favors defection. Our results
further reveal that node connectivity plays a central role in
shaping these dynamics, providing a mechanistic explanation
for the emergence of cooperative hubs in structured populations.
A degree-based mean-field reduction reveals that node connectiv-
ity determines an effective coupling strength governing the local
dynamics, explaining why highly connected nodes are statistically
more likely to sustain cooperative dominance. Together, these
findings demonstrate how the interplay between asymmetric
mobility and heterogeneous network structure can fundamentally
reshape eco-evolutionary dynamics and promote cooperation in
complex systems.

1. Mathematical Model

In the framework of ecological public goods (15, 37, 38), we
consider a well-mixed population consisting of cooperators and
defectors with densities # and v. Interactions occur in randomly
formed groups of size N. The multiplication factor of the public
good is denoted by » > 0, and interactions may fail with
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probability z = 1 — u — v, representing ecological free space.
The effective group size is therefore § = (. + v)N.
For a defector in a group of size S facing m cooperators, the

expected payoff is

mo =t Xa(* ) () ()

while the payoff of a cooperator is Pc(S) = Pp(S) + 5 — 1.
Averaging over all possible group sizes yields the expected
fitness of defectors and cooperators

Ty 1 =2V
fD:l—z<I_—N(1—z)>’ fc=/p—F(z), ]
where F(z) = 1 4 (r — 1)V~ — 1=

Population densities evolve according to reproductive success.
Since reproduction requires available ecological space, it occurs
at a rate z(fcp + ), where & denotes a baseline birth rate that
maintains population viability even when payoff contributions
are small. Additionally, individuals die at a constant rate 4. Com-
bining reproduction and mortality yields the eco-evolutionary
dynamics in a single well-mixed population as

w=u(z(fc+6) —d),
v=v(z(fp+b6)—d).

The detailed construction of the model Eq. 2 is described in
SI Appendix, section 1. In order to incorporate spatial structure,
we embed the system in a complex network of M nodes, each
representing a local eco-evolutionary population described by
Eq. 2. Individuals can move between connected nodes, forming
a metapopulation framework (39). Let A;; denote the adjacency
matrix of the network and £; = ) ;Aij the degree of node i. We

consider a simple and undirected network, namely among any
couple of nodes there can be one or no links at all, moreover
the links are reciprocal, hence A;; = 1 if and only if there is an
undirected link connecting node 7 and node j, otherwise we set
Ajj = 0. Diffusion between nodes follows Fick’s law and depends
on density differences across network edges. For a generic variable
x;, the diffusive flux can be written as ) A (x; — x;), which is

(2]

equivalent to Laplacian coupling > i Lijxj, where Lij = Ajj—6;ik;
is the network Laplacian. A system that evolves solely according
to this diffusion rule (i.e., %; = Y ; Lijx; ) tries to locally equalize
densities in connected nodes (40).

Including this diffusion term yields the networked eco-
evolutionary dynamics

U

M
= ui (zifo+6) —d)+e Y Lyu,
= 3]

v,

M
i =i (z(fp+6) —d) + K€ZL,‘]'U]'.
=1

Here #; and v; denote the densities of cooperators and defectors
at node 7, with z; = 1 — #;, — v;. The parameters € and
ke represent the diffusion rates of cooperators and defectors,
respectively, while x denotes the ratio between the diffusion
mobility of defectors and cooperators. This formulation captures
the interplay between eco-evolutionary dynamics and diffusion
on complex networks.
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Fig. 1. Impact of asymmetric agents' mobility: We report the result of a
simulation of the ecological public goods game where agents interact and
diffuse in a scale-free network (BA) of 1,000 nodes and average degree <
k >=10. (A) shows the emerging network structure when the players cannot
diffuse, i.e,, ¢ = 0 in Eg. 3. One can observe that every node becomes a
defector-dominated zone, u; < v; (deep brown nodes). On the other hand,
by inducing the diffusion ability, i.e., ¢ > 0 and x > 0, we can appreciate (B)
the existence of zones where cooperators can outweigh defectors, u; > v;
(green nodes); let us observe that those nodes have a relatively large degree,
while defectors concentrate themselves, v; > u;, in peripheral nodes, i.e., with
smaller degree.

In the subsequent sections, we systematically analyze the
emergence of Turing instability (24, 31) in the network-
structured eco-evolutionary system described by Eq. 3. The latter
is a general mechanism capable of explaining the emergence of
heterogeneous solutions from an initially homogeneous state
through diffusion-driven destabilization. In the present work,
we investigate this mechanism by performing a linear stability
analysis around the stable fixed point of the isolated system Eq. 2,
and then explore the conditions under which diffusion-driven
instabilities arise depending on the network topology and
diffusion parameters used in Eq. 3. This instability disrupts the
homogeneous coexistence of cooperators and defectors, leading to
the spontaneous emergence of spatially heterogeneous patterns
across the network nodes. This mechanism provides a deeper
understanding of how spatial structure drives pattern formation
and evolutionary transitions in eco-evolutionary dynamics.

By anticipating the following analysis, we report in Fig. 1 the
outcome of a representative simulation where cooperators and
defectors play the ecological public goods game in each node
of a scale-free network built using the Barabési-Albert algorithm
(BA) (41). In the absence of diffusion (Fig. 1A4), the dynamics in
each node is ruled by Eq. 2, and the local densities converge to
the coexistence equilibrium #; = #* and »; = v* for all nodes,
with #* < v*. Thus, every node remains defector-prone (brown
nodes, represented by #; < ;), reflecting the defector-dominated
coexistence regime. Once diffusion is introduced (Fig. 1B), the
homogeneous coexistence state becomes unstable and spatial
heterogeneity emerges. In particular, a large number of high-
degree nodes accumulate a larger fraction of cooperators (green),
thereby reversing the local balance to #; > v; in those nodes.
This diffusion-induced stratification is further investigated in the
subsequent section through numerical results and a mean-field
analysis. Although defectors dominate globally, mobility asym-
metry is associated with enhanced local cooperation in highly
connected nodes, increasing local abundance and promoting
the spread of cooperation across the network. A comprehensive
overview of the temporal effect of agent mobility across the chosen
network topology over time is provided in S/ Appendix, section 7
and Movie S1.

2. Results

This section analyzes the main result shown in Fig. 1 and
investigates the impact of the model parameters, r, x, and
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N, as well as the network topology, on the system dynamics.
Throughout this work, we focus on parameter regimes where the
isolated system exhibits a defector-dominated coexistence stable
and stationary equilibrium (#* < v*), allowing us to investigate
whether asymmetric mobility and network heterogeneity can
enhance cooperation beyond the baseline state.

2.1. Breaking the Stable Coexistence of Competitive Individ-
uals. The eco-evolutionary public-goods framework without
mobility, Eq. 2, exhibits a stationary coexistence of cooperators
and defectors at («*, v*) = (0.020078,0.102254) for the
parameter set 7 = 4, N = 30, d = 1.3, and & = 1 (see S/
Appendix, section 2 and Figs. S1 and S2 for the stability analysis
of the aspatial system). In this regime, defectors dominate,
consistent with the classical outcome of public-goods games,
with »* nearly five times larger than #* (horizontal reference
lines in Fig. 2A4). The parameter values considered here are
chosen intentionally so that the baseline system remains defector-
dominated while still allowing Turing instability and diffusion-
driven pattern formation.

A qualitatively different behavior emerges once mobility is
introduced, with cooperators and defectors diffusing at different
rates. The system is embedded in a scale-free network generated
using the Barabdsi—Albert algorithm with A/ = 1,000 nodes
and average degree (k) = 10 (20, 41), where each node hosts
the local eco-evolutionary dynamics described by Eq. 2. For
diffusion parameters € = 0.01 and mobility ratio ¥ = 100,
small heterogeneous perturbations applied to the homogeneous
equilibrium of Eq. 3 evolve toward a spatially heterogeneous
configuration, breaking the uniform coexistence of cooperators
and defectors.

vu oo v—ut-- 0t

0.3 me%,p;w., 100 ;
s [
& 50 ig
01f= -
s * %
AT Rt s i+ S ]
(U e 0
0 500 1000 0 500 1000
node index(¢) node index(4)
C D 0.6 =
= 06 /
5 05 e 0.4
A (Sl
é 0.4 02 =
A, 03
02 10 20 30 O oom  Middle  Top

. 209 60% 20%
Degree k (quantile mean) W% ! 2%

Fig. 2. Diffusion-induced heterogeneous cooperation patterns in a scale-
free network. (A) Stationary densities of cooperators u; (blue) and defectors
vj (red) across nodes ordered by decreasing degree. Horizontal lines denote
the homogeneous equilibrium values (u*, v*) of the aspatial system. Diffusion
with asymmetric mobility (¢ = 0.01,x = 100) produces strong spatial
heterogeneity, with several nodes exhibiting cooperative dominance (u; > vj).
(B) Degree distribution of the Barabéasi-Albert network with M = 1,000
nodes and average degree (k) = 10, showing the characteristic heavy-
tailed connectivity of the scale-free topology. (C) P{(u; > v;j)lk}, Probability
of cooperator-dominated nodes (u; > v;) as a function of node degree.
Nodes are grouped using quantile-based binning, and the horizontal axis
represents the mean degree within each bin. Points denote averages over
100 realizations of network structure and initial conditions; error bars indicate
the SE. (D) Degree-stratified fraction (®) of cooperator-dominated nodes in
the Bottom 20%, Middle 60%, and Top 20% of the degree distribution. Values
represent averages over 100 realizations, with SE bars. Highly connected
nodes exhibit a substantially larger probability of cooperative dominance
than peripheral nodes.
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The temporal development of this instability is illustrated in
Movie S1. Initially, node densities remain close to (#*, v*), and
spatial differentiation is minimal. As time progresses, diffusion
amplifies small perturbations about the homogencous state.
Nodes with higher connectivity gradually exhibit increasing
cooperative densities, deviating from #*. The system eventually
relaxes to a stationary heterogeneous configuration around
t = 1,000, shown in Fig. 24, where nodes are ordered by
decreasing degree. The diffusion-driven instability produces
pronounced heterogeneity: Approximately 35% of nodes become
cooperator-dominated (#; > v;), despite the isolated systems
favoring defectors. The average asymptotic densities increase
to (v) = 0.167271 and (#) = 0.102184, compared with the
aspatial equilibrium values v* = 0.102254 and »* = 0.020078.
Notably, the increase in cooperators is substantially larger than
that of defectors, ((#) — «*) > ({v) — v*), indicating that
asymmetric mobility strongly amplifies cooperative abundance.

The emergence of these heterogeneous patterns is closely
related to the network structural heterogeneity. The degree
distribution in Fig. 2B reflects the heavy-tailed connectivity of
the scale-free topology. Visual inspection of Fig. 24 suggests that
nodes with larger degrees are more likely to exhibit cooperative
dominance. This relationship is quantified by measuring the
fraction of nodes satisfying (#; > v;) as a function of degree
(Fig. 2 C and D). In Fig. 2C, nodes are grouped using quantile-
based binning of the degree distribution, and the horizontal axis
represents the mean degree within each bin. The plotted values,
therefore, correspond to the probability thata node is cooperator-
dominated within each degree class. Error bars denote the SE
computed across multiple realizations of both network structure
and initial conditions. Because the degree axis represents quantile
averages rather than individual node degrees, the largest value
corresponds to the mean degree of the highest quantile group
rather than the maximum degree present in the network.

Fig. 2D provides a complementary comparison by grouping
nodes into three percentile classes: the Botrom 20%, the Middle
60%, and the Top 20% of the degree distribution. The fractions
(@) of cooperative dominance are again averaged over multiple
realizations with SE bars. Both panels show that the probability
of cooperative dominance increases with node degree; highly
connected nodes (in the top 20%) exhibit more than twice the
fraction of cooperative dominance observed among peripheral
nodes.

The dependence of cooperation on connectivity is further
quantified by evaluating the Pearson correlation between node
degree and the binary cooperation indicator C; = 1(%; > ;).
Averaged over multiple realizations, a positive correlation (p &
0.17, P < 107°) is obtained, confirming that nodes with higher
connectivity are statistically more likely to sustain cooperative
dominance. Logistic regression yields the same conclusion: The
probability of cooperative dominance increases significantly
with node degree. Importantly, this relationship is probabilistic
rather than deterministic: While some hubs remain defector-
dominated, the likelihood of cooperative dominance increases
systematically with node connectivity.

These results indicate that network connectivity plays a key
role in shaping the eco-evolutionary dynamics. Nodes with higher
degrees experience stronger diffusive coupling with the rest of the
network and interact with more neighboring populations. Under
asymmetric mobility, this enhanced coupling promotes the local
accumulation of slowly diffusing cooperators by increasing the
probability that highly connected nodes become cooperator-
dominated. This mechanism is consistent with the degree-based
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mean-field analysis presented later, which shows that increasing
node degree increases the effective coupling strength in the
reduced dynamics and thereby shifts the local stationary state
toward larger cooperator density.

The robustness of the Turing mechanism is tested by repeating
the numerical experiments on networks with different topologies,
including small-world (Watts—Strogatz) and random (Erdés-
Rényi) graphs. The corresponding results (S Appendix, section
3, Figs. S3 and S4, and Movies S2 and S3) show that diffusion
destabilizes homogeneous coexistence and produces heteroge-
neous spatiotemporal patterns across these structures. Although
these networks do not exhibit the strong degree of heterogeneity
characteristic of scale-free networks, finite realizations still display
moderate variability in node connectivity. Consistent with the
behavior observed in the scale-free case, nodes with comparatively
larger degrees in these networks are also more likely to exhibit
cooperative dominance, indicating that the degree-dependent
mechanism promoting cooperation is not restricted to scale-free
topologies.

Overall, these results demonstrate that asymmetric mobility
and heterogeneous network connectivity jointly reshape the eco-
evolutionary dynamics of the public-goods game. Diffusion
destabilizes the homogeneous equilibrium and promotes the
emergence of cooperative clusters, which are preferentially associ-
ated with highly connected nodes, providing a structural pathway
for cooperation to persist in competitive environments. We
note that the parameter regimes considered here yield stationary
heterogeneous patterns. Different parameter choices may also
produce oscillatory or chaotic diffusion-driven states, as reported
in earlier work (15), and remain interesting directions for future
investigation.

2.2. Hysteresis and Multistability in Mobility-Induced Pattern
Formation. To understand how diffusion asymmetry between
cooperators and defectors drives spatial pattern formation in the
proposed eco-evolutionary public goods system, we conduct an
amplitude analysis by gradually increasing and decreasing the
diffusion ratio k, keeping all the other parameters of individual
nodes and network structure the same as in Fig. 2. For each value
of k, we compute the network-wide amplitude A, which measures
how far the current state deviates from spatial homogeneity:

M 1/2

A= Z (i — w4 (v — v*)z) ,

i=1

where #* and v* are the steady state densities of the cooperators
and defectors, respectively, without diffusion. Let us note that
we did not normalize the amplitude with respect to the network
size, as we deal with fixed sizes in this work. The amplitude
A acts as an indicator of spatial pattern formation: Values
close to zero indicate uniform coexistence, while higher values
reflect increasing heterogeneity, i.e., the emergence of localized
cooperation or defection subgroups.

Fig. 3 displays the results of the amplitude analysis. During
forward continuation (blue circles), x is increased gradually, and
the system is allowed to relax to stationarity after each increment.
The amplitude remains close to zero until a sharp transition near
Kk, & 17.55 emerges, beyond which A rises abruptly, signaling
the onset of diffusion-driven spatial pattern formation. Further
increases in k strengthen the heterogeneity (see /nser R).

A different behavior appears during backward continuation
(red circles), where k is decreased after reaching the patterned
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Fig. 3. Amplitude bifurcation reveals hysteresis and multistability in mobility-induced pattern formation. This figure shows the results of an amplitude
bifurcation analysis performed on the networked eco-evolutionary public goods system Eq. 3 implemented on a scale-free (BA) network with M = 1,000 nodes
and mean degree (k) = 10. The system evolved to a stationary equilibrium already at t = 1,000 time steps for each value of , representing the relative mobility
of defectors (v) to cooperators (u), while other parameters were held constant at values that maintained stable coexistence in the isolated system. The main
panels show the network-averaged amplitude A, which measures the deviation from spatial homogeneity, as a function of «. Blue hollow circles represent
adiabatic forward continuation (increasing ), where at each step the system is allowed to evolve from a stable fixed point with small perturbations, capturing the
emergence of instability. Red hollow circles denote adiabatic backward continuation (decreasing «), starting from a patterned state and tracking the persistence
of spatial structure. A critical threshold k¢ ~ 17.55 marks the onset of pattern formation through a sharp increase in A. The system exhibits hysteresis: Decreasing
« fails to immediately suppress the pattern, indicating bistability and the presence of multiple attractors—a hallmark of subcritical bifurcation. The figure also
includes thin cyan and orange-starred curves that illustrate auxiliary forward and backward continuations under small perturbations, demonstrating sensitivity
to initial conditions and network realizations. /nsets P, Q, and R show the stationary node-wise abundances of cooperators (u, blue) and defectors (v, red) at
x = 8.6, 11, and 24, respectively. Even at subcritical values below k¢, strong spatial heterogeneity persists, illustrating the importance of network structure and

history dependence.

regime. The system does not immediately return to the homo-
geneous state but instead remains trapped in patterned configu-
rations even for k well below the forward threshold (/nsets P and
Q). This mismatch between forward and backward trajectories
forms a hysteresis loop, indicating a subcritical bifurcation and
multistability between homogeneous and patterned states.

Additional branches (cyan and orange starred curves) are
obtained by initializing the system with patterned states P and Q,
and performing forward and backward continuations. In these
cases, the amplitude increases before the critical value of the
main branch, highlighting the sensitivity of pattern emergence to
initial conditions and network realization. Similar multibranch
structures have been reported in networked Turing systems such
as the Mimura—Murray model (24).

The Insets of Fig. 3 display representative stationary patterns.
Even for k = 8.6 and k¥ = 11 (corresponding to points P
and Q), which lie below the forward critical threshold, strong
spatial fluctuations persist, confirming the bistable coexistence
of uniform and patterned solutions. Panel R, corresponding to
Kk = 24, reveals a well-developed spatial pattern: Groups of
high cooperator density emerge in specific zones of the network,
particularly among high-degree nodes that are less vulnerable to
invasion by fast-moving defectors.

Thus, the bifurcation structure reveals how mobility asym-
metry can promote cooperation through spatial differentiation.
Rapidly diffusing defectors homogenize the network and deplete
shared resources, while slowly diffusing cooperators remain local-
ized, forming protected cooperative clusters. Such mechanisms
resemble observations in microbial systems where restricted
mobility—e.g., in biofilms or viscous environments—allows
cooperative strains producing public goods to persist locally

PNAS 2026 Vol. 123 No.28 e2530131123

despite global exploitation (10). Similar spatial constraints also
promote cooperation in many social and ecological systems.

2.3. The Critical Diffusion Ratio xc. The onset of diffusion-driven
instability in the eco-evolutionary networked system Eq. 3 is
determined by the critical diffusion ratio k.. The analytical
derivation of this threshold, obtained through the linear stability
analysis of the homogeneous coexistence equilibrium (#*, v*)
and the spectral decomposition of the network Laplacian, is
presented in Materials and Methods. Here, we summarize the
resulting instability condition and its dynamical consequences.

The analysis yields an explicit expression for the critical
diffusion ratio,

o Sugo = 2fogu + 2/ fogu (fogu — fugy)
Ke = f2 s

where f,, f;, g4, and g, denote the elements of the Jacobian
matrix of the local eco-evolutionary dynamics evaluated at the
homogeneous coexistence equilibrium (#*, v*) (Eq. 6).

The analytical prediction is illustrated in Fig. 44, which shows
the maximum A™* of the dispersion relation as a function of the
mobility ratio k. For small values of x, A™* remains negative,
indicating that all perturbations decay and the homogeneous
coexistence state (#*, v*) is linearly stable. As k increases, A™**
progressively approaches the stability boundary and eventually
crosses zero at k, &~ 17.55 (see the black dot in Fig. 44). This
crossing point marks the critical threshold beyond which the
homogeneous equilibrium loses stability and diffusion-driven
spatial heterogeneity can emerge.

(4]
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Fig. 4. Analytical characterization of the critical diffusion ratio xc: (A) Max-
imum growth rate AM2 as a function of the mobility ratio x. The curve
crosses zero at k¢ ~ 17.55, which marks the threshold of diffusion-induced
instability (marked solid black circle). For x < ¢, all perturbations decay and
the homogeneous coexistence state remains stable, while beyond this point,
instabilities emerge. (B) Dispersion relation A(4q) for three representative
values of «: Below the threshold (x < k¢, orange), exactly at the threshold
(x = k¢, brown), and above the threshold (x > k¢, cyan). Below «, all
transverse modes are stable; at k = k¢ the leading mode becomes marginally
stable; and for k > k¢ several modes cross into the positive regime, indicating
exponential amplification of spatial perturbations. Together, these panels
confirm analytically the onset of Turing instability driven by the mobility of
strategy-driven individuals.

Additional insight is provided by Fig. 4B, which displays the
dispersion relation A(A4) (Eq. 7) as a function of —A, the
eigenvalues of the Laplace matrix, for three representative values
of the diffusion ratio. When k¥ < k, (the sea blue curve in
Fig. 4B), the entire curve lies below zero, implying that all
perturbation modes associated with the Laplacian eigenvalues
decay and the homogeneous solution remains stable. At k¥ = «,
(see brown curve in Fig. 4B), the leading mode horizontally
touches the zero line, indicating marginal stability of the system.
For k¥ > k. (orange curve in Fig. 4B), part of the dispersion
relation becomes positive, meaning that a subset of Laplacian
eigenmodes induce exponential growth of any small perturbation
and destabilizes the uniform coexistence state.

Taken together, Fig. 4 A and B confirm that the transition at k,
corresponds to a genuine diffusion-driven instability. Once the
mobility asymmetry between cooperators and defectors exceeds
this threshold, the homogeneous eco-evolutionary equilibrium
becomes unstable, and spatially heterogeneous patterns can
develop across the network.

2.4. Mean-Field Approximation. To explain the numerical pat-
terns observed at large mobility asymmetry and to unravel the
degree-dependent organization reported in Fig. 2, we employ
a degree-based mean-field approximation similar to those used
for reaction—diffusion dynamics on complex networks (24). In
this framework, the detailed interactions between a node and
its neighbors are replaced by coupling to global mean fields
representing the collective state of the network (40, 42—44). The
derivation of this method and the computation of the mean fields
are provided in Materials and Methods.

Under this approximation, the network dynamics reduces to
the degree-dependent system

(1 —u—0)(fc+6) —dl + p({u) — u),
v=v[(l—u—0)(fp+b6)—d +xp({v) —v),

where (%) and (v) denote the global mean densities of cooperators
and defectors, and the effective coupling parameter f = €k is
proportional to the node degree £.

The bifurcation structure of this reduced system is shown in
Fig. 5B. Magenta (cyan) curves denote stable (unstable) stationary
branches of the cooperator density, while dark (light) green curves

u

(5]
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represent stable (unstable) branches of the defector density. As the
effective coupling parameter f increases, the system undergoes
a saddle-node bifurcation, giving rise to two coexisting stable
states over an intermediate range of f. For small values of f,
corresponding to weak diffusive coupling, the system remains
close to the lower branch associated with the defector-dominated
coexistence equilibrium. As f§ increases beyond the saddle-node
threshold, a second stable branch emerges that is characterized
by substantially higher cooperator densities.

Because the effective coupling parameter scales linearly with
node degree, this bifurcation structure translates directly into
degree-dependent dynamics on the network. Fig. 54 compares
the stationary cooperator densities obtained from full network
simulations (red crosses) with the stationary branches predicted
by the mean-field equations (magenta curves) evaluated at
pi = ek; for e = 0.01 and ¥ = 100. In the mean-field descrip-
tion, each node 7 is therefore characterized by its own bifurcation
parameter value determined by its degree. The stationary network
pattern can thus be interpreted as a set of points distributed along
the bifurcation diagram of the reduced system.

The comparison reveals a clear separation between low- and
high-degree nodes. Nodes with small degree cluster near the lower
stable branch corresponding to defector-dominated coexistence,
whereas highly connected nodes populate the upper stable branch
associated with enhanced cooperator density. Although some
scattering of numerical data appears near the bifurcation points,
the overall agreement between simulation results and mean-field
predictions demonstrates that the heterogeneous network pattern
is well explained by the bifurcation structure of a single node
coupled to the global mean fields, with the effective coupling
strength determined by the node degree.

Remarkably, the bifurcation structure also shows multistabil-
ity. Over an intermediate range of the coupling parameter f8, both
stationary branches coexist as stable solutions. Consequently,
nodes with similar degrees may converge to different stationary
states depending on perturbations or initial conditions. This
explains why, although the probability of cooperative dominance
increases with node degree (Fig. 2), not all hubs become
cooperator-dominated in the network simulations.

A : —B

0.2 z

0.1

U, U

=¥ 0
0 500 1000 102 10t
Node index i 8

Fig. 5. Degree-based mean-field approximation and bifurcation structure:
(A) shows the degree-resolved stationary cooperator densities u; plotted
against the ordered node index (ordered by decreasing degree) for x = 100
and e = 0.01. Blue crosses denote the cooperator densities from full network
simulations, while the magenta (cyan) curves represent the corresponding
stationary stable (unstable) solutions obtained from the reduced mean-field
equation. (B) shows the bifurcation diagram of the reduced mean-field system
as a function of the effective coupling parameter g = ek for e = 0.01. Magenta
(cyan) curves denote stable (unstable) stationary branches of cooperators,
while dark (light) green curves represent stable (unstable) branches of
defectors. Blue crosses and red circles depict the cooperator and defector
densities from network simulation for x = 100 and ¢ = 0.01. A saddle-node
bifurcation generates two coexisting stable states over an intermediate range
of g, explaining the emergence of cooperative dominance over high-degree
nodes and the multistable behavior observed in the network simulations.
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Fig. 6. Diffusion-induced instability in (r, ) parameter space. We show the maximum of the dispersion relation AM3 as a function of r and «, as computed
from the theory presented in Section 2.3. The latter indicates regions of stability and instability in the eco-evolutionary public goods system. In (A) purple region
correspond to unstable regimes where AM3X(k, r) > 0 and spatial patterns emerge; gray regions indicate stable coexistence (AM#X(k, r) < 0). The analysis is
performed for e = 0.01, N =30, b = 1, d = 1.3 on a scale-free network (N = 1,000, (k) = 10). Patterns are most likely to emerge in intermediate ranges of the
public goods multiplication factor r and diffusion ratio «. The black curve represents the critical curve of k¢, obtained from Eq. 4. The numerical validations for
various combinations of (r, ), distinguished by different colors and markers, are shown in (B-E). Here, cyan, and light green markers represent x = 15, and 35,
respectively, whereas stars, and triangles correspond to r = 6,and 8, respectively. Each panel shows u (blue) and v (red) for all 1,000 nodes. At low « (B), the
system remains homogeneous; as « increases (C), spatial heterogeneity emerges with pronounced local fluctuations. Notably, higher r values correlate with
reduced cooperation levels (D and E), especially at high «, highlighting how group-size dilution undermines cooperation in real-world public goods dilemmas.

3. Impact of the Multiplication Factor r and
Diffusion Ratio « on Diffusion-Driven Instability

To further understand how cooperative amplification and mobil-
ity asymmetry jointly shape the emergence of spatial patterns, we
analyze the stability of the homogeneous state by calculating the
maximum of the dispersion relation A™* in the two-dimensional
parameter space defined by the public goods multiplication
factor r and the diffusion ratio k. The sign of A™ determines
the stability of the homogeneous equilibrium of system Eq. 3:
Negative values correspond to stable homogeneous dynamics,
whereas A™ > 0 signals diffusion-driven instability.

The analytical stability diagram is shown in Fig. 64. The
black solid curve represents the critical diffusion ratio x.(7)
obtained from Eq. 4. This curve separates the stable regime,
A < 0, from the instability region, A™ > 0, where
diffusion destabilizes the homogeneous coexistence equilibrium
and spatial heterogeneity may develop. The dependence of
k. on r is nonmonotonic: The threshold initially increases
with 7, reaches a maximum near » & 5, and then decreases.
Consequently, sufficiently large diffusion asymmetry destabilizes
the homogeneous state over a broad range of multiplication
factors.

To illustrate this analytical prediction, four representative
parameter combinations were selected and marked in Fig. 6A4.
Two values of the multiplication factor were considered, r = 6
and » = 8, together with two diffusion ratios, k = 15 and
k = 35. The points (6,15) and (8, 15) are indicated by cyan
symbols (star and triangle), while (6, 35) and (8, 35) are repre-
sented by light-green symbols (star and triangle). The corre-
sponding numerical simulations are shown in Fig. 6 B—F, where
the stationary densities of cooperators (#;) and defectors (v;) are
plotted across the M = 1,000 nodes of the network. For the
parameter set (6, 15), located below the instability boundary,
the system converges to a homogeneous state, as shown in
Fig. 6B. In contrast, the remaining three parameter combinations
lie above the analytical threshold x.(7) and produce spatially
heterogeneous states, visible in Fig. 6 C-E.

PNAS 2026 Vol. 123 No.28 e2530131123

These results confirm that the instability condition ¥ >
k() predicted by the analytical dispersion relation accurately
determines the emergence of heterogeneous cooperative patterns.
The agreement between the analytical stability boundary and
the numerical outcomes demonstrates that asymmetric mobility
between cooperators and defectors destabilizes the homogeneous
eco-evolutionary equilibrium and generates spatial organization
across the network.

The results also reveal that increasing the multiplication factor
7 does not always promote cooperation once spatial dynamics
are present (Fig. 6 D and E). In some regimes, larger  reduces
cooperative density because amplified group benefits increase
defectors’ exploitation. Thus, cooperation persists not simply
through higher rewards but through spatial segregation enabled
by mobility asymmetry. Taken together, the analytical stability
map and numerical simulations show that cooperation emerges
within a structured region of the (7, k) parameter space, where
payoff amplification and differential mobility destabilize the
homogeneous state and allow cooperative clusters to persist.

4. Conclusions and Discussions

In this study, we introduced and analyzed an eco-evolutionary
public goods game model on complex networks, focusing on
the role of asymmetric diffusion between cooperators and
defectors. By combining localized group interactions, ecological
constraints, and network-structured mobility, the model provides
a comprehensive framework to investigate how cooperation can
emerge and persist in spatially structured populations.

A central outcome of our investigation is that the faster diffu-
sion of defectors relative to cooperators destabilizes homogeneous
coexistence in which defectors dominate, leading to a symmetry-
breaking transition and the emergence of a self-organized,
cooperation-rich population. These patterns were validated
numerically through amplitude bifurcation analysis and ana-
lytically supported by the dispersion relation, which together
illustrate how heterogeneous network topology underlies the for-
mation of spatially localized cooperative zones: Highly connected

https://doi.org/10.1073/pnas.2530131123
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nodes exhibit a higher probability of cooperative dominance,
while peripheral nodes remain more susceptible to defector
invasion.

To explain this mechanism, we developed a degree-based
mean-field description of the network dynamics. The analysis
shows that the effective coupling strength experienced by each
node scales with its degree. Consequently, nodes with different
degrees effectively operate at different positions along the bifur-
cation diagram of the reduced system. The bifurcation analysis
reveals a saddle-node structure that produces bistability between a
defector-dominated state and a cooperative state. This theoretical
prediction accurately reproduces the heterogeneous patterns
observed in the full network simulations and explains why
cooperation tends to emerge preferentially in highly connected
nodes. At the same time, the presence of multistability implies
that transitions are probabilistic rather than deterministic, so that
not all hubs necessarily become cooperator-dominated.

Importantly, the system also exhibits hysteresis. Once spatial
cooperation patterns are established, reversing the conditions
that initially led to their formation does not necessarily return
the system to its original state. This path dependence highlights
the strong influence of initial conditions and perturbations on
shaping long-term dynamics, revealing a landscape of alternative
stable states. The agreement between numerical simulations and
analytical predictions further reinforces the generality of these
behaviors. It is important to note that the present study focuses
on representative parameter regimes that allow diffusion-driven
instability in the baseline defector-dominated system. Although
the analytical treatment captures the onset of instability and the
degree-dependent organization of the stationary patterns, it does
not provide a complete analytical characterization of the full
parameter space nor a derivation of the increase in global average
densities. Extending the theory in these directions remains an
important topic for future work.

A comprehensive exploration of the parameter space, including
the synergy factor (r), group size (V), and diffusion asymmetry
ratio (k), reveals that cooperation is maximized through a
nuanced balance among these factors. While a higher » tends
to promote cooperation, it can also increase susceptibility to
defection without spatial support. Larger group sizes amplify
collective benefit but may dilute individual payoffs (S Appendix,
section 4 and Fig. S5), and diffusion asymmetry broadens the
range of instability, enabling richer pattern dynamics. Together,
these parameters define a complex regime in which cooperation
emerges through spatial differentiation rather than mean-field
expectations.

From an eco-evolutionary perspective, our findings demon-
strate that the interplay between asymmetric mobility and
heterogeneous connectivity provides a powerful mechanism
for promoting cooperation in structured populations. Such
mechanisms are relevant for a variety of ecological and social
systems, including microbial communities, collective resource
management, and social interaction networks, where mobility
and structural heterogeneity influence cooperative behavior.

In conclusion, our study underscores the need to incorporate
spatial heterogeneity, mobility asymmetry, and network topology
into models of eco-evolutionary dynamics. By combining
large-scale simulations with analytical techniques, we show how
structured populations can defy classical expectations, allowing
cooperation to thrive even under ecologically adverse conditions.
These findings offer practical insights into designing strategies
for fostering cooperation in real-world systems, ranging from
microbial ecosystems to social networks, by leveraging control
over mobility, interaction structure, and group composition.

https://doi.org/10.1073/pnas.2530131123

Looking ahead, the generality of our framework invites verifica-
tion across additional network classes and empirical interaction
topologies, thus representing a promising avenue for future
research, with the potential to further deepen our understanding
of how cooperation emerges and persists under diverse ecological
and social conditions. Let us conclude by emphasizing another
possible direction, rooted in a more realistic diffusion process;
indeed Eq. 3 models a linear diffusion process, while rational
agents would decide where to go or which nodes to avoid,
for instance, cooperators could be less prone to move toward
nodes with a larger density of defectors. This behavior can be
included by replacing the linear diffusion terms in Eq. 3 with
a nonlinear one, e.g., #, ~ ezj Lih(uj, vj) where h is some
nonlinear function encoding the rational choice of the players; a
similar term can be inserted for the evolution rate of v;.

5. Materials and Methods

5.1. Linear Stability Analysis and Critical Diffusion Ratio. To determine
the onset of diffusion-driven instability discussed in Section 2.3, we perform a
linear stability analysis of the networked eco-evolutionary system Eq. 3 about the
homogeneous coexistence equilibrium x* = (u*, v*) of the isolated dynamics
Eq. 2.

We introduce small perturbations at each node, 6x; = (6uj, 6v;) T, defined
as suj = uj — u*, 8v; = v; — v*. Substituting these expressions into Eq. 3
and retaining only first-order terms yields

M

d
&5X,' = JF(X*) 5X,' —+ Z L’/D 5Xj,
J=1

where Jp(x*) is the Jacobian matrix of the local eco-evolutionary dynamics

_ f, e 0Y).
" o [Tu I _
evaluated at (u*, v¥), i.e, JF(x*) = <gu gv>’ and D = (0 K€> 5

the diffusion matrix describing the asymmetric mobility of cooperators and
defectors.

Because the Laplacian matrix L is diagonalizable, the perturbations can be
expanded in its eigenbasis. Let A denote the Laplacian eigenvalues, and 5y,
the amplitude of the perturbation along the eigenvector corresponding to mode
a. Because the Laplacian matrix L is diagonalizable, the perturbations can be
expanded in its eigenbasis. Let A, denote the Laplacian eigenvalues, and Syq
the coefficient of the perturbation along the eigenvector #®) associated with
Aq. The perturbation modes then decouple as

d

Eéya = [Jr(x*) + 2aD] 8ya = JabYa. (6]
The stability of each mode is determined by the eigenvalues of the matrix

Ja. We therefore define the dispersion relation

AAg) = maxR [6(Jo)], (7]

where o (Jg) denotes the spectrum of J4. The homogeneous equilibrium is
stable when A(44) < Oforalltransverse modes a > 1. Conversely, diffusion-
driven instability occurs if A(Aq) > 0 for some mode. In other words, The
dispersion relation, A(4¢) solves

A2 — A Ttr(Jr(x*)) + edq(1 + &)] + det(Jp(x*))

8
+ eda(gy + kfy) + €2 A2k =0, 18]

where to lighten the notation we did not write explicitly the dependence of A on
Aq-The critical k¢ is the value of k- at which the dispersion relation has a double

(©)

zero, namely the curve A(A4) touches the horizontal axis at Ao’ and has a
horizontal tangent at this point. Mathematically, this condition can be realized
by imposing

m lgc) - 0
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By using the definition Eq. 8 and by performing the derivative, one can obtain
the following two conditions:

det(Up()) + €2 gy + ) + 260 = 0
e(gv + xcfu) + 252/1516)’(( = 0
After some straightforward algebraic manipulations, we get
_ fugy = 2f9u + 23/Nvgu(fvgu — fugv)
Kc = . [10]

fy

This analytical threshold, determined from Eq. 10, determines when diffusion
destabilizes the homogeneous coexistence state, as illustrated in Fig. 4 and
discussed in Section 2.3.

Let us observe that, as a byproduct, we have also been able to compute the

critical eigenvalue /1&‘) that realizes the double zero of the dispersion relation.
In conclusion, for all & < x, the dispersion relation is negative and patterns
cannot emerge. On the other hand k¥ > K is a necessary condition to have
patterns; indeed, because of finite size effects, one must ensure the existence of
Laplace eigenvalues, A, forwhich A(4¢) > 0, the latter depends on the size
of the network, on its topology but also on the model parameters (S/ Appendix,
section 5 and Fig. S6).

5.2. Degree-Based Mean-Field Approximation. To analyze the heteroge-
neous spatial patterns observed numerically and analyzed in Section 2.4,
we employ a degree-based mean-field approximation applied to the studied
networked system Eq. 3. Using the definition of the Laplacian, the diffusive
coupling term can be rewritten as 3 ; Liu; = > Ajj(uj — uj). Defining the
average state of the neighbors of node ias u; = kl 2_j Ajjuj, the diffusion term
1
becomes Z/- Ajj(uj — u;) = ki(U; — u;). An analogous relation holds for the
defector density v;. Following the mean-field approximation commonly used for

reaction-diffusion systems on complex networks (24, 42), the neighbor average
is approximated by a global degree-weighted mean field. We define

2k ) - 25k
Yk Xk

which represent the degree-weighted average densities of cooperators and
defectors. This approximation accounts for the fact that highly connected nodes
contribute more to a node's typical neighborhood. Under this assumption,
Ui ~ (u), ¥; ~ (v). Substituting these expressions into the diffusion terms
yields the reduced network dynamics as

(u) [11]

0 = ui[(1 = ui = v)(fc + b) — d] + ek;({u) — up),

. [12]
Vi =vi[(1 = u; = v)(fp + b) — d] + xeki((v) — v;).
Introducing the effective coupling parameter §; = ek;, the reduced equations

can be written as

o= u[(V=u—=v)(fc +b) — d] + B((u) — ),

v=Vv[(1—u—v)(fp+b) —d +«B({v) —v), [13]

where we have omitted the index i, as all nodes follow the same equation.
Within this approximation, nodes with different degrees experience different
effective coupling strengths g = ek. Consequently, the heterogeneous
network can be interpreted as an ensemble of identical eco-evolutionary
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