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a b s t r a c t

Recent decades have seen a rise in the use of physics methods to study different societal
phenomena. This development has been due to physicists venturing outside of their
traditional domains of interest, but also due to scientists from other disciplines taking
from physics the methods that have proven so successful throughout the 19th and
the 20th century. Here we characterise the field with the term ‘social physics’ and
pay our respect to intellectual mavericks who nurtured it to maturity. We do so by
reviewing the current state of the art. Starting with a set of topics that are at the heart
of modern human societies, we review research dedicated to urban development and
traffic, the functioning of financial markets, cooperation as the basis for our evolutionary
success, the structure of social networks, and the integration of intelligent machines into
these networks. We then shift our attention to a set of topics that explore potential
threats to society. These include criminal behaviour, large-scale migration, epidemics,
environmental challenges, and climate change. We end the coverage of each topic with
promising directions for future research. Based on this, we conclude that the future
for social physics is bright. Physicists studying societal phenomena are no longer a
curiosity, but rather a force to be reckoned with. Notwithstanding, it remains of the
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utmost importance that we continue to foster constructive dialogue and mutual respect
at the interfaces of different scientific disciplines.

© 2021 Elsevier B.V. All rights reserved.
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1. Prologue: The physical roots of multidisciplinarity

The present text is perhaps best described as a journey through what has become an extremely active and diverse
esearch field known under the umbrella term social physics. Before an interested reader embarks on this journey with
us, it is only fair to inform them of our motivation and rationale. Doing so, at the very least, requires (i) defining what
social physics means (to us), (ii) outlining the case for its importance, and (iii) elaborating the underlying line of thought
that connects the topics covered henceforward.

The methods of probability and statistics first flourished among social scientists who sought quantitative regularities
revealing the inner workings of society [1]. This inspired the founders of statistical physics in the 19th century to move
away from Newtonian determinism and embrace a probabilistic description of ideal gases. Today, however, physicists
are completing the circle by applying physical methods (oftentimes those of statistical physics) to quantify social
phenomena [1]. For our purposes here, we decide to adopt a broad, operational definition of social physics. Specifically,
social physics is a collection of active research topics aiming to resolve societal problems to which scientists with formal
training in physics have contributed and continue to contribute substantially. Although the precision and rigour of such a
definition may be questioned, we are in good company when relying on what physicists actually do to define (an aspect of)
physics [2]. We also believe that being inclusive and practical about what constitutes social physics makes us appreciate
more the broad position of physics in modern science.

The twentieth century has often been called ‘‘a century of physics’’ [3], and for good reasons too. The scientific method
as practised by physicists achieved enormous success on all scales of reality. On the small end of things, quantum
electrodynamics as the theory of the interaction between light and matter has been tested to within ten parts per billion
(i.e., 10−8) [4] by examining if the dimensionless magnetic moment of the electron relates to the fine structure constant
as predicted. On the large end of things, general relativity as the prevailing theory of gravitation has been tested, among
others, by putting satellites in space, measuring the geodetic effect with an error of 0.2% and the frame dragging effect
caused by Earth’s rotation with an error of about 19% [5] relative to predictions. The latter error, incidentally, amounts to
37mas which is best put into perspective by the words of investigator Francis Everitt that 1mas ‘‘is the width of a human
hair seen at the distance of 10 miles’’. What is important for us is that these enormous successes of physics have caught
the attention of scientists from other disciplines, and have led to attempts to generate similar successes using physics-
like quantitative methods. This is explicitly admitted by some disciplines; in ecology, for example, metabolic theory
[6–9] and mechanistic niche modelling [10,11] draw heavily from thermodynamics. More generally, though, the adoption
of physics-like quantitative methods is best reflected in the proliferation of physical and mathematical modelling in
disciplines as diverse as epidemiology [12,13], virology [14,15], neuroscience [16,17], medicine [18,19], psychology [20,21],
sociology [22,23], and countless others. But if the ultimate goal is to replicate the success of physics, whom better to call
for help than physicists themselves? All this explains to a decent degree why physics is at the roots of the modern shift to
multidisciplinarity, and why physicists publish more multidisciplinary physics articles than articles in physics journals [2].

Although the success of physics over the past hundred year or so is impossible to dispute, signs of a progress
slowdown [24,25] and dissatisfaction with fundamentals [26,27] have been brewing, consequently setting in motion
3
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ultiple searches for ‘new physics’ [28,29]. Until such physics is found, however, many a young physicist may seek
o employ their strong quantitative skills elsewhere. A well-known example is attempts by physicists to, both through
esearch in academia [30] and practice on Wall Street, enrich the world of finance.

The described state of affairs places physics squarely at the roots of multidisciplinarity. It is then hardly surprising
hat much of the multidisciplinary work conducted by physicists aims at resolving societal problems. We call that work
ocial physics, believing that otherwise we would be diminishing the rightful role of physics in today’s multidisciplinary
ovement. Provided the reader is willing to agree with us or, at least, give us the benefit of the doubt, it becomes glaringly
bvious that the scope of social physics is enormous. How did we go about narrowing down a relevant set of topics for
he present text?

Our focus was twofold, asking what enables or constitutes the modern way of living and what perturbs or threatens
t. The majority of human population now lives in cities [31] because of more healthcare, education, and employment
pportunities. Despite their advantages, cities suffer from many problems, traffic being among the more acute ones [32].
e therefore started by overviewing the contributions of physicists to research in urban dynamics and traffic flows. The
rosperity of cities is in many ways tied to markets, and over the past two decades financial markets in particular had an
normous impact on urban life, innovation, and planning [33]. This warrants a better understanding of financial markets,
hich is the aim of the chapter on econophysics. Life in cities, and civilised life in general, is based on widespread
ooperativeness. The evolution of cooperation accordingly deserves a chapter of its own, even more so given that this
s a research domain in which physicists have been especially active [34]. Human population is furthermore organised
n social networks, whose structure is entwined not only with the evolutionary dynamics of cooperation, but also many
ther dynamical processes of societal relevance [35]. Probing network structure and their separation into communities
ould therefore not be overlooked. An important realisation in this context is that computers increasingly take part in
haping social networks, especially so with the advent of human-like artificial intelligence. The present state of affairs
nd current technological trends, in fact, necessitate a candid discussion about human–machine networks.
Among phenomena that perturb or threaten the modern way of living, crime is a conspicuous one, with impacts

at large, societal [36] and small, community [37] scales. Interestingly, as the chapter on criminology will demonstrate,
oth the evolutionary dynamics of cooperation and network-structure analyses prove useful in gaining insights into
rime fighting and criminal organisations. In contrast to crime, migration per se comes with positive effects, such as
helping to alleviate labour-force deficits and age-structure imbalances in ageing populations [38], but there are many
caveats. Developing countries, for example, were supposed to receive demographic dividends form their favourable
workforce-to-dependants ratios, but substantial value has been lost to brain drain, that is, emigration of highly educated
young adults [39]. Much more consequential is when population displacements are triggered by environmental shifts
or geopolitical instabilities; on the one hand, people losing homes is a humanitarian crisis, while on the other hand,
countries quickly absorbing sizeable immigration fuels nationalism and xenophobia [40,41]. Movements of people across
large distances, especially at a fast pace of today, make humankind vulnerable to contagions [42]. The chapter on
contagion phenomena covers disease transmissions on global and local scales, and overviews the budding subfield of digital
epidemiology. Before closing off this review, we shift the focus to natural surroundings that support human life in the first
place. The chapter on environment puts emphasis on the proliferation of chemicals whose effects, particularly synergistic
ones, remain partly understood at best [43]. Even more critical is global climate change [44–46]. Somewhat surprising in
this context is the use of network science to unravel the intricacies of Earth’s climate system. This only goes to show how
versatile physics and its methods are, which we hope will inspire physicists to further nurture multidisciplinarity, as well
as scientists from other disciplines to maintain a dialogue with physicists when resorting to quantitative approaches and
tools.

2. Urban dynamics

Cities are archetypal examples of complex systems [47]. They are to some extent self-organised, in other aspects
planned. They need hierarchical and interdependent distribution systems. They exist across an extraordinary range of
scales. They interact in complex networks, they consist of complex networks, and they are built by people interacting
through complex networks. Many aspects of urban science do not fit the methodologies of physicists. This section will
discuss the current state of urban science [48], in particular the topics that interest physicists [49].

2.1. The definition of a city

Assume that we know the locations of all humans, at all times, and all buildings and infrastructures, then how can we
decide what a city is? This is far from an easy question, and one soon realises that any simple solution will not overlap
perfectly with the existing conventions. Most of the research that we present here use an administrative definition of a
city. We will, however, look at attempts to define cities from the population distribution.

Even if one starts from population-density data, one can usually be completely independent of pre-defined adminis-
trative borders. For example, Ref. [50] uses the population of the most fine-grained subdivision of the United Kingdom
(wards) for this purpose. The actual population count comes from the home address reported in a census.

One idea for the definition of a city, akin to percolation theory [51], is to identify regions with a population density
� above a particular threshold � . Ref. [50] defines a city by requiring that � > � , for all wards k at the boundary. If
0 k 0
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Fig. 1. Two methods of defining cities in England. A,B, Results of the density thresholding method with thresholds �0 = 24ha−1 and �0 = 2ha−1 ,
espectively. C,D, Results of the commuting-based method with minimum populations of 50,000 and commuting flow thresholds 40% and 5%,
espectively.
ource: Reprinted figure from Ref. [50] under the Creative Commons Attribution 4.0 International (CC BY 4.0).

ards belonging to the city surround a ward k, we consider it a part of the city even if �k < �0. See Fig. 1 for the results
f this algorithm when applied to the population density of England.
Another approach to defining cities is to group smaller divisions with larger ones if at least a fraction of the population

f the smaller commutes to the larger, and there is not a larger division that attracts even more commuters. In order for
his approach to give sensible results, one needs to start from some seed regions more populous than a given threshold.
rom such a seed region, the algorithm of Ref. [50] recursively adds wards to a region that at least a certain fraction of
eople commute to. If there is more than one region that draws a fraction of commuted above the threshold, then the
ard is added to the region attracting most commuters. When such a recursive procedure has converged, one is left with
city pattern such as in Fig. 1C, D.

.2. Size of cities

George Kingsley Zipf noted in his 1949 The Principle of Least Effort [52] that city sizes m follow a power-law distribution

P(m) = const.×m−� : (1)

ipf found the exponent � to be one and assumed that it was a universal value, but more recent studies argue that different
egions of the world have different � [53–55].

There is a vast number of mechanisms proposed for Zipf’s law of city sizes, starting from Zipf himself [52]. We will
ention a few from the physics literature. First, Zanette and Manrubia suggested a multiplication–diffusion mechanism
odel operating on a square grid [53]. From an initially even distribution of population density, the population m at a

andom site i is updated as

mi(t) =
�
(1− q)p−1 with probability p
q−1(p− 1) otherwise

(2)

Then a fraction � of the population is redistributed to the surrounding cells. This model produces emergent power-laws
in agreement with Zipf, for a broad range of parameter values.

Ref. [56] proposes a model in which the arrival rate wa and the departure rate wd from a city of size m depend on m
according to

wa =
m2

m0
+m (3a)

wd = e1=m∗
�
m2

m0
+ a

�
(3b)

here m∗, m0, and a are parameters. These rules are repeatedly applied in combination with a growth of the number
of cities (by occasionally adding cities of population one). This gives, for some parameter range, an emergent city-size
distribution of

� =
1

: (4)

1+ (a− 1)m0

5
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Fig. 2. Growth of a modelled city. Shown is an artificial city plan generated by the Manrubia–Zanette–Solé model [63]. The colour bar encodes a
imeline for the development of the city. The model reproduces many features of real cities, but there are also striking differences compared to
eality; in the model, for example, the oldest regions are completely embedded in newer ones.
ource: Reprinted figure from Ref. [63].

In both of the above models, there is an element of ‘rich-gets-richer’ (often called ‘Gibrat principle’ [57], sometimes
he ‘Matthew effect’ [58], or ‘cumulative advantage’ [59]) that larger cities manage to attract more people and thus grow
aster than smaller cities. Thus, many authors cite Herbert Simon’s model for emergent power-law distribution [57] as
n explanation for city size distributions. This mechanism has been revived and adapted for city growth in the relatively
ecent economics literature [60]. Indeed, out of all mechanisms generating power-laws [61], the models specifically trying
o explain city growth, that we are aware of, all seem to incorporate a rich-gets-richer mechanism. There is also some
irect empirical evidence for a rich-gets-richer growth of cities [62].

.3. City growth

Another issue about cities that has interested physicists is the spatial growth of cities. Indeed, the Zanette–Manrubia
odel has also been proposed as a model for the spatial growth of cities [63]. This is maybe not so surprising because, in

he spirit of self similarity, the population distribution within a city could be similar to that of a region containing many
ities. Fig. 2 shows one example of a result of this model. Although the model manages to reproduce many features of
eal city growth, one immediately spots discrepancies when comparing the model output to real data. The most striking
ifference is that the oldest regions of the Zanette–Manrubia are completely embedded in newer built environments.
owever, in real data, they could border non-built land-use types.
In addition to reaction–diffusion type models of city growth, some models are somewhat similar to diffusion-limited

ggregation (DLA) [64]. For example, Ref. [65] follows a Markov random-field framework, but adds many rules from the
rban planning literature or the authors’ observations. This model could be coupled with geographic data or similar to
mprove its predictive power. Another influential paper motivated by DLA, or rather its weaknesses, to model city growth,
s Ref. [66]. In this model, the nodes are successively added to the cluster (representing a city) with a logarithmically
ecaying probability of the distance to occupied areas.
Finally, we note that predicting city growth patterns does not only interest physicists. For example, see Ref. [67] for a

ecent model by geographers of the co-evolution of land-use and population density.

.4. Networks within and of cities

As already alluded to, it is not straightforward to demarcate cities from their surrounding. Therefore many of the
rinciples that relate different cities also apply to the organisation of cities themselves. Geographers had invented simple
odels to explain existing patterns and determine the optimal spatial networks long before physicists turned to this
roblem (for example, see Fig. 3). We recommend reading Ref. [69], which is an almost 50 years old textbook but will feel
ery modern for anyone working on spatial, temporal, or higher-order network structures, or the modelling of complex
ocioeconomic systems.
One influential early model for the network of cities was Walter Christaller’s 1933 ‘central place theory’ [70]. It assumes
n underlying featureless landscape of uniformly distributed resources. In such a scenario, larger cities would primarily

6
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Fig. 3. A figure from a 1963 essay by the Greek-American architect C. A. Doxiadis to argue that for a city to grow without losing its vital functions,
its centre needs to be supported by a network of subcenters—‘‘to create a new network of lines of transportation and communication which do not
lead towards the centre of existing cities but towards completely new nodal points’’ [68]. © Constantinos and Emma Doxiadis Foundation.
ource: Courtesy of Constantinos A. Doxiadis Archives.

rganise in a hexagonal lattice. Secondary, smaller cities would fill the gaps around the central places, and so on. The
conomist August Lösch derived a more flexible and more economics-favoured location theory than Christaller’s in his
940 The Economics of Location [71]. Lösch also concludes that in a structureless world, human settlements would be
rganised into a hexagonal pattern. Furthermore, cities would have a fat-tailed size distribution [72], although deriving
ipf’s law was not an explicit goal of Lösch.
Physicists have spent more effort trying to understand the evolution of networks within cities [74,75] than networks

f cities. One example is Barthélemy and Flammini’s model of the growth of street patterns [73]. This model works by
dding ‘centres’ that are then connected according to the following rule. Say that A and B are neighbouring centres, and
is a tip of a nearby road under construction. The road will grow from the tip M in the direction of the vector
−→
MA
|MA|

+

−→
MB
|MB|

; (5)

such that the cumulative distance from the centres A and B to the road network is minimised (Fig. 4). When the road M
reaches a point on the line between A and B, a straight road segment is added from A to B. For further details about this
model, see Ref. [73].

Other models of spatial networks typically also operate by successively adding points and connecting these to the
existing network [76]. A more general model of spatial growth that could work as a model for road networks is Gastner
and Newman’s model in Ref. [77]. This algorithm associates a cost to all the links that is proportional to

cij = �
√
Ndij + (1− �); (6)

where dij is the distance between points i and j, and � is a parameter governing the relative cost of the distance of the
link to its existence. Then the algorithm seeks a set of links E that minimisesX

dij given
X

cij < C (7)

(i;j)∈E (i;j)∈E

7
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Fig. 4. Street patterns generated by an algorithm. Panels correspond to time progression in the model: (a) t = 100; (b) t = 500; (c) t = 2000; and
d) t = 4000. Initially, constructed road form a tree-like structure, but loops start appearing as the density of roads increases.
ource: Reprinted figure from Ref. [73].

Fig. 5. Snapshot of the converged state of Schelling’s segregation model. Symbols ‘ ’ or ‘#’ correspond to individuals of two different ethnicities
ccupying cells in an L× L square grid. Convergence is achieved by repeatedly following a simple rule such that individuals who have more than a
raction b of neighbours belonging to the other ethnicity move to another, randomly selected empty cell.
ource: Reprinted figure from Ref. [79].

or a parameter C representing the total budget of the project. If � is large, the networks become more like urban
nfrastructures, otherwise the networks are rather like airline maps. The Gastner–Newman model is similar to Fabrikant–
outsoupias–Papadimitriou model [78] of Internet evolution in the sense that it balances the cost of physical links and
he presence of the link in the network.

.5. Segregation

Studies of segregation by physicists are essentially equal to studies of the model by Schelling [79]. Just one glance at
chelling’s paper should be enough for the reader to understand why this particular model is popular among physicists
Fig. 5). The background of the model was the racial tensions in the 1960s USA in general and residential segregation in
articular. Schelling used the model to argue that even if people are mostly tolerant of living close to others of another
thnicity, spatial constraints accentuate segregation. The model works as follows:
8
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1. Consider an L× L square grid in which every cell can be empty or occupied by a resident of one of two ethnicities
(‘ ’ or ‘#’ in Fig. 5).

2. Initially, distribute ⌊fL2=2⌋ s and equally many #s randomly on the grid, where 0 < f < 1 quantifies occupancy.
3. Update the configuration by picking an occupied square and, if this is surrounded by more than a fraction b of the

opposite ethnicity, move it to a random unoccupied square. Schelling considered the eight nearest neighbours.
4. Repeat the previous step until all occupied squares are below the threshold. If f is sufficiently small, the procedure

will converge. Otherwise, the problem is ill-defined.

Essentially, the final level of segregation, measured by the average fraction of neighbours of the same ethnicity, will be
far from the threshold, and this increases non-linearly with both the threshold b and occupancy f .

There are many papers in the physics literature dealing with this model, typically without interpreting the results in
terms of residential segregation. For example, Ref. [80] reinterprets Schelling’s model as a model of crystal growth, while
Ref. [81] studies scaling properties of the interfaces of the emergent clusters. See also Ref. [82] for an amusing account
by Dietrich Stauffer.

2.6. Scaling theory of cities

A small city is not a small version of a large city. As mentioned, there has been a considerable hype around self similarity
and scale-free patterns [83] that, to some extent, has fuelled the development of models we have discussed. However,
beyond the power-law size distribution, the way a city operates depends on its size. How things depend on size has, for
long, been a common theme in biology and ecology. Note the difference to finite-size scaling in statistical physics where
the goal is to extrapolate the results to the infinity limit (to study critical phenomena).

Scaling theory has recently come to the attention of physicists [84]. This interest comes from the physical theories
of allometric scaling [85]. One of the most influential papers is Ref. [86] that found that different sectors of the
economy depend differently on the size of cities. For example, sectors that need people to collaborate—like research and
development—scale superlinearly with city size. In contrast, facilities that need to exist relatively close in space—like gas
stations—scale sublinearly. Ref. [87] reestablishes these results in a framework more suitable for physics-style modelling
by using population density rather than city size as a basis for the scaling analysis. Ref. [88] proposes a model that relates
many scaling exponents and finds the regions of parameter space where a city can exist.

2.7. Human mobility

Mobility studies mostly concern how many people move between two locations at a specific time. One can break
down this topic in many ways. One can divide the people according to age, sex, or socioeconomic indices. One can separate
different times of day, different months, or long-term trends. One can consider moving of residence, work, or the individual
themself.

The origin of human mobility studies is Ernst Ravenstein’s 1885 The laws of human migration [89]. Ravenstein noticed,
among other things, that the distance people move (their home) follows a skewed distribution—most people move only
a short distance.

A more quantitative mobility law is the gravity law stating that the number of people Tij travelling between two
locations i and j is

Tij = c
PiPj
d�ij
; (8)

where c and � are constants, dij is the distance between i and j, and Pi the population at location i. This relation was
irst studied by Zipf [90], who only considered the exponent � = 1. The phrase ‘gravity law’ was coined later in the
ransportation literature, so it does not appear like Newtonian mechanics played any deeper role in this development than
roviding a namesake. Subsequent studies have tried to measure and explain the exponent [91] and otherwise improve
he gravity law by adding information about the locations [92].

The gravity law was recently improved by the radiation model of human travel stating that

Tij = Ti
PiPj

(Pi + sij)(Pi + Pj + sij)
; (9)

where Ti =
P

j Tij and sij is the number of people in the circle centred on i and j at the perimeter. The radiation
model’s main advantage is that it builds on some simple mechanistic assumptions, whereas the gravity model is merely
a statistical relation. Indeed, the radiation model’s assumptions are rather reminiscent of Stouffer’s theory of intervening
opportunities [93], stating:

The number of persons going a given distance is directly proportional to the number of opportunities at that distance
and inversely proportional to the number of intervening opportunities.

Stouffer had moving to change work in mind, and the opportunities in question were job opportunities.
9
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Fig. 6. Greedy navigators, agents following a stylised navigation strategy, getting lost in the Leeds Castle maze network. The graph is a ‘visibility
graph’ constructed by choosing as few nodes as possible so that the entire study area is visible from at least one node [101]. The edges connect
nodes that are visible from one another. The red arrows indicate the actual route travelled by a greedy navigator. The red solid circles denote the
shortest path discovered by the greedy navigator.
Source: Reprinted figure from Ref. [102].

.8. Trajectory analysis

With the advances in position-tracking technology over the last couple of decades, researchers have gotten access to
arge datasets of people’s trajectories. Most commonly, researchers have used datasets from cellphones where people’s
ocations are identified by the location of the cellphone tower their phone is connected to. From such studies, often
omprising hundreds of thousands of individuals, the overarching discovery is just how predictable people are [94–96].
n most situations of our daily lives, given a sequence of locations visited, one could guess the next location by a probability
f around 90% [96]. This phenomenon is also observed in disasters, where peoples’ routines could be forced to change
ompletely. Still people have been observed to settle into new, highly predictive movement patterns [97].
Another type of trajectory analysis is based on the shape of vehicular travel routes. The most fundamental quantity

s the actual travel distance divided by the Euclidean distance between origin and destination. The average value of this
uantity, often measured as a function of the Euclidean distance, has many names in the literature, here we follow Ref. [98]
nd call it detour index. For very short travel distances, the detour index could be above two (the travel distance is over
wice the straight distance). As the distance increases, the detour index converges after 20–30km to a value of around
.3. Many generative models of city maps can reproduce this observation [99].
Another type of study based on the car-travel routes is focusing on how the city shapes the trajectories. Ref. [100],

or example, investigates whether the fastest travel routes by cars between points at equal distance from the city centre,
end to move first in, then out, or vice versa. This tendency could be quantified by the inness—the area enclosed by the
rajectory and the shortest path from origin to destination on the same side of the city centre, minus the corresponding
rea on the other side. Cities dominated by highway ring roads tend to have negative inness because people travel out to
he ring road, follow it, then travel in towards the city centre to reach the goal. Ref. [100] measures inness for close to a
undred cities worldwide and relates it to socioeconomic indicators.

.9. Navigability

Physicists have not only been interested in the structure of actual trajectories in urban car travel, but also how to find
he destination when one does not have full information. The way people navigate their surroundings is an active area in
ognitive science [103], and it is accepted that some cities, or buildings, are much easier to get lost in than others.
Any attempt to quantify the navigability of a city or building must rest on a model of how people exploit contextual

nformation. Ref. [102], for example, uses a framework called greedy navigators in which the individuals have a notion of
he direction to their destinations. At every intersection, a greedy navigator chooses the street, not previously travelled,
hat points most directly towards the target. In Fig. 6, we show a proof of concept of how greedy navigators fail to find
short path in a garden maze (designed to be hard to navigate). Using greedy navigators one can obtain a navigability

ndex similar to the detour factor—the average distance found by the greedy navigators divided by the actual average
hortest distance.
10
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.10. Future outlook

So far, the physics of urban systems has not been driven by a paramount goal. Instead, it has been building on
collection of observations from data that physicists can, and do, try to explain. However, urban science [48], in a
ultidisciplinary sense, has some general directions. From an engineering perspective, one would like to make cities
ustainable and energy-efficient; whereas seen from social science—because of the ongoing urbanisation of our planet—
ne would like to foresee the problems and tap into the opportunities of ever-larger metropolises, perhaps via the
patio-socio-semantic analysis framework [104].

. Traffic flows

Understanding and predicting traffic flow is important for social engineering in general and urban planning in
articular [105,106]. The study of traffic flow in the engineering sciences is thus old, dating back to the 1930s [107].
utside of the engineering sciences, however, scientists have only recently discovered vehicular traffic as an interesting
omplex system that perhaps could be described with a few simple laws, and is thus worthy of study with scientific
ethods [108–110].
For physicists, traffic-flow models became a topic in the 1990s. In the recent decade, this topic has cooled down some-

hat, but nonetheless remains an active field of research in physics and elsewhere, for instance, machine learning [111].
t is probably fair to say that the main motivation for physicists has never been to provide practical advice for urban
lanners. Rather, the attraction was that vehicular traffic exhibits several types of self-organised, collective phenomena
lso seen in statistical physics. It is no coincidence that the founding era of the physics studies of traffic flow was in the
990s. This was a time when there was a prevailing idea that many phenomena in nature and society were connected by
nderlying ubiquitous organisational principles such as self-organised criticality [83], manifested by many quantities that
ollow power laws. Even if this view has lately fallen out of fashion [61], the idea that vehicular traffic is an archetypal
omplex systems—self-organised, decentralised, and with emergent behaviours that connect short and long spatial and
emporal scales—still prevails.

Another reason for studying traffic flows is that the models themselves are interesting. They are among the simplest
ossible models of emergent phenomena in non-equilibrium systems. Furthermore, they bridge several different mod-
lling frameworks (although none of them originally from physics) [112]—from continuous models of traffic density [113],
ia discrete particle models (called ‘car-following theories’ in this context) [114], to cellular automata [115].

.1. Observed phenomena

As mentioned, the primary focus of physicists interested in modelling traffic flow has not been to make accurate
orecasting, but rather to qualitatively explain emergent phenomena. So what phenomena can be studied by models?
n this section, we will go through some of these observations. Unless stated otherwise, we will discuss phenomena at
ontinuous sections of highways.

ccupancy-flow relations. If the traffic is light, a higher density of cars means that the flow increases—cars move at about
he same speed so twice as many cars means twice as large flow. As the traffic gets denser, however, the average speed
ecreases. Eventually the flow starts decreasing as well. It has been known for over half a century that these quantities do
ot have a smooth relationship. Since Ref. [116] it is rather thought to be tent-shaped (Fig. 7), or inverse �-shaped. This

suggests the existence of two dynamic phases—a free-flow and a congested state [108], with an intermediate maximum
flow [109].

Sometimes the congested state is divided into synchronised flow in which cars are following each other at a relatively
constant speed, and stop-and-go motion (the name explains the concept) at even higher densities [117]. Some authors go
further into dividing the synchronised flow depending on whether the speed and separation of the vehicles is stationary
or not [118].

Phantom traffic jams. The distribution of speeds is fairly well described by a Gaussian distribution for all almost all
traffic densities (Fig. 8). There could be some anomaly for intermediate speeds (40 km/h in Fig. 8) which could ring a
bell for physicists familiar with critical phenomena [119]. Note however that there is nothing scale-free about the speed
distribution at this point (scale-free, or power-law, distributions are usually the hallmark of phase transitions [61]). Still,
there is one supposedly self-organised, emergent, phenomenon believed to explain this anomaly—phantom traffic jams.
These are jams that happen seemingly without an external trigger. Fig. 9 shows the classical figure illustrating phantom
jams with data from aerial photography from Australia in 1967 [120] and reproduced in almost every review paper or
book on the subject [108,109,121], and also original research papers [122]. Apart from the existence of phantom traffic
jams this figure also shows that the jam moves in a direction opposite to the traffic, a finding that has been established
by other measurements [123].

Hysteresis. Hysteresis in traffic flow refers to the observation that the average speed-up as traffic gets lighter does not
follow the same curve as when traffic gets denser. In the former situation, the average speeds are lower. This was first
studied rigorously in Ref. [120] (although mentioned in earlier works).
11
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Fig. 7. Observed flow-occupancy relation in highway traffic in Ontario, Canada, 1985. Occupancy is measured (in percentage) as the fraction of time
a sensor is blocked by a car. Flow is the number of cars passing per hour. Every data point is an average over 5 min.
Source: Reprinted figure from Ref. [116].

Fig. 8. The distribution of speeds at different densities. The dashed lines are the best fitting Gaussian distributions.
Source: Reprinted figure from Ref. [109].

Pinch effect. There is some evidence that stop-and-go type congestion waves are triggered at special locations along roads
where small jams are formed, that later merge to form larger jams (Fig. 10). This is called the pinch effect and the larger
jams are called wide moving jams (although, from a driver’s perspective they are rather long than wide).

3.2. Traffic-flow models

Next, we describe several types of traffic-flow models that have been used to explain the observed phenomena. Some
of these models have true physics origins, whereas others became popular among physicists, although their origins lie
elsewhere (e.g., computer science and mathematics).
12
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Fig. 9. Phantom traffic jam in highway traffic. Each line represents one vehicle in a particular lane (trajectories suddenly appearing mean a vehicle
made a lane change). Original data from Ref. [120].
Source: Reprinted figure from Ref. [109].

luid-dynamical models. Macroscopic, or fluid-dynamic, models of traffic only use traffic density �, flow Q , and average
elocity v as variables describing the system. These are related by definition as

Q (x; t) = �(x; t)v(x; t); (10)

here x is the location along the road and t is the time. Assuming continuity (that no cars are generated, or disappearing,
long the road) we get the following equation describing mass conservation

@�

@t
+
@Q
@x
= 0: (11)

Eq. (11) should be a part of all fluid-dynamical traffic flow theories, but we need one more equation to make it a full
theory. The oldest approach is to assume Q is only a function of � and the functional relationship is to be inferred by
data

Q (x; t) = Q [�(x; t)] ; (12)

eading to
@�

@t
+ C(�)

@�

@x
= 0 (13)

here C(�) comes from data. This Lighthill–Whitham theory [113] describes kinematic waves that travel in the opposite
irection of the traffic flow (according to observations). In the solution of the Lighthill–Whitham equations, shock-waves
f infinite density build up. These should be interpreted as jams, and are a challenge numerically, but not conceptually.
here are several more sophisticated theories following the footsteps of Lighthill and Whitham. All of them replace Eq. (12)
y a more elaborate equation.

inetic models. Kinetic models of traffic flow are inspired by the kinetic theory of gasses. They use a distribution of car
peeds as their main variable describing the state of the system. The original kinetic theory of car traffic was proposed by
13
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Fig. 10. The pinch effect. Panel (a) shows the setup of sensors along a highway. Panel (b) shows the readings (average speeds) of some of these
ensors. The pinch effect is manifested in narrow dips (jams) that are created around D5 and aggregate to ‘wide jams’ down the road.
ource: Reprinted figure from Ref. [124].

rigogine and co-workers in the 1970s [125]. It was quite similar to the original model from physics and to little surprises
t shows many discrepancies with car traffic (for example, all cars would drive with the same average speed). This model
as later heavily modified by Paveri-Fontana [126]. Like above, Refs. [108,109] give a summary of these theories.

ar-following theories. We have mentioned traffic flow theories inspired by fluid dynamic and kinetic gas theory, maybe to
ittle surprise, there are also theories inspired by Newtonian mechanics. Such, car-following theories are based on equations
or the individual drivers and their response to the behaviour of the preceding car. The simplest car-following equation,
ue to Reuschel [114], is

� ẍn(t) = ẋn+1(t)− ẋn(t): (14)

his equation is derived from assumptions that a driver wants to drive as fast as the preceding car, but not get closer
han a safety distance. Later, improved, car-following theories have assumed each car has an internal desired speed, that
t follows unless it needs to avoid a collision. These more sophisticated theories can explain the mirrored-� shape of the
low-density curves and hysteresis effects.

oupled-map lattice models. The models we have seen so far have all been continuous in both time and space. So called
oupled-map lattice models share many assumptions of car-following theories, but use a discrete time. In general, such
odels have the form

vn(t + 1) = Mapn(vn(t); vn;des;�xn) (15a)

xn(t + 1) = vn(t)+ xn(t); (15b)

here Mapn(·) is a dynamical map that takes into account the speed and position of the nth vehicle, vn and xn, the desired
peed of the nth vehicle, vn;des, and the headway to the (n+1)th vehicle, �xn. This versatile framework can accommodate
ifferent personalities of drivers, and different classes of vehicles, etc. Several of the empirical characteristics of traffic flow
such as flow-density relations) can be reproduced by coupled-map lattice models. Popular models of this kind includes
hose of Yukawa and Kikuchi [127] and Krauss, Wagner, and Gawron [128].
14
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Fig. 11. The three rules for changing the speed in the Nagel–Schreckenberg model. The rules are illustrated for the focal vehicle, while the vehicle
ahead keeps its speed. The arrow illustrates the speed v; the circle illustrates the position x.

Cellular automata models. One further abstraction from coupled-map lattice models is to discretise space as well as time.
This leads to so called cellular automata models. These are the most well-studied type of models in the physics literature,
which might seem surprising since it is a type of models derived from computer science and mathematics rather than
physics (whereas the kinetic and car-following models above have a much stronger physics flavour). The explanation is
probably that physicists became interested in traffic models as a part of a general hype around complex systems, where
cellular automata models of artificial life are among the most iconic theories.

The most well-studied cellular automata model of traffic flow is the Nagel–Schreckenberg model [115]. In this model,
the road is represented by a one-dimensional discrete lattice. There are N vehicles on this road. Each cell of the road is
occupied by maximally one vehicle. All vehicles are updated in parallel according to the following rules (to be followed
in order):

1. Acceleration. If vn < vmax, then the speed of vehicle n is increased by one unit, otherwise the speed is unchanged:

vn(t + 1) = min(vn(t)+ 1; vmax): (16)

2. Deceleration. If xn+1 ≤ xn + vn—that is, the car ahead is so close that vehicle n would reach its position (or further)
the next time step—then the nth vehicle brakes:

vn(t + 1) = min(vn(t); xn+1 − xn − 1): (17)

3. Randomisation. By chance, that is, with probability p, the speed of some cars is decreased:

vn(t + 1) = max(vn(t)− 1; 0): (18)

4. Vehicle movement. Each vehicle moves forward according to its new speed:

xn(t + 1) = xn(t)+ vn(t + 1): (19)

See Fig. 11 for an illustration of the Nagel–Schreckenberg rules.
The Nagel–Schreckenberg model can, despite its simplicity, reproduce many features of real traffic, such as the flow-

density curves and phantom traffic jams. With this model as a starting point the research has branched out in many
directions. Some of the research has striven to include more realism [129,130], while other [131] has shown that it takes
only a small modification to turn it to a model of self-organised criticality (the Nagel–Schreckenberg model itself does not
have the necessary meta-stable state). Yet others studied further simplified models as discussed below, although these
simplified models are incapable of reproducing the above-mentioned full statistical characteristics of traffic.

Connections to non-linear statistical mechanics. If one gives up on trying to reproduce all statistical features of highway
traffic, then one can further simplify models like the Nagel–Schreckenberg cellular automaton. This will typically reduce
the models to standard models of non-equilibrium statistical mechanics, like the totally asymmetric simple exclusion process
(TASEP) [132] or the Burgers’ equation [133] (in particular, its noisy version [134]). These more stylised studies are often
focused on finding dynamical critical exponents that relate the size of a system to its dynamics and the critical point

separating the free-flow and congested phases (see Ref. [135] for a typical example).
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.3. Pedestrian traffic flows

Pedestrian traffic is a related, but far from an equivalent type of socio-physical system compared to vehicular flow.
t could also be thought of as a self-organised granular flow of semi-intelligent particles. The main research questions
oncern the formation of trails in open landscapes [136], the formation of lanes in dense pedestrian traffic [137], and
scape panic behaviour [138].
Most models of pedestrian flows take their inspiration in physics and model the individuals as particles driven by

orces [139]. Several things are different from real gasses—there is, for example, no conservation of momentum. Typically
ne have to assume that people repel each other by two forces; one is social—the desire not to be too close to another
erson—and one is physical—crowded conditions such that people actually have to be in physical contact [109]. To
ccurately model escape panic, one has to break down the physical forces into tangential and radial components.

.4. Future outlook

From a physics point of view, the field of traffic-flow modelling seems to have somewhat cooled down at the time of
riting. Elsewhere, it is a topic of emergent interest. In particular, the recent boom in research on autonomous vehicles has
enewed the interest in applying machine learning to these topics [111]. The current interest in self-driving cars produces
n enormous amount of data. Most of it arguably useless for this type of research, but probably eventually enough to
iscover new statistical laws of vehicular traffic. Even if data does not come as a side product from the automotive
ndustry, it is nowadays easier and cheaper to collect. There have been projects to this end that rely on drones [140]
r tower-mounted cameras [141]. In Fig. 12, we plot individual trajectories of some of the recordings from one of these
atasets [140].
When we—by new observations from new datasets—have created new qualitative statistical laws to replace the current

ualitative observations, then the question will once again be to find minimal models recreating the observations. In
articular, with high-quality data on the onset of the congested phase, we could measure how often phantom traffic jams
ctually occur and whether the current mechanistic models of these can explain the observation, or if we have to go back
o the drawing board.

. Econophysics

Unlike traditional economics, which is built upon a rational-choice model, econophysics borrows the particle model
rom statistical physics to explain the behaviour of an agent. Such a model assumes that the agent’s tastes and preferences
re not fixed, but instead depend on the interactions with other agents [142]. In other words, econophysics puts a greater
mphasis on the social environment of the agent [143]. Some other physics models and concepts commonly applied to
conomics include the kinetic theory of gases, chaos theory, percolations, and self-organised criticality.
Empirical work in econophysics is mostly focused on the analysis of firm growth and competition, industry entry and

xit rates, money flows, financial markets, and international trade [144–150], that is, on areas in which huge datasets are
vailable, and the application of statistical-physics tools and methods proves useful. The areas of economics with scarce
ata availability, such as macroeconomics in which datasets are short and noisy, have not attracted much attention among
conophysicists. However, with the increasing acceptance of networks in the mainstream economics, econophysics may
till play an important role in the future development of macroeconomics [143].

.1. The advent of econophysics

In 1991, Mantegna published a paper in a physics journal, Physica A [151], in which a time series of daily financial-
arket prices was analysed and price changes were shown to follow a power-law distribution. At that time, power-law
istributions and scaling relations were attractive key topics to statistical physicists after the big booms of fractals in the
arly 1980s [152–154] and self-organised criticality in the late 1980s [83,155]. Research targets of interest to physicists
ere extended widely to general complexity in nature, thus crossing the traditional boundaries between research fields.
arket price changes were a part of this extension and got accepted as one of physically interesting phenomena that
xhibit power-law behaviour.
The next pioneering interdisciplinary paper appeared in the same journal in 1992 by H. Takayasu et al. [156]. A simple

rtificial model of the market was proposed comprising mathematically defined dealers in the form of dynamical particles
n a one-dimensional space of prices. The model’s non-linear dynamics caused chaotic time evolution resulting in almost
andom price movements (see the next subsection for details).

In 1995, Mantegna and Stanley analysed the time series of stock-market prices recorded at a one-minute interval, and
ound that the price-change distributions at different time scales, upon re-scaling, conform to a function with symmetric
ower-law tails [157]. Such a data-analysis method was familiar from the study of critical phenomena involving phase
ransitions. Because their paper was published in a high-impact journal, the new physics approach to financial markets
ttracted wide attention. In the same year, Stanley coined the term econophysics to represent an interdisciplinary research
16
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Fig. 12. Trajectories, from the highD dataset [140] plotted in the style of Fig. 9. A, Free-flow state (recording 60, lane 8). B,C, More congested traffic
with stop-and-go waves (recordings 26 and 25, lanes 2 and 4, respectively).

field that focuses on economic phenomena from a physics point of view. He introduced this term at a conference on
statistical physics held in Kolkata, India.

In 1997, the first international meeting with the title ‘econophysics’ was held in Budapest, Hungary. Most of the
gathered researchers were specialists in statistical physics, although there was notable participation from fields as diverse
as high-energy experiments. In this same year, the journal Physical Review Letters also opened the door to econophysics,
and a theoretical paper explaining the generating mechanism for power-law distributions in financial markets was
published [158]. Prior to this acceptance, the journal was rejecting econophysics manuscripts on the basis of the topic
being out of scope. The acceptance thus marked the promotion of econophysics to a status of a fully fledged field in
applied physics, such as biophysics or geophysics. The number of econophysics researchers subsequently increased, as
did the variety of research topics that began to cover more than just financial markets.

In 1999, the first monograph on econophysics was published [159], and textbooks on financial markets from the physics
viewpoint followed [160,161]. Multiple workshops and conferences on econophysics were held annually thereafter, with
many economists and finance researchers joining to discuss practical problems [162–164].

The rest of this chapter focuses on the development of econophysics research stemming from the aforementioned
simple physical model of financial markets [156]. We first describe the historical background of the dealer model, and
show how more advanced dealer models have arisen. Then we introduce an empirically derived time-series model called
the PUCK model, and proceed to demonstrate the relation between multiple dealer models. We also outline a recent
analysis of comprehensive market data that includes all microscopic orders appearing on the Foreign Exchange market
17
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t a millisecond interval. The mechanism of financial Brownian motion is compared with the physical phenomenon of
olloidal Brownian motion, and the most advanced dealer model, which is reconstructed directly from the data, is solved
y applying the classical kinetic theory. We close off the chapter with a discussion of a novel emerging perspective, that
f an ecosystem of strategic dealers.

.2. Agent-based modelling: The dealer model

Mandelbrot’s inspiration for introducing the concept of fractals, that is, the scale invariance of complicated shapes in
ature, originated during an examination of historical cotton-price charts at various time scales. Market prices have thus
ecome the very first example of fractals. In part through their interactions with Mandelbrot, H. Takayasu and Hamada—a
hysicist and an economist—joined forces to create a model of financial markets that would explain why market prices
luctuate in a scale-invariant manner [156,165,166]. A prevailing view in economics at the time was that if all market
ealers were rational and possessed enough information, then the market price would be uniquely determined and stable.
et, this view could not be further from the real-world price fluctuations, which prompted H. Takayasu and Hamada
o construct their model borrowing ideas from physics. The model thus had to incorporate the essential underlying
echanisms and processes in a way that is as simple as possible, but non-trivial.
Let us envision an artificial financial market comprising N dealers who buy and sell financial instruments such as

tocks. Every dealer is assumed to try to buy at a low price and sell at a high price, hoping to earn the price difference.
he ith dealer’s trading action at time t is described by introducing two threshold prices, the buying price, bi(t), and the
elling price, si(t). The dealer hopes to buy at the former price or lower, and to sell at the latter price or higher. The
ifference, Li(t) = si(t)− bi(t)>0, called the spread characterises greediness of the dealer, which is set to a constant value
in the simplest case. All dealers’ buying and selling prices are gathered to make the market’s order book. A deal occurs
f the condition si(t) ≤ bj(t) is fulfilled for a pair of dealers i and j, in which case the ith dealer sells to the jth dealer,
or equivalently, the jth dealer buys from the ith dealer. An interesting point is that no deals occur if all dealers’ buying
prices are within the distance L from the minimum buying price. Only when the distance between the farthest pair of
dealers equals or exceeds L can a deal (between this particular pair) take place. Deals thus represent a strong, non-linear,
attractive interaction that makes a group of dealers compact in the price space.

The model is further simplified by assuming that dealers can possess at most one stock at a time. If a dealer possesses a
stock, they are a seller quoting only the selling price. If the dealer does not possess a stock, then they are a buyer quoting
only the buying price. A seller hopes to sell at a high price, but if there is no buyer whose buying price is equal or higher,
then the seller should compromise by lowering the price until a trade becomes possible. This situation is described by a
differential equation

dbi(t)
dt
= �i(t)ci; (20)

here �i(t) = 1 (�i(t) = −1) signifies the buyer (seller) state of the ith dealer, while ci > 0 quantifies the dealer’s (initially
andom) hastiness. A deal between the seller i and the buyer j occurs when si(t) = bi(t) + L ≤ bj(t), at which moment
he state functions �i(t) and �j(t) change their signs. The resulting market price, P(t), which takes the value of the latest
eal, evolves deterministically in time. The model is initialised such that all dealers start with the same buying price, and
ome dealers start as buyers and others as sellers.
With N = 2 dealers, one seller and one buyer, the time evolution of the market price is almost trivial. The two dealers

eriodically alternate their state and the resulting market price oscillates regularly. With N ≥ 3 dealers, the time evolution
f the market price becomes highly non-linear. There is, in fact, an underlying chaotic effect that magnifies small initial
ifferences. We thus learn from this simple model that even fully deterministic dealer behaviour can cause noisy dynamics.
he model is, nonetheless, insufficient to explain the fractal properties of market prices.
A minimal modification of the described model accounts for an effect called trend following. A dealer who follows

he trend expects that price movements keep moving in the same direction as in the immediate past. This can be
athematically formulated using a moving average of length T

⟨�P(t)⟩ =
Z T

0
w(u)

d
dt

P(t − u)du; (21)

here w(u) is a weight function that satisfies
R T
0 w(u)du = 1. Eq. (20) is then appended with a trend-following term

dbi(t)
dt
= �i(t)ci + di⟨�P(t)⟩: (22)

he coefficients di quantify the extent of trend following. They are usually positive for dealers who are trend followers,
ut can also be negative for dealers called contrarians. The simplest possible variant of the model is obtained by assuming
hat all dealers are trend followers with the same coefficient d > 0. Despite being simplistic, this assumption has
a drastic effect, yielding deterministic price dynamics that resemble scale-invariant fluctuations of stochastic random
walks [156]. The model thus identifies two mechanisms likely to be responsible for some of the key characteristics of
18
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ealistic market-price time series. Namely, market prices fluctuate almost randomly due to non-linear, chaos-inducing
nteractions between dealers, while scale invariance emerges from the dealer tendency to follow trends.

The dealer model with trend following as defined by Eq. (22) can be studied analytically to some extent. The dynamics
f the centre of dealer mass follows a Langevin equation [165], which is an equation that is well-known in the context of
olloidal Brownian motion. The distribution of market-price changes obeys a power law with an exponent that depends on
he value of the parameter d [167], in line with known empirical facts [151,159] and a previous theoretical analysis [158].
he dealer model can also be used as a basis for deriving the autoregressive conditional heteroskedasticity (ARCH)
odel of Engle [168], thus offering a mechanistic explanation for the origins of volatility clustering observed in financial
arkets [169]. Finally, by tuning parameters values, the model reproduces the phenomenon of abnormal diffusion, as well
s the statistical properties of dealing time intervals [166].
A stochastic variant of the dealer model was introduced in 2009 [170]. In the model, the function �i(t) is random, such

that—at each moment of time t—either �i(t) = 1 or �i(t) = −1 with the probability of 0.5. This modification improves
upon already favourable properties of the dealer model even in the case of N = 2, which is easily solvable using both
analytical and numerical methods. The stochastic dealer model can, for example, generate bubble-like behaviours that
cause the market price to grow exponentially if the trend-following coefficient, d, is above a certain value.

Further generalisation of the stochastic dealer model has enabled capturing the characteristics of an intervention by
the Bank of Japan in the foreign exchange market between the US dollar and the Japanese yen [171]. Aside from ordinary
dealers responsible for usual market-price fluctuations, the model also includes a special dealer that takes the role of the
Bank of Japan. The special dealer can cause large market-price changes that, according to empirical analyses of market
data, are accompanied by risk-averse responses such as bid–ask spread widening, loss cutting, and profit booking. Ordinary
dealers in the model, with some adjustment, can mimic risk-averse responses and thus generate said empirical phenomena
in simulations. The increased realism makes it possible to assimilate financial time-series data into the model. This opens
the door to the planning of intervention strategies, as well as predicting subsequent market responses.

More recent extensions of the stochastic dealer model help clarify the cross-currency correlations between the US
dollar, the Japanese yen, and the Euro [172]. A new type of dealers, who pursue what is known as triangular arbitrage,
is introduced into the model. Such dealers earn profit by quick circular exchange transactions from, for example, the US
dollar to the Japanese yen to the Euro and back to the US dollar. Interestingly, triangular arbitrage in currency markets
was first reported in 2002 in an econophysics study [173]. New evidence shows that such arbitrage still exists in the
present financial markets in which automated trading systems dominate [174]. The stochastic dealer model has clarified
that it is, in fact, a small number of triangular-arbitrage dealers who boost the cross-currency correlations in a manner
consistent with empirical observations.

4.3. Time-series modelling: The PUCK model

Trend following introduced in the dealer model is based on the idea that dealers make their decision referring to the
latest market data using the moving average. Applying a similar idea to the time series of deal intervals, known for their
temporal-clustering behaviour [175], it was found that the occurrence of deals in markets is modelled well by a Poisson
process with a time-dependent mean value. This value is given by the moving average of the latest deal intervals over
a time period T , where the best estimate of T = 150 s was obtained from the dollar-yen exchange-market data at the
time. The finding clarifies the mechanism underlying the temporal clustering of deal intervals. When random fluctuations
cause a few short intervals to repeat, the moving-average value becomes smaller, making shorter intervals more likely to
appear in the Poisson process. A dense period with short deal intervals ensues. Converse is true when random fluctuations
cause a few long intervals to repeat. The described time-dependent Poisson process is a self-modulation process whose
fluctuations have a 1=f power spectrum bordering between stationary and non-stationary processes [176].

The idea of using the moving average was also extended to the time-series analysis of market prices [177,178]. For
a given time series of real market prices with a fixed sampling interval, {p(t)}, the following time-evolution model is
defined

p(t + 1)− p(t) = −
b(t)

M − 1
[p(t)− pM (t)] + g(t); (23)

here M is the length of the moving average, pM (t) = 1
M

PM−1
k=0 p(t − k), and g(t) is independent noise with a zero mean.

he coefficient b(t) denotes a slowly changing parameter estimated from the time-series data. The case of b(t) = 0
orresponds to the ordinary random walk. In the case of b(t) > 0, the future market price, p(t+1), is likely to be attracted
to the latest moving-average price, pM (t), signifying stable market-price movements. In the case of b(t) < 0, the future
arket price is likely to be repelled from the moving-average price, signifying unstable market-price movements.
The described model can be generalised with a time-dependent market-potential function, �M (t), as follows

p(t + 1)− p(t) = −
@

@p
�M (t)

����
p= p(t)−pM (t)

M−1

+ g(t): (24)

his is the Potential of Unbalanced Complex Kinetics (PUCK) model. Eq. (23) is a special case of the PUCK model with the
uadratic potential � (t) = 1b(t)p2. The PUCK model with the quadratic potential function has been shown to apply to
M 2
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Fig. 13. An example of artificial market-price fluctuations produced by the stochastic dealer model with the corresponding estimates of the potential
functions. The parameter d = d1 = d2 from Eq. (22) varies such that d = −1 during the first 1000 time steps, d = 0 during the second 1000 time
teps, d = 1 during the third 1000 time steps, and d = −1 if ⟨�P⟩M < 0 whereas d = 1 if ⟨�P⟩M ≥ 0 during the last 1000 time steps, where ⟨�P⟩M
is the moving average from Eq. (21) of length M = 10 ticks with uniform weights.
Source: Reprinted figure from Ref. [170].

various financial markets, successfully reproducing most of empirical stylised facts such as the power-law distribution of
price changes, abnormal diffusion over short time scales, as well as volatility clustering [179].

The market-potential function is estimable for any market-price time series, including those artificially produced by the
dealer model described in Section 4.2. A stable quadratic potential is obtained for contrarian dealers (d < 0), an unstable
quadratic potential is obtained for trend followers (d > 0), and an asymmetric higher-order potential appears when trend
following is asymmetric (Fig. 13). Moreover, the value of the market-potential coefficient b(t) can be theoretically derived
from the dealer model, thus demonstrating that the origin of the market-potential function in Eq. (24) comes from the
trend-following behaviour of dealers.

A merit of the PUCK model is its wide applicability; the model describes market-price time series in various
circumstances. This ranges from nearly random walks under normal market conditions, an exponential divergence in
the case of bubbles or crashes, and even a double exponential divergence or a finite-time singularity in the case of hyper
inflation [180,181]. The threshold between the normal and the abnormal random walk is the value b(t) = −2 of the
uadratic-potential coefficient; namely, when b(t) < −2, Eq. (23) becomes linearly unstable causing price fluctuations to

grow or decline exponentially as is observed in bubbles or crashes, respectively. If a cubic potential function is detected,
it generally corresponds to asymmetric price movements [182].

In a short time-scale limit, Eq. (23) reduces to the Langevin equation for Brownian motion containing a mass term
and a viscosity term [180]. Interestingly, the mass term is proportional to −b(t), showing that trend following works
s inertia. Also, the viscosity term becomes negative when b(t) < −2, suggesting that bubbles, crashes, and inflation
hould be regarded as negative-viscosity phenomena, that is, as being under the influence of an accelerating instead of a
ecelerating force.

.4. Order-book modelling: Financial Brownian motion

Another approach that physicists brought to financial markets is data analysis and modelling of an order book. Such a
ook lists buy orders (bids) and sell orders (asks) gathered in a market. Ref. [183] introduced a theoretical model in which
ids and asks are injected randomly onto a price axis. A deal occurs when a new bid price is equal to or higher than the
owest ask price, or vice versa, when a new ask price is equal to or lower than the highest bid price. The deal signifies that
he corresponding pair of orders annihilates forming the latest market price. Otherwise, injected orders accumulate on the
rice axis of the order book. The mechanism was pointed out to be similar to a one-dimensional catalytic chemical reaction
20
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Fig. 14. Schematic representation of the Financial Brownian Particle model. A, An order-book configuration of buy orders (blue in the outer layer
nd green in the inner layer) and sell orders (red in the outer layer and orange in the inner layer) on the price axis. B, Corresponding configuration
f outer-layer particles (blue and red disks), inner-layer particles (green and orange disks), the colloidal Brownian particle’s interaction range (green
ing), and the core (yellow circle). C, After time �t the configuration of surrounding particles changes.
ource: Reprinted figure from Ref. [185] under the Creative Commons Attribution 3.0 Unported (CC BY 3.0).

n which the reaction front moves randomly. Ref. [184] described the details of a stock-market order book, documenting
mpirical statistical laws about the injection of bids and asks, as well as cancel orders. A simple mathematical model
alled Zero Intelligence was proposed to capture the empirical findings, with the name of the model stemming from the
act that no intelligent dealer strategy was needed.

Ref. [185] introduced a novel data analysis of order books, focusing on an analogy between colloidal random walks
nd financial market-price movements. Accumulated bid and ask orders are regarded as water molecules in this analysis,
hile an imaginary colloidal particle is assumed to exist in the gap between bids and asks centred right in the middle
etween the highest bid and the lowest ask (Fig. 14). This colloidal-particle picture is intuitive in the following sense.
s the particle gets displaced, say, to the right (i.e., towards higher prices), the opened up space in its wake gets quickly
illed with water molecules (i.e., bids) from further back where the number of molecules decreases (Fig. 14B, C). In front
f the colloidal particle, by contrast, water molecules get pushed forward, decreasing their number next to the particle,
ut increasing the number further away (Fig. 14B, C). This intuitive picture is fully consistent with the dealer model and
rend following by which pairs of buy and sell orders move together with the market price.

A more conventional picture treats all buy orders (and separately all sell orders) on an equal footing, but this is
ncorrect. As the colloidal-particle picture shows, buy and sell orders should be categorised into an inner and an outer
ayer of opposite behaviour. If bids (or asks) increase in the inner layer they decrease in the outer layer and vice versa.
nner-layer orders furthermore play a role of a driving force behind market-price movements, as indicated by a high
ositive cross-correlation between the velocity of price movements and the rate of change of orders in the inner layer
Fig. 15). Interestingly, outer-layer orders exhibit a negative cross-correlation between the velocity of price movements
nd the rate of change of orders, and thus can be considered as drag resistance for market-price movements (Fig. 15). All
his implies a fluctuation–dissipation relation for the colloidal particle, which is modelled by the Langevin equation. The
alue of the drag coefficient normalised by the colloidal-particle mass can then be estimated from market-price data [185].
An often overlooked aspect of modelling financial markets using continuous-price models, such as the Langevin

quation, is whether the continuous-price assumption can be justified. To this end, Ref. [186] uses the described analogy
etween a market-order book and a molecular fluid to estimate the financial Knudsen number. Because the Knudsen
umber is generally defined as a ratio of the mean free path to a representative length scale of the system, in the case of
inancial markets, the former is given by the average distance of price movements in one direction, while the latter is the
iameter of the colloidal particle in terms of the inner-layer width for both buy and sell sides (Fig. 14). The continuous-
rice assumption is valid if the Knudsen number is smaller than 0.01, whereas a discrete-time description is needed if the
nudsen number is larger than 0.1 (with transitional regimes in between). The estimated value of the Knudsen number
or dollar-yen and dollar-Euro markets fluctuates around 0.05 most of the time, becoming larger than 0.1 in the times of
arket turmoil. This result indicates that the continuous-price assumption is questionable for modelling financial markets,
specially when large market-price fluctuations take place.
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Fig. 15. Cross-correlation function between the velocity of market-price movements and the rate of change of orders as a function of depth. Buy
orders are indicated with green and blue triangles, whereas sell orders are indicated with orange and red circles. At 
c = 18 the nature of the
ross-correlation changes, thus revealing the distinction between inner and outer layers. A positive inner-layer (outer-layer) cross-correlation means
hat orders in this layer act as a driving force (drag resistance) for market movements.
ource: Reprinted figure from Ref. [185] under the Creative Commons Attribution 3.0 Unported (CC BY 3.0).

.5. A kinetic approach to financial market microstructure

We have reviewed the dealer model as a financial microscopic model describing decision-making process on the level of
ndividual agents. This model has the advantage that (i) it can capture the strategic decision-making process of individual
ealers (such as trend following), and (ii) it reduces to the PUCK model as its macroscopic dynamics for N = 2 and thus can
eplicate the empirical facts seen in the price time series. The dealer microscopic model, however, has a disadvantage that
t could not be directly validated from data, because it requires the truly microscopic data to track all traders’ decision-
aking dynamics. Indeed, the trend-following mechanism is theoretically assumed in the model as a strategy of individual

raders, which could not be directly confirmed. Also, this model requires calibration of the buy–sell spread distribution.
his situation is in contrast to other mesoscopic models, such as purely-random order-book models [183,184,187,188]
see Refs. [189,190] for reviews), which require fewer calibration parameters although they cannot capture the strategic
ecision-making process of individual traders.
Recently, the situation with respect to data availability has drastically changed; truly microscopic data has become

vailable due to the big-data revolution, which has enabled confirming various theoretical assumptions of the dealer
odel, such as the trend-following mechanism and the buy–sell spread distributions. In the following, we review several

esults of the microscopic empirical analyses as performed in Refs. [191–193] that summarise the trading strategies
mployed by real high-frequency traders. In particular, we focus on the trend-following strategies implemented by market
akers that directly validate the dealer model with the microscopic data.

icroscopic data: trading logs of individual traders. Here we describe the microscopic data used in the analyses in
efs. [191–193]. The trading-log data originates from the Electronic Broking Services market, one of the biggest foreign
xchange markets in the world managed by the CME Group. This data includes the decision-making process of traders,
uch as order submissions, cancellations, and executions, with anonymised trader identifiers and anonymised bank codes.
ur focus, in particular, is on the exchange market between the US dollar (USD) and the Japanese yen (JPY) from
8:00 GMT on 5 June to 22:00 GMT on 10 June 2016, with the minimum volume unit being $1MUSD, the minimum
rice precision (called tick size) U0.005 JPY, and the minimum time precision 1 ms. For brevity, U0.001 JPY is used as a
rice unit called tenth pip or simply tpip.
Our attention is centred around high-frequency traders (HFTs), typically machines that frequently submit and cancel

heir orders according to some strategic algorithm. HFTs are defined according to the total number of limit-order
ubmissions. Specifically, a trader who submits more than 2,500 orders weekly qualifies as an HFT. This definition is similar
o the one from a previous study [194] of the Electronic Broking Service market. There are many potential alternative
efinitions that could be considered, but ours offers clarity and the ease of implementation. With this definition in mind,
e identified 134 HFTs during the week under consideration. The total number of traders was 1,015.

FTs as liquidity providers. By plotting three sample trajectories of HFTs in terms of their limit orders (Fig. 16), we observe
hat the HFTs typically maintain two-sided (buy-low and sell-high) quotes. Generally, two-sided quotes attempt to profit
rom the bid–ask spread, but are also subject to liquidity rebates that may exceed the trading fees, allowing HFTs to trade
ith zero marginal cost [195]. In our case, the HFT behaviour is indeed interpreted as liquidity provision (i.e., market
22
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Fig. 16. Sample trajectories of the three top HFTs. Plotted are the limit order prices for both bid (blue) and ask (red) sides. The insets illustrate the
probability density functions of the buy–sell spread L̂i for each HFT individually.
Source: Reprinted figure from Ref. [191] under the Creative Commons Attribution 4.0 International (CC BY 4.0).

making) in response to the request by the platform managers. HFTs have an incentive to play the role of liquidity providers
according to the rule book of the Electronic Broking Services market [196].

Here, we denote the best bid and ask prices of the ith HFT by b̂i and âi, respectively, where the index i is allocated
according to the number of submissions during the week. Any variable with a hat (e.g., Â) implies a stochastic variable,
to distinguish from a real number (such as A). The difference between the best bid and ask prices L̂i = b̂i − âi is called
the buy–sell (sometimes also bid–ask) spread of the ith HFT. The buy–sell spread L̂i can be directly measured in our
dataset at the level of individual HFTs (see the insets in Fig. 16). In addition, we can define the mid-price of the ith HFT as
ẑi = 1

2 (b̂i+ âi). The mid-price ẑi can be interpreted as the appropriate price in the eyes of the ith HFT at the time, while L̂i
an be interpreted as a profit estimate for a round-trip trade, or alternatively, a risk evaluation against adverse selection
i.e., a possibility that the HFT misses some information).

rend-following behaviour. As discussed in Section 4.2, the dealer model was originally constructed with the assumption
f trend-following behaviour of traders in mind. We have validated this theoretical assumption by direct observation,
hat is, by identifying a statistical correlation in microscopic data that can be interpreted as trend following at the level
f individual HFTs. The analytical framework in this context can be described as follows.
First, let us introduce the tick time T as an integer time incremented by 1 when a transaction is executed (see Fig. 17A).

We note that the tick time can be mapped onto the physical time as t = t̂[T ], where the square bracket stresses that the
rgument of the stochastic variable is based on the tick time. The mid-price of the ith HFT at the tick time T is represented

by ẑi[T ] and the market transaction price is represented by p̂[T ].
Then, let us study the correlation between the one-tick future change of mid-price for the ith HFT, �ẑi[T ] = ẑi[T +

1] − ẑi[T ], and the one-tick historical market-price change, �p̂[T − 1] = p̂[T ] − p̂[T − 1] (see Fig. 17A). The average of
�ẑi[T ] conditional on �p̂[T − 1], denoted ⟨�ẑi⟩�p, for two sample HFTs (Fig. 17B, left panel) shows that the correlation
is linear for �p→ 0, but saturates for �p→∞. This suggests, on average, a hyperbolic-tangent scaling relation

⟨�ẑi[T ]⟩�p ≈ ci tanh
�p
�p∗i

(25)

ith the parameters ci and �p∗i unique to the ith HFT. Here, the bracket ⟨Â⟩�p = ⟨Â⟩�p̂[T−1]=�p implies the ensemble
average of Â conditional on the previous price change begin fixed to �p̂[T − 1] = �p and on the HFT being active, that
s, �ẑi[T ] ̸= 0. Indeed, by re-scaling the horizontal axis to �p=�p∗i and the vertical axis to ⟨�ẑi=ci⟩�p, we observe a clear
master curve among the top 20 HFTs (Fig. 17B, right panel), suggesting the universal validity of formula (25) for the top
HFTs in the studied market.

There is also evidence of another scaling relation that holds for the variance of an HFT’s one-tick future change of
mid-price conditional on the historical market-price change being �p (Fig. 17C). We specifically have

V�p[�ẑi[T ]] = ⟨(�ẑi[T ] − ⟨ẑi[T ]⟩�p)2⟩�p ≈ �
2
i ; (26)

where the quantity � 2
i is a constant unique to the ith HFT. This relation suggests that the variance, unlike the mean, is

independent of the historical market-price change �p; HFTs follow the trend, but how much they adjust their mid-price
in doing so is solely their intrinsic property.

The scaling relations described here are statistical laws that reveal strategic trading behaviour beyond the previously
mentioned zero-intelligence models. Such behaviour holds for HFTs as market makers, but does it differ from what
low-frequency traders (LFTs) do?

Indeed, there are noticeable differences between HFTs and LFTs. The former keep a few live orders, typically less than
10, while allocating one unit of volume per order (see Fig. 18A, B). This volume per order is in contrast to LFTs who allocate
enough that the corresponding distribution follows a power law (Fig. 18A, C). Overall, statistics illustrate that HFTs vary
less in terms of trading strategies than LFTs. Classifying traders into these two distinct groups is therefore justified.
23
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Fig. 17. Trend-following analysis. A, Tick time T is an integer time measure incremented by 1 at every transaction. �ẑi[T ] is the future mid-price
hange of the ith HFT and �p̂[T − 1] is the historical market-price change. B, Statistical correlation suggests trend-following behaviour on average
at the level of individual HFTs (left panel emphasises the 11th and the 19th HFT). Upon re-scaling, the same master curve Eq. (25) is seen to be
valid for at least the top 20 HFTs (right panel). C, Variance V�p[�ẑi] conditional on the historical price change before and after scaling (left and
ight panel, respectively), implying that the variance is irrelevant to the historical price change.
ource: Reprinted figure from Ref. [191] under the Creative Commons Attribution 4.0 International (CC BY 4.0).

Fig. 18. How HFTs and LFTs differ. A, Plots are an overview of limit-order submissions (top), live orders (middle), and volume assigned per order
(bottom), according to trader ranking by submissions. Traders submitting more than 2500 limit orders weekly are defined as HFTs; there have been
135 such traders in the available dataset, responsible for almost 90% of total submissions. B, Probability density functions reveal that HFTs maintain
nly a few live orders at a time, and that the volume per order is overwhelmingly one unit. C, Cumulative distribution functions reveal that LFTs

use a wider range of volumes per order, suggesting a more diverse set of strategies than the one used by HFTs. D, Probability density function of
the volume per transaction for orders that get filled shows that 81.5% of transactions are one-to-one, while the volume is less than five units for
98.2% of transactions.
Source: Reprinted figure from Ref. [192] under the Creative Commons Attribution 4.0 International (CC BY 4.0).

Modelling based on microscopic evidence. Focusing again on HFTs, we here construct a mathematical model that reflects

the microscopic empirical evidence described heretofore. Let N ≫ 1 denote the number of HFTs. The model’s assumptions
are: 24
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